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A NUMERICAL STUDY OF ITO EQUATION AND
SAWADA-KOTERA EQUATION BOTH OF TIME-FRACTIONAL TYPE

OLANIYI SAMUEL IYIOLA

ABSTRACT. We consider the Ito equation and the Sawada-Kotera equation both of
time-fractional type in this paper. The approximate solutions of these equations are
calculated in the form of series obtained by q-Homotopy Analysis Method (q-HAM).
The presence of fraction-factor in this method gives it an edge over other existing
analytical methods for nonlinear differential equations. Comparisons are made with
Modified Adomian decomposition method MADM, homotopy perturbation method
HPM and the exact solutions. Numerical results are obtained using Mathematica 8.

1. INTRODUCTION

The generalized KdV equation is an essential model for several physical phenomena
including waves in nonlinear LC circuit with mutual inductance between neighboring
inductors and shallow-water waves near critical value of surface tension [11]. The need
for analytical solution to this class of model arises due to the absence of general solution,
though the exact solution of the fifth order KdV equation was found for the special case
of solitary waves in [17].

Generally, for the past three decades, fractional calculus has been considered with
great importance due to its various applications in physics, fluid flow, control theory of
dynamical systems, chemical physics, electrical networks, and so on. The quest of getting
accurate methods for solving resulted nonlinear model involving fractional order is of
utmost concern of many researchers in this field today.

Various methods have been put to use successfully to obtain analytical solutions such
as Adomian Decomposition Method (ADM) [1, 16], Variational Iteration Method (VIM)
[8, 13], Homotopy Perturbation Method (HPM) [7, 12, 15]. One of the powerful analytical
approach to solving nonlinear differential equations is Homotopy Analysis Method (HAM)
[2, 9]. Recently, a modified HAM called g-Homotopy Analysis Method was introduced
in [5]. It was proven that the presence of fraction factor in this method enables a fast
convergence better than the usual HAM which then makes is more reliable. The Sawada-
Kotera Equation was considered in [4] using HAM, in [2] using modified ADM and in [3]
using HPM.
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To the best of our knowledge, no attempt has been made regarding analytical solutions
of time-fractional Sawada-Kotera Equation and time-fractional Ito Hquation using g-
Homotopy Analysis Method. In this paper, we consider these equations subject to some
appropriate initial conditions. We compare the results obtained by our method with the
results obtained using MADM in [2] and HPM in [3], when a = 1 to affirm the reliability
of the method including numerical values.

2. PRELIMINARIES

This section 1s devoted to necessary tools for the actualization of the aim of this paper
including definitions and some known results. This work adopts Caputo’s definition to
some concepts of fractional derivatives which is a modification of the Riemann-Liouville’s
definition and has the advantage of dealing properly with initial value problems. The
initial conditions are given in terms of the field variables and their integer order which is
the case in many physical processes.

Definition 2.1. A real function I is said to be in the space C,, p € R, x > 0, if there
exists a real number p(> u) such that

I(z) = 2Pl (),
where I; € C[0,00) and it is said to be in the space C}} iff 1M € Cu, meN.

Definition 2.2. The Riemann-Liouville’s (RL) fractional integral operator of order
a >0, of a function f € L'(a,b) is given as

1 (t) = ﬁ/o (t— 7)1 f(r)dr, £>0, a >0,

where T' is the Gamma function and I°f(t) = f(¢).

Definition 2.3. The Riemann-Liouville’s (RL) fractional derivative of order 0 <
a <1, of a function f is

Dg, f(t) = DIL® f(t).
provided the right-hand sitde exists where D = d/dt.
Definition 2.4. The fractional derivative in the Caputo’s sense is defined as [14],

1 t
C na _ n—ann _ _ n—a—1 ¢(n)
Def(t)=1""*D"f(t) = —— t d
72 10 = gy [ €= T O e

wheren —1<a<n,neN, t>0.

Caputo’s fractional derivative also has a useful property [6]
n—1 kk
aC no — _ () oty
D) = £(8) - Y FPOM)
k=0

wheren — 1 < a <n.

Lemma 2.1. Leta >0, 8 >0 and f € CL(a,b). Then
1217 (t) = 1P £(2),

for all t € (a,b].
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Lemma 2.2. Lett € (a,b]. Then

rp+1)

I2(t —a)P] (t) = =— 2~ (t —a)PT® a>0 0.

Remark 2.1. From the definitions given above, we observed that the Riemann-
Liouwille fractional derivative of a constant function is not equal to zero while that
of Caputo fractional derivative of constant function is zero.

3. METHOD OF SOLUTION (Q-HAM)
We consider the following differential equation of the form

N [Dfu(x,t)] — f(z,t) = 0

where N is a nonlinear operator, Df denote the Caputo fractional derivative, (z,t) are
independent variables, f(z,t) is a known function and u(z,t) is an unknown function.

(3.1) (1-na)L(#le,tq) — uo(z,1)) = ghH(2,t) (NIDf$(z, ;)] - £(z,1)),

wheren > 1, q € [0, %] denotes the so-called embedded parameter, L ia an auxiliary
linear operator with the property L[f] = 0 when f =0, h # 0 is an auxiliary parameter,
H(z,t) is a non-zero auxiliary function.

It is clearly seen that when ¢ =0 and ¢ = %, equation (3.1) becomes

#(2,5:0) = wo(z,8) and $(z,t ) = u(z, 1)

respectively. So, as ¢ increases from 0 to %, the solution ¢(z,t; ¢) varies from the initial
guess ug(z,t) to the solution u(z,t).

If uo(z,t), L, h, H(z,t) are chosen appropriately, solution ¢(z,¢;q) of equation(3.1)
exists for g € [O, %]

Taylor series expansion of ¢(z,t; g) gives

[ee)

(32) Bz, t;7) = uol,t) + 5 dmla, )™
m=1
where ——
¢m(:12,t) = ml 3(7:;. ’q)|q=o~

If we assume that the auxiliary linear operator L, the initial guess ug, the auxiliary
parameter h and H(z,t) are properly chosen such that the series (3.2) converges at ¢ = %,

then we have

w(z,t) = uo(z, 1) + mi::lum(a:,t) (i)m .

Define

un(z,t) = {uo(z,t),ui(z,t), - ,un(z,t)}.
Differentiating equation (3.1) m-times with respect to the (embedding) parameter g, then
evaluating at ¢ = 0 and finally dividing them by m!, we have the so called mth-order
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deformation equation (Lioa [9, 10]) as

(3.3) Ltm(z,t) — X5 tm—1(z,1)] = RH(z,t) R, (Gm_1) .
with initial conditions:

u®(2,00=0, k=0,1,2,..,m— 1.

where
- 1 o (NIl (et 0)] - £la,1))
Bom (1) = 72 =7y 8gm! oo
and
0 m <1
Xm =
n otherwzse,

Remark 3.1. It should be emphasized that un,(z,t) for m > 1, is governed by the

linear operator (3.3) with the linear boundary conditions that come from the original

problem. The existence of the factor (%)m gwes more chances for better conver-

gence, faster that the solution obtained by the standard HAM. Of course, when
n =1, we are in the case of the standard HAM.

4. APPLICATIONS
Consider the generalized fifth-order KdV equation of time-fractional type
(4.1) Dfu + au?uy + bugUpy + CUUgyy + AUprpre = 0 t>0, 0<axl
with the initial condition
u(z,0) = f(z; k; A).
To apply g-HAM, we choose the linear operator
L¢(z,t;9)] = D} ¢(z, ;q)

with property that L[ci] = 0, ¢1 is constant.
We use initial approximation ug(z,t) = u(z,0). We can then define the nonlinear
operator as

Nip(z,t;q)] = Dfdu(z,t;q) +a(d(z,t;9)) dulz,t;q) + bds(z,t; Q) dua (2, t; )
+cd(z,t; @) Poea(2,t; 9) + dbzzsa (T, t; q).

We construct the zeroth order deformation equation

(1 —nq)L[¢(z,t; ) — uo(z,t)] = ghH(z,t)N [$(z, t; q)] -
We choose H(z,t) = 1 to obtain the mth-order deformation equation to be

L[tm(z,t) — Xitm_1(2,1)] = AR (Gm_1) .
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with initial condition for m > 1, um(z,0) =0,

0 m<1
Xm =
n otherwzse,
and
m—1 k m—1
v . _ 8 , ,
Ry, (umfl) = Dt U(m—1) + a UjUk—jU(m—1—k)z T b Z UkeU(m—1—k)zz
k=0 j=0 k=0
m—1
(42) +c Z U U(m—1—k)zzz + du(m—l)zmzzz~
k=0

So, the solution to the equation (4.1) for m > 1 becomes
(4.3) U (2,1) = X\ Umy + hI® [ﬁ:m (ﬁm_l)] .

Then the series solution expression by g-HAM can be written in the form

(4.4) u(z,t;n; h) 2 Uy (z, 05 k) = Zuzxtnh ( )
Equation (4.4) is an appropriate solution to the problem (4.1) in terms of convergence
parameter h and n.

Remark 4.1. The fraction factor ( ) highly increase the convergence chances than
that of HAM.

4.1. The Ito time-fractional Equation. Taking a = 2,b=6,c=3. and d = 1, we
obtain the Ito time-fractional equation

(4.5) DPu + 202Uy + 6Ugtigs + 3Ulzps + Ugzzee =0  £>0, 0< A< 1

with the initial condition

(4.6) u(z,0) = 20k? — 30k? tanh®(kz), taking A = 0.

The exact solution of (4.5) together with condition (4.6) for § = 1 is given as
u(z,t) = 20k? — 30k* tanh®(kz — 96k*).

This problem has been solved in [2] using Modified Adomian Decomposition Method(MADM).
We use initial approximation

ug(z,t) = u(z,0) = 20k% — 30k? tanh?(kz).
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Using equations (4.2) and (4.3), taking a = 2, b = 6, ¢ = 3. and d = 1, we therefore
obtain components of the solution using g-HAM successively as follows
e
Ma+1)
2880hk"tP sech*(kz) [192hk5t2*(—2 + cosh(2kz))]
T(f+1)r(26+1)
2880hk"tP sech*(kz) [(h + n) sinh(2kz)['(28 + 1))
B T(6+1)I(28 + 1) ’
In the same way, un,(z,t) for m = 3,4,--- can be obtained using Mathematica-8.
Then the series solution expression by g-HAM can be written in the form

ui(z,t) = —570hk" tanh(kz)sech?(kz)

us(z, t)

1 J
(4.7) u(z,t;n; h) 2 Upy(z,t;n; h) = Zuj (z,t;n;h) (n)

Equation (4.7) is an appropriate solution to the problem (4.5) in terms of convergence
parameter h and n.

4.2. The time-fractional Sawada-Kotera Equation. Taking a = 45, b = 15, ¢ = 15.
and d = 1, we obtain the Sawada-Kotera time-fractional equation

(4.8) DPu + 45uuy + 15Ugtes + 15Ulpgs + Usgzee =0  £>0, 0< A< 1
with the initial condition
(4.9) u(z,0) = 2k*sech? [k(z — \)].
The exact solution of (4.8) together with condition (4.9) for g =1 is given as
u(z,t) = 2k>sech’ [k(z — 16k*t — A)].
We use initial approximation
ug(z,t) = u(z, 0) = 2k?sech? [k(z — \)].

Using equations (4.2) and (4.3), taking a = 45, 15 = 6, ¢ = 15. and d = 1, we therefore
obtain components of the solution using g-HAM successively as follows

tP
ui(z,t) = —64hk” tanh[k(z — \)]sech?[k(z — )\)]m
8

,t) = —64h(n + h)k" tanh[k(z — X h2[k(z — \)]=———

ua(2, 1) (n -+ W)K” tanb{s(z  N]sech*[s(z ~ V] 55
1024h2t2Pk12(cosh[2k(z — A)] — 2)sech®[k(z — A)]
+ .
M'2a+1)
In the same way, um,(z,t) for m = 3,4, -+ can be obtained using Mathematica-9.

Then the series solution expression by g-HAM can be written in the form

(4.10) u(z,t;n; h) 2 Uy (z,t;n5 k) = Zu]a:tnh ( )
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Equation (4.10) is an appropriate solution to the problem (4.8) in terms of convergence
parameter h and n.

5. NUMERICAL RESULTS AND DISCUSSION

5.1. Case of f = 1. We have obtained the numerical results of the two equations con-
sidered in the previous subsection and the comparisons are made with the exact solutions
(8 = 1) in the figures below.

Ficure 1. g-HAM solu-

tion of Ito equation with Ficure 2. Exact solu-
h = —-05, n = 1 and tion of Ito equation with
k=0.2. kE=0.2

Ficure 3. g-HAM so-

lution of Sawada-Kotera FIGURE 4. Exact solu-
time-fractional equation tion of Sawada-Kotera
with h = -1, n =1 and time-fractional equation

k=8. with k = 8.
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Remark 5.1. It should be noted that apart from less computational effort required
to obtain the series solutions of these equations, we have only used two terms Us
(M = 2) to get close as much as possible to the exact solutions.

5.2. Case of § = 0.5. We have presented below some numerical results for § = 0.5 to
show the effect of the fractional order in time for both Ito equation and Sawada-Kotera
equation.

FIGURE 6. g¢-HAM so-

FIGURE 5. q-HAM solu- lution of Sawada-Kotera
tion of Ito equation with time-fractional equation
h=-05p8=05n=1 with A = —1, B = 0.5,
and k£ =0.2. n=1and k = 8.

6. CONCLUSION

In this paper, g-HAM has been successfully developed to solve time-fractional type
of both the Ito equation and the Sawada-Kotera equation. The performance of HAM
is greatly improved by g-HAM shown using the two well known equations. The results
show that the convergence rate of -HAM is faster than that of HAM due to the presence
of fraction factor (%)m.The results of figure(1) to figure(6) are in perfect agreement with
those obtained in [2] using MADM, in [3] using HPM and the exact solutions of both
equations under suitable initial conditions but with just two terms of the series solutions
obtained by g-HAM. The efficiency and accuracy are obvious from the graphs.
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