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ABSTRACT. In this paper, we derive sufficient conditions for the univalence and con-
vexity of a new integral operator defined on the space of normalized analytic functions
in the open unit disk. Some subordination results for this new integral operator are
also given.

1. INTRODUCTION
Let A be the class of functions which are analytic in the open unit disk U = {z : |z| < 1}
and have the following form:
f(2)=z+ a2 +az2®+...,2€U.

Consider S the subclass of A consisting of univalent functions. We denote by S*(a) the
class of starlike univalent functions of order o, 0 < a < 1,

2f'(2)
1) ] >°"Z€U}'

By K(a) we denote a subclass of A consisting of convex univalent functions of order
a, 0 < a <1 defined as

S*(a):{feA:Re

2f"(2)
fi(z)
It is well known that S*(0) = S* and K(0) = K are the classes of starlike and convex
functions in U, respectively.
Recently, Frasin and Jahangiri [6] defined the family B(u, A),u > 0,0 < A < 1 consist-
ing of all functions f € A satisfying the condition

K(a):{fEA:Re +1

>a,z€U}.

f(z)
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The family B(u, A) is a comprehensive class of analytic functions. For instance, we have
B(1,A) = S*(X), B(2,A) = B(A) (see Frasin and Darus [7]), B(2,0) = S (see Ozaki and
Nunokawa [11]).

If f and g are analytic functions in U, we say that f is subordinate to g, written f < g,
if there is a function w analytic in U, with w(0) =0, |w(2)| < 1, for all z € U, such that
f(2) = g(w(z)) for all z € U. If g is univalent, then f < g if and only if f(0) = ¢(0) and
f(U) C g(U) (see Miller and Mocanu [9]).

Using subordinations, Owa et al. [10] have defined the following subclass Sy(a) of A.

A function f € A is said to be in the class Sy(a) if it satisfies

/ b a(l-2)
(o) <202, e
for some real a > 1 and b > 0.

Also, Breaz et al. [2] have defined the classes S;(a) and Cj(a).

A function f € A is said to be in the class S;(a) if it satisfies

zf (z)]< a—1 reU.

(1.1) Re | =y 2%(a+1)

for some real a > 1 and b > 0.
A function f € A is said to be in the class C;(a) if it satisfies

zf,(z)] S 1-a
2b

Rl ) )

+1, zeU,

for some real a > 1 and b > 0.
In the present paper, we define a new integral operator given by

(1.2) In(z):/OzH [t;;(%)] dt,

where parameters a; € C and the functions f;,g; € A, ¢ € {1,...,n} are so constrained
that the integral (1.2) exists.
The operator I, extends several integral operators:

(i) For g;(t) =t and a; > 0 we have I,(f)(2) = foz | [f;(t)} " dt, that was defined

by Breaz et al. in [3], and this operator is a generalization of the integral operator
’ x

I(f)z)= [ [f (t)] dt, discussed in [14, 12, 13].

/ o
1) For n = 1 we obtain [,(z) = t, introduced and studied by Bucur et al.
i) B 1 we obtain I 5 [22| dt, introduced and studied by B 1

in [4].

In the proof of our main results, we need to recall here the following:

Lemma 1.1. (Becker [1]) If the function f is regular in the unit disk U, f(z) =
z24+ a2+ ... and

2f"(2)
7

for all z € U, then the function f 1s unwvalent in U.

(1 z%)- <1




PROPERTIES OF A GENERAL INTEGRAL OPERATOR 59

Lemma 1.2. (General Schwarz Lemma [8]) Let the function f be regular function
in the disk Up = {z € C: |z| < R}, with |f(2)| < M for fized M. If f has one zero
with multiplicity order bigger than m for z =0, then
M m
|f(2)] < R—m|z| , 2 €Ug.
The equality case holds only if f(z) = ewRﬂmzm, where 8 1s constant.
Lemma 1.3. (Deniz and Orhan [5]) If g € B()), then

(L=N){A+]z])
1—[z| 7

zg (2)
9(2)

z €U

For the class Sp(a), Owa et al. [10] proved the following result.

Theorem 1.1. ([10]) If f € A satisfies the inequality (1.1) for some real a > 1 and
b >0, then f € Sp(a).

2. UNIVALENCE AND CONVEXITY PROPERTIES OF THE INTEGRAL OPERATOR [,

In the following theorems we derive univalence conditions for the operator I,,, defined
n (1.2), by using Becker univalence criterion.

Theorem 2.1. Let the functions f; € A, g; € B(A\;) anda; € C, M; > 1,1 € {1,...,n}.
If

(2.1) L@ zeu,
:(2)
and
(22) ;w- F@Mi LA -] <1,

for allv e {1,...,n}, then the function I,, given by (1.2) is in the class S.

Proof. 1t is easily seen that

and -
IH(Z):ia 2£,(2) ai_l‘ f;(z)—i- fi(2)  zf(2)g;(2) ﬁ zf;(z) &
n £ ? gi(2) gi(z 9i(2) gf(z) et g]-(z)
J#
Thus, we get
21, (2) e o 2f; (2) B 2g,(2)
(2.3) 7() —; e gi(z)]
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21 (2)
I, ()

fi(z) )| .

Since f; € B()\;) for all 2 € {1,...,n}, from Lemma 1.3, (2.1) and(2.3), we find that

(2.4)

§Z|C¥i|{| |- 10 z‘?((zz)) —1}
<Z|a1|{|z| M; +()(|12|+|Z|)}

Multiply the relation (2.4) with (1 — |z|?), we have

(1— 2

2L (2)

n

<(1-l2) |Z|Z|az M;+ (L+ 120 ) Jesl(1 = A)

=1 =1

\/g n n
=D el My 4 o] (1 - )
=1 =1

I,(2)

Now, by using (2.2) and applying Lemma 1.1, we prove that I, € S.

If we set M; =1and A\; =0, € {1,...,n} in Theorem 2.1, we obtain:

Corollary 2.1. Let the functions f € A, g€ S anda € C. If

and

"

f ()

| =t

S: ZGU7

9
a < ———,
||_2\/§+36

then the function I, giwen by

18 in the class S.

Theorem 2.2. Let the functions f; € A, g; € B(ui, \i), @ € {1,.

L) = | i ltgf(m dt,

a; € C, M;, N; > 1 such that

(2.5)

foralli e {1,...

(2.6)

forallie{1,...,

1+ (2—X)NM 4

Z |ovi] - 2\/§Mi

,n}. If

"

i (2)
fi(2)
n}, z € U, then the function I,, given by (1.2) is in the class S.

< Mi, and |gi(2)| <N,

Proof. Relation (2.3) implies

"

n : 1
. (z) , [ 2 :|Mz gz(z) Hi
2.7 < o[ <1+ |2z] - | +19;(2 . .
(2.7) <2 4{ =1 |25 e |5 :
Now, applying the General Schwarz Lemma to the functions g1, ..., gn, we obtain
(2.8) lgi(z)| < Nilz|, z€eU,1e{l,...,n}

.,n}. Suppose that
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Using (2.5), (2.6) and (2.8), inequality (2.7) can be rewritten as follows:

21 (2) - ) z \" 1
< ;|41 M; ; — ) —1|+1|N*™
I;I(Z) _;|a’b| —|—|Z| 1+ gz(z) gz(z) + 7
n
< lal {1+ 2M + 2 - 2N
=1
Therefore,
zI"(z) - -
i—1
(1—z*) 1”7(2) < (L= 12zl D el Mi + (1= [217) Y leul[L+ (2 = XN/
n =1 =1
2\/§ - - pi—1
<o 2o leal M+ 3 [T+ (2= AN,
=1 =1
If we make use of the inequality (2.5), we obtain
zI (2)
1—|z?) |[Z2 1 U.
(-1 52 <1, ze
Finally, applying Lemma 1.1, we yield that [, is in the class S. O

Ifweset yy =M, =N, =1and \;, = A, 7 € {l,...,n} in Theorem 2.2, we obtain

Corollary 2.2. Let aq,...,a, € C and 0 < A < 1 such that

- 9
a;)| < ———.
; ol < 27+ 23— 9\
If functions f; € A, g; € S*()) satisfies

"

fi (2)
fi(z)
foralli € {1,...,n}, z € U, then the function I,, given by (1.2) is in the class S.

<1, and |g(z)| <1,

If we set n = 1 in Theorem 2.2, we obtain

Corollary 2.3. Let the functions f € A, g € B(u, ). Suppose that a € C, M, N > 1
such that

|| - 1+(2—A)N“_1+MT3M <1, ze€U
If
’;(()) <M and g(z)| < N,

for all z € U, then the function I, 1s in the class S.

Theorem 2.3. Let a, € C, M;, N; > 1,¢ € {1,...,n}. Suppose that f; € A and
gi € B(ui, X;) such that

"

fi (2)
fi(z)

<Mi) |gl(z)| <Ni)
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forallz€e U andi € {1,...,n}. Then the function I, is in the class K(3), where
§=1- zn: || - [1+ M, + (2 = X) N
i=1
and

n
0< Y Jou - [T+ M+ (2= XN <1
=1

Proof. Just as in the proof of Theorem 2.2, by using the hypothesis and the General

Schwarz Lemma, we obtain
I - . i -
=G < St {1 o+ [lae) (25 =]+ 1] e
=1 ?

I(2)
< i || {1 + M+ (2— Ai)N;‘H} -1-4
=1

Therefore, function I,, € K(§). O

If weset § =0, M; = Mie€ {l,...,n} and g(z) = z in Theorem 2.3 we obtain the
following result.

Example 2.1. Leta, € C, M > 1 and fy€ A1 €{1,...,n}. If

"

fi(2)
fi(2)
for all z € U and © € {1,...,n}, then the function I,(f) ts convez in U, where
Z?:l |ovi| = ﬁ

Remark 2.1. Other interesting corollaries of Theorems 2.1- 2.8 can be obtained by
suttably specializing the parameters and the functions involved.

<M

3. SUBORDINATION RESULTS

In view of the results due to Breaz et al. [2] and Bucur et al. [4], we obtain sufficient
conditions such that integral operator I, € S (a).

Theorem 3.1. Let o; >0, f; € Sy (a;) and g; € C§.(a;), ¢ € {1,...,n}. Then

21 (2) alea—1)
R n U
1@ | S bery T
where
a—1 a; — 1

batl) 1ficmbi(a; +1)
and Y., o; = a. This implies that

] )2

=1
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Proof. Taking the real part of both terms in (2.3), we obtain

@] s s [HE]
f;,(z>]‘; APILL fé(Z)]

Re

=1
n

Z (a; — Doy a—1

“~ bi(ai+1) T 2 (a+1)

So, I, is in the class 5% (a). By using Theorem 1.1 and the definition of the class Sy(a),
2a

we deduce that inequality (3.1) take place. O

Corollary 3.1. If a; > 0, f; € Sf(a) and g; € C;(a), + € {1,...,n}, then I, is in the
class S*, (a).
2a

If we set n = 1, we obtain:

Corollary 3.2. [4] If a > 0, f € S;(a) and g € C§(a), then

[zf'(z)]g < a(l —z).

9(2) a—z

Example 3.1. Let us consider the functions f; and g;, 1 € {1,...,n} which satisfy

ﬁ lzf;(z)] -, sev,

=1 gz(z)
where p = 215(1;11))‘1 + 1. Therefore, we have
1
In(z):g 1-(1-2)"], ze€U,
and this implies that
zI(2) (1-p)z ala—1)
R L =R U
¢ I.(z2) [ 1—2z <b(a—|—17 Z€
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