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ABSTRACT. In this paper we study the preserving properties of a subclass of p-valent
functions by using integral operators.

1. INTRODUCTION

Let A, denote the class of functions of the form

(1.1) flz) =2+ Z apz®,

k=p+1

which are analytic and p-valent in the unit disk U = {z : |z| < 1} . Also denote by T,
the class of functions of the form

oo

(1.2) f(z) = 2P - Z arz”®, (ag > 0,z € U),
k=p+1

which are analytic and p-valent in U.

Definition 1.1. ([2]) Let Ia, be a Alexander type integral operator defined as:
Inp:iAp = Ay, Iap(F)=f,peN,

where

(1.3) f(2) :p/@dt.

0
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Definition 1.2. ([2]) Let I, , be a Bernard: type integral operator defined as:
Iop i Ap = Ap, I p(F)=f,a=1,2,3,...,p €N,

where

z

(1.4) flz) = PEC /F(t) o1t

Definition 1.3. ([2]) Let L, , be a generalization of the previously integral operator
defined as:
Lop:Ap = Ap, Lop(F)=f,a€R,a>0,peN,

where
z

(L.5) f(z) = M/F(t)w“*ldt.

Za
0
Definition 1.4. ([1]) Let I.i5p, be the integral operator defined as:
Ieysp i Ap = Ap, 0<u<1,1<6<00,0<c< 00,

(1.6) flz)= c+5)p(F)(z) =(c+d+p—1 /uc+5 QF du.
0

Remark 1.1. ([2]) For 6 = 1 and ¢ = 1,2, ..., from the integral operator I.s, we
obtain the Bernard:i integral operator defined by (1.4).

2. PRELIMINARY RESULTS

The S&légean differential operator [3] can be generalized for a function f(z) € A, as
follows

S3,f(2) = f(2),
Sk, f(2) = (1= 8)f(2) + 821 = 55, f(2),

Sipf(2) = S5(85, £(2)), (n €N,6 > 0,2 € U).
The n-th Ruscheweyh derivative for a function f(z) € A, is defined by

R}f(2) = 22 (2" 1(2)), (n € No = NU{0},z € U).
It can be easily seen that the operators S and Rj on the function f(z) € Ap are given
by
S5pf(z) =2° + Z < - — 1)5) arz”,
k=p+1
and

Rpf(z)=2"+ Y Chip paxz”,

k=p+1
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n _ (n+k—p)!
where Cp ., = A (h—p)!

Definition 2.1. ([3]) Let n € Ng and A > 0. Let D} f denote the operator defined
by
DY syt Ap — Ap,

D3} spf(2) = (1= A)S5,f(2) + ARy f(2), z € U.

Notice that DY s , is a linear operator and for f(z) € A, we have

D;},S,pf(z) =2F + Z ¢k(n7 )‘767p)a'kzk7
k=p+1

where

(2.1) di(n, A, 8,p) = [(1 — ) (1 + (g - 1)5>n + Acg+kp].

It is clear that Dg,g,pf(z) = f(z) and Di,l,pf(z) =Z2f'(2).

Definition 2.2. ([3]) For —p < a < p, f > 0, we let Sp(a,B,A,6), be the subclass
of Ay, consisting of functions f(z) of the form (1.1) and satisfying the following

condition
z(D? z))
EL TN
D)\,5,pf(z)
also let T (e, B, A, 6) = Sy (e, B, A, 6) N T

2(D3 5, f(2))

—-p
Dspf(2)

b

Theorem 2.1. ([3]) A function f(z) defined by (1.2) 1s in the class T (e, B, A, 6),
—-p<a<p, B >0, 1f and only if

(22) Z {k(l =+ IB) - (a +p:3)}¢k(n7 )‘767p)ak S (p - O[),
k=p+1

where ¢r(n, A, 8,p) is gwen by (2.1) and the result ts sharp.

Corollary 2.1. ([3]) Let the function f(z) defined by (1.2) be in the class Ty (a, B, A, §),
—P§a<P; IBZOJ then

o < (p—a)
= {k(1+B) — (a +pB)}dr(n, A, 6, p)

yk>p+ 1.

3. MAIN RESULTS

Theorem 3.1. The Alezander type integral operator defined by (1.3) preserves the
class Ty (@, B, A, 8), that is: If F € Ty (a, B, A, 8), then f(z) = 14, F(2) € Ty (e, B, A, 6),

for F(z) = 2P — Y. agz®, (ax >0,pe N=1{1,2,3,..}).
k=p+1



80 R. DIACONU AND C. CLENCI

Proof. Let C Ty, F(2) =27 — 5. axz*, ax > 0. Then

k=p+1
z z
F(t) 1 s
10 = 1asF @) = [ Fa=p [1- ¥ autt)a
0 0 k=p+1
z? 2. ak >
:p<p_ Z kzk) =2P - Z br2®,
k=p+1 k=p+1

with by = p% > 0, k > p+ 1. It follows that f € T,. We have now to prove that
fe€THa,p,Ad). Using Theorem 2.1 we need to prove that:

k=p+1

for —p < a < p, f > 0. This means:

2 {k(1+B) — (a4 pB)}r(m A 8,p)p 7 < (p = ),

k=p+1

But we have p% < ag, for £ > p+1, and by using (2.2), we observe that inequality (3.1)
is fulfilled. This means that f € T(a,5,2,9). . O

Theorem 3.2. The integral operator I.is,, defined by (1.6) preserves the class
Ty (a, B, A,8), that is: If F € T (o, B, A, 6), then f(z) = I.ys,F(2) € Tg' (@, B, A, 6), for
F(z)=2P — 5 axz, (ax > 0,pe N={1,2,3,..}).

k=p+1

Proof. Let F € T (a, B, ),6), F(z) = 2P — . apz*, ax > 0. We have, from Theorem
k=p+1
2.1

(3.2) > AR+ B) = (a +pB)}x(n, A, 6, p)ar < (p — ).

k=p+1

x
From (1.6) we obtain f(z) = I s, F(2) = 2P — >, 4215, 2% where 0 < ¢ < oo,

X +1C+k+5_1

=p

1<6 < .

We also remark that for 0 < ¢ < 00, k> p+1and 1 < 6§ < oo, we have
c+éd+p—1

3.3 0< —————— < 1.

(3.3) <c+k+6—1<

Thus f € T, and by using Theorem 2.1 we have only to prove that:

c+6+p-—1

(3.4) > {k(L+B) = (a+ pB)In(n A 6,0) 55—

k=p+1

ag S (p_a)7

where —-p < a<p, §>0,0<c< o0 and 1 <§ < co. By using the relation (3.3) we

have
c+6+p-—1

crkro_1 <%
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for0<c<oo,k>p+1,1<3d < o0, and thus from (3.2) we conclude that the condition
(3.4) take place and thus the proof it is complete. O

The following theorem is proved similarly (see Remark 1.1):

Theorem 3.3. The Bernardi type integral operator defined by (1.4) preserves the
class Ty (o, B, A, 8), that 1s: If F € Ty (a, B, A, 8), then f(z2) = L pF(2) € Tp (e, B, A, 6),

x
for F(z) =22 — > axz®, (ax > 0,p € N=1{1,2,3,..}).
k=p+1

Theorem 3.4. Let T (, B, A,6) with -p < a <p, f >0, F(z) =27 - > bpz"®,

k=p+1
[ee)
by > 0. For f(z) = L,p(F)(2), f(2) = 2P — > axz®, ax > 0, z € U, where the
k=p+1

wntegral operator L, , 1t is defined by (1.5), we have:

o < (p—a) a+p
= {k(1+B) — (o +pB)}gk(n, A\ 6,p) a+k’

E>p+1.

Proof. For f = L, ,(F)(z) with F(z) = 22 — Y bgz¥ and f(z) = 2P — . apz* we
k=p+1 k=p+1

have

a+p

a+k’
where a € R, a > 0, kK > p+ 1. The coefficient bounds for the functions belonging to the
class T'(a, B, 2, 8) are

ak:bk-

(p—a)

%S T A — (@t pB)Ie(m N b0

For k > p + 1 we obtain

a+p
=bg - <
ak k etk =
< (p—o) a+p
~ {k(1+B) — (a+pB)}r(n,A,6,p) a+k
Hence the theorem is proved. a
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