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Abstract. Using an operator involving modi�ed sigmoid function introduced by
Fadipe-Joseph et al [2], new family of analytic functions f(z) which is analytic and
univalent in the open unit disk U = fz : jzj < 1g are de�ned. Coe�cient inequalities,
growth and distortion theorems for this class are provided.

1. Introduction

In twentieth century, the theory of special functions was overshadowed by many other

�eld like real and functional analysis, topology, algebra and di�erential equations. Can

we also explore a sigmoid function in Geometric function theory?

Murugusundaramoorthy and Janani [3] obtained initial coe�cients of �- pseudo starlike

functions related to sigmoid functions for certain normalized analytic functions de�ned

on the open unit disk. Here, coe�cient inequality, growth and distortion theorems for

the class of analytic functions de�ned by using sigmoid function are established.

Let A be the class of functions f(z) of the form

(1.1) f(z) = z +

1X
n=2

anz
n

and let T denote the class of functions of the form

(1.2) f(z) = z �

1X
k=2

akz
k

which are analytic in the open unit disk U = fz 2 C : jzj < 1g (c.f [5]).
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1.1. The Sigmoid Function. A sigmoid function is a mathematical function having

an "S" shape (sigmoid curve). The sigmoid function, also called the sigmoidal curve or

logistic function is the function of the form 
(s) = 1
1+e�s ; s 2 < . A sigmoid function is

a bounded di�erentiable real function that is de�ned for all real input values and has a

positive derivative at each point. It is useful in compressing, or squashing outputs. It is a

monotone function The sigmoid function is the most popular of the three activation func-

tion in the hardware implementation of arti�cial neural network. The sigmoid function

is de�ned as

G(s) =
1

1 + e�s
=

1

2
+

1

4
s�

1

48
s3 +

1

480
s5 �

17

80640
s7 + � � � :

Let 
(s) be a modi�ed sigmoid function.That is,


(s) =
2

1 + e�s
= 1 +

1

2
s�

1

24
s3 +

1

240
s5 �

17

40320
s7 + � � � :

For details see [1]; [2] and [3]

f
(z) = z +

1X
k=2


(s)akz
k (ak � 0);

which is analytic and univalent in the unit disk U = fz 2 C : jzj < 1g. Then f
(z)

belongs to the class A
 of the form (1.1) for lims!1 
(s) = 1.

Similarly,

(1.3) f
(z) = z �

1X
k=2


(s)akz
k; ak � 0

is analytic and univalent in the unit disk U = fz 2 C : jzj < 1g. Then f
(z) belongs to

the class T
 which is a subclass of the normalised univalent functions of the form (1.2)

for lims!1 
(s) = 1.

De�nition 1.1. A function f
 de�ned by (1.3) belongs to the class T
(�; �; �; �) if������
Dn+1f
(z)
Dnf
(z)

� ��
Dn+1f
(z)
Dnf
(z)

+ �
�
� 2�

�
Dn+1f
(z)
Dnf
(z)

� �
�
������ > � (z 2 U);

for jzj < 1; 0 < � � 1; 
(s) = 2
1+e�s ; 0 � � � 1; 12 � � � 1, � � 1, n 2 N0 = N [ f0g :

1.2. Salagean Di�erential Operator Involving Modi�ed Sigmoid Function. Let

Dnf
(z) denote the Salagean di�erential operator involving modi�ed sigmoid function,

then

D0f
(z) = f
(z)

D1f
(z) = 
(s)zf 0
(z)
...

Dnf
(z) = D[Dn�1f
(z)] = 
(s)z[Dn�1f
(z)]
0:
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Therefore,

Dnf
(z) = 
n(s)z +
1X
k=2


n+1(s)knakz
k:

Taking lims!1 
(s) = 1, we have the Salagean di�erential operator ([4]; [6]).

2. Main Results

2.1. Coe�cient estimates for class T
(�; �; �; �).

Theorem 2.1. Let f
 2 T
 de�ned as f(z) = z +
P
1

k=2 
(s)akz
k (ak � 0 ). If

f
 2 T
(�; �; �; �), then

1X
k=2


(s)kn
�

(s)k [1� �(1� 2�)]� �

�
�+ 2��+

1

�

��
jakj

< 
(s) (1� �) + � [2�(
(s)� �)� �]� �:

Proof. First note that:

Dn+1f
(z)

Dnf
(z)
� �

=

n+1(s)z �

P
1

k=2 

n+2(s)kn+1akz

k � �
n(s)z +
P
1

k=2 �

n+1(s)knakz

k


n(s)z �
P
1

k=2 

n+1(s)knakzk

=

n(s)[
(s)� �]z �

P
1

k=2 

n+1(s)[k
(s)� �]knakz

k


n(s)z �
P
1

k=2 

n+1(s)knakzk

;

Dn+1f
(z)

Dnf
(z)
+ �

=

n+1(s)z �

P
1

k=2 

n+2(s)kn+1akz

k + 
n(s)�z �
P
1

k=2 �

n+1(s)knakz

k


n(s)z �
P
1

k=2 

n+1(s)knakzk

=

n(s)[
(s) + �]z �

P
1

k=2 

n+1(s)[k
(s) + �]knakz

k


n(s)z �
P
1

k=2 

n+1(s)knakzk

(2.1)

and

2�

�
Dn+1f
(z)

Dnf
(z)
� �

�

=
2�
n+1(s)z �

P
1

k=2 2�

n+2(s)kn+1akz

k � 2��
n(s)z +
P
1

k=2 2��

n+1knakz

k


n(s)z �
P
1

k=2 

n+1(s)knakzk

=
2�
n(s)[
(s)� �]z �

P
1

k=2 2�

n+1(s)[k
(s)� �]knakz

k


n(s)z �
P
1

k=2 

n+1(s)knakzk

:

(2.2)
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Subtracting (2.2) from (2.1) we obtain,

[
n+1(s) + �
n(s)� 2�
n+1(s) + 2��
n(s)]z


n(s)z �
P
1

k=2 

n+1(s)knakzk

�

P
1

k=2 [k

n+2(s) + �
n+1(s)� 2�k
n+2(s) + 2��
n+1(s)]knakz

k


n(s)z �
P
1

k=2 

n+1(s)knakzk

=

n(s)[
(s) + �� 2�
(s) + 2��]z �

P
1

k=2 

n+1(s)[k
(s) + �� 2k�
(s) + 2��]knakz

k


n(s)z �
P
1

k=2 

n+1(s)knakzk

:

Dividing (2:1) by (2:2), we have���� 
n+1(s)z �
P
1

k=2 

n+2(s)kn+1akz

k � �
n(s)z +
P
1

k=2 

n+1(s)knakz

k


z [
(s)� 2�
(s) + 2��+ �]�
P
1

k=2 k
n
n+1(s) [
(s)k + �� 2�
(s)k + 2��] akzk

���� > �

which implies that���� [
(s)� �]�
P
1

k=2 
(s)k
n [
k � 1] akz

k�1

[
(s)� 2�
(s) + 2��+ �]�
P
1

k=2 k
n
(s) [
(s)k + �� 2�
(s)k + 2��] akzk�1

���� > �:

Since jzj = r < 1, then as jzj ! 1, we have

� [
(s)� 2�
(s) + 2��+ �]� �

1X
k=2

kn
(s) [
(s) + �� 2�
(s)k + 2��] jakj

< (
(s)� �)�

1X
k=2


(s)kn [
(s)k � 1] jakj;

i.e.,

1X
k=2


(s)kn [
(s)k � 1] jakj � �

1X
k=2

kn
(s) [
(s) + �� 2�
(s)k + 2��] jakj <

(
(s)� �)� � [
(s)� 2�
(s) + 2��+ �]

which implies

1X
k=2


(s)kn
�

(s)k [1� �(1� 2�)]� �

�
�+ 2��+

1

�

��
jakj

< 
(s) (1� �) + � [2�(
(s)� �)� �]� �

and completes the proof. �

Corollary 2.1. Let the function f(z) de�ned by (1.3) belongs to the class T
(�; �; �; �)

then

ak �

(s) (1� �) + � [2�(
(s)� �)� �]� �


(s)kn
h

(s)k [1� �(1� 2�)]� �

�
�+ 2��+ 1

�

�i ;

0 < � � 1; 
(s) = 2
1+e�s ; 0 � � � 1; 12 � � � 1, � � 1, n 2 N0 = N [ f0g : Equality

holds for the function

f
(z) = z +

(s) (1� �) + � [2�(
(s)� �)� �]� �


(s)kn
h

(s)k [1� �(1� 2�)]� �

�
�+ 2��+ 1

�

�iakzk:
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Corollary 2.2. If f
 2 T
(1; �; �; �), then

1X
k=2


(s)kn
�

(s)k [1� �(1� 2�)]� �

�
1 + 2��+

1

�

��
jakj

< 
(s) (1� �) + � [2�(
(s)� �)� 1]� �;

which implies

ak �

(s) (1� �) + � [2�(
(s)� �)� 1]� �


(s)kn
h

(s)k [1� �(1� 2�)]� �

�
1 + 2��+ 1

�

�i ;

0 < � � 1; 
(s) = 2
1+e�s ; 0 � � � 1; 12 � � � 1, � � 1.

Corollary 2.3. If f
 2 T
(�; 0; �; �), then

1X
k=2


(s)kn (
(s)k) jakj < 
(s)� �;

which implies

ak �

(s)� �


2kn+1
;

0 < � � 1; 
(s) = 2
1+e�s ; 0 � � � 1; 12 � � � 1, � � 1.

Corollary 2.4. If f
 2 T
(�; �; �; 1), then

1X
k=2


(s)kn
�

(s)k [1� �(1� 2�)]� �

�
�+ 2�+

1

�

��
jakj

< 
(s) (1� �) + � [2�(
(s)� 1)� �]� 1;

which implies

ak �

(s) (1� �) + � [2�(
(s)� 1� �]� 1


(s)kn
h

(s)k [1� �(1� 2�)]� �

�
�+ 2�+ 1

�

�i ;

0 < � � 1; 
(s) = 2
1+e�s ; 0 � � � 1; 12 � � � 1, � � 1.

Corollary 2.5. If f
 2 T
(1; 0; �; 1), then

1X
k=2


(s)kn (
(s)k) jakj < 
(s)� 1

which implies

ak �

(s)� 1


2kn+1
;

0 < � � 1; 
(s) = 2
1+e�s ; 0 � � � 1; 12 � � � 1, � � 1.
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2.2. Growth theorem for class T
(�; �; �; �).

Theorem 2.2. Let f
 2 T
(�; �; �; �), then

r � 
(s)

(s) (1� �) + � [2�(
(s)� �)� �]� �


(s)2n
h
2
(s) [1� �(1� 2�)]� �

�
�+ 2��+ 1

�

�ir2

� r + 
(s)

(s) (1� �) + � [2�(
(s)� �)� �]� �


(s)2n
h
2
(s) [1� �(1� 2�)]� �

�
�+ 2��+ 1

�

�ir2:

2.3. Distortion theorem for class T
(�; �; �; �).

Theorem 2.3. Let f
(z) belongs to the class T
(�; �; �; �), then

1� 


(s) (1� �) + � [2�(
(s)� �)� �]� �


(s)
h

(s)2 [1� �(1� 2�)]� �

�
�+ 2��+ 1

�

�i21�nr � jf 0
(z)j

� 1 + 


(s) (1� �) + � [2�(
(s)� �)� �]� �


(s)
h

(s)2 [1� �(1� 2�)]� �

�
�+ 2��+ 1

�

�i21�nr:
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