Advances in Mathematics: Scientific Journal 5 (2016), no.1, 83-89
égl\{_lgAL'JA\RTNHAI_ ISSN 1857-8365 printed .versi01.1
ISSN 1857-8438 electronic version, UDC: 517.546.12/.14

CERTAIN NEW CLASSES OF ANALYTIC FUNCTIONS DEFINED BY
USING SIGMOID FUNCTION

OLUBUNMI A.FADIPE-JOSEPH, BOLADE O.MOSES AND MATTHEW O.OLUWAYEMI

Presented at the 11t* International Symposium
GEOMETRIC FUNCTION THEORY AND APPLICATIONS
24-27 August 2015, Ohrid, Republic of Macedonia

ABSTRACT. Using an operator involving modified sigmoid function introduced by
Fadipe-Joseph et al [2], new family of analytic functions f(z) which is analytic and
univalent in the open unit disk U = {z : |z| < 1} are defined. Coefficient inequalities,
growth and distortion theorems for this class are provided.

1. INTRODUCTION

In twentieth century, the theory of special functions was overshadowed by many other
field like real and functional analysis, topology, algebra and differential equations. Can
we also explore a sigmoid function in Geometric function theory?

Murugusundaramoorthy and Janani [3] obtained initial coefficients of A- pseudo starlike
functions related to sigmoid functions for certain normalized analytic functions defined
on the open unit disk. Here, coefficient inequality, growth and distortion theorems for
the class of analytic functions defined by using sigmoid function are established.

Let A be the class of functions f(z) of the form

(1.1) 7 (z) :z—l—Zanz"
n=2

and let 7 denote the class of functions of the form

(1.2) fz)=2- Z apz®
k=2

which are analytic in the open unit disk U= {z € C: |z| < 1} (c.f [5]).
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1.1. The Sigmoid Function. A sigmoid function is a mathematical function having
an "S" shape (sigmoid curve). The sigmoid function, also called the sigmoidal curve or
logistic function is the function of the form ~(s) = H%; s € R . A sigmoid function is
a bounded differentiable real function that is defined for all real input values and has a
positive derivative at each point. It is useful in compressing, or squashing outputs. It is a
monotone function The sigmoid function is the most popular of the three activation func-
tion in the hardware implementation of artificial neural network. The sigmoid function

is defined as

1 11 1 1 17
G = = — —8 — — 3 _ 5 J— 7
) =T7e==272° " T10° " 80640°
Let 7y(s) be a modified sigmoid function.That is,
2 11 1 17
_ 4 tg_ @y s 0 7
V) =T =1 55~ 50% Y020 T 10320°

For details see [1],[2] and [3]

oo

F(2) =2+ > A)arz* (x> 0),

k=2

which is analytic and univalent in the unit disk U = {z € C : |z| < 1}. Then f,(2)
belongs to the class A, of the form (1.1) for lim,_, o, ¥(s) = 1.
Similarly,

(1.3) fr(2) =2 =) 7(s)arz*iar >0
k=2

is analytic and univalent in the unit disk U = {2z € C: |z] < 1}. Then f,(z) belongs to
the class T, which is a subclass of the normalised univalent functions of the form (1.2)
for lim, , o v(s) = 1.

Definition 1.1. A function f, defined by (1.3) belongs to the class To(X, B, o, ) of

DnJrlf’(y(;z) — U
D™ fy(z
>p (z€U),
Dntlf (2) Dntif,(2)
( Dih,e) + ’\) — 2 ( D) “)

for |z] < 1, 0<)\§1,'y(s):1+2?,Ogﬁgl,%gagl,,uZl,nENo:NU{O}.

1.2. Salagean Differential Operator Involving Modified Sigmoid Function. Let
D™ f,(z) denote the Salagean differential operator involving modified sigmoid function,
then

D°fy(z) = f(2)

D f1(2) = (s)zf,(2)

D™f,(2) = DID™1,(2)] = 7(s)2[D" £, ()]
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Therefore,

(o]

DR1y(2) = 7 (s)z + 34 () ka2,
k=2

Taking lim,_,, ¥(s) = 1, we have the Salagean differential operator ([4], [6]).

2. MAIN RESULTS

2.1. Coefficient estimates for class T,(}, B, a, ).

Theorem 2.1. Let fy, € Ty defined as f(z) = z + Y pop¥(s)arz® (ax > 0 ).

fy € Ty(\, B, a, ), then

Iiv(s)k" {'y(s)k [1-B(1—2a)] - B ()\ +20p + ;)} o]

<(s) (1= B) + B2a(v(s) — 1) = A — .
Proof. First note that:

D™, (2)
D", (z)
()2 = R, Y AR ekt — ()2 + i, wy ()R apzt
- Yo (8)z — S,y (s a2

Y (s)2(s) — mlz = S5, 7" ($)[BA(s) — i anet
()2 — o, 7 (5 a2 ’

—p

Dtf(2)
Dhz)
1) =Tz =Ny AR a4y (9)hz = 3, My ()" a2t
| T (52— Sy (S anz”
A ()y(s) + Xz = T2 v () R (s) + Alknayz
Y (8)z — Y pn Y TL(8) k" ak ¥
and
(2.2)
Dn+lf (z)
2o (T )

207" (s)z — Yopo, 209" P2 (8) k" a2z — 2auy™(5)z + Y e, 20uy L E 0y 2R

Y(8)z — Yoy Y TL(s) K ak 2*
207" (s)[7(s) — mlz — Yo p 207" () [k (s) — plk"arz®
T (37— S T (k an”
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Subtracting (2.2) from (2.1) we obtain,
[y"F1(s) + X9"(s) — 291 (s) + 2apy"(s)]2

()7 — Yo v (s)kman

Doy BY™2(5) + My (s) — 2aky™3(s) + 20uy™(s)]k" ax2®
V()2 = Sy Y (o) ka2
Y ($)v(s) + A = 2ay(s) + 2au]z — 372, v (s)[ky(s) + A — 2kary(s) + 2aulk™axz"
1(8)z = 2kl Y (s)k ax2k '
Dividing (2.1) by (2.2), we have
’y"+1(s)z _ Z;ozz ’)’n+2(s)k"+lakzk _ /J/')’n(s)z + 22022 ’)’n+1(s)k"akzk

vz [7(s) = 2a(s) + 2ap + A] = 32075 knyH(s) [v(s)k + A — 2ay(s)k + 2au] axz*
which implies that

> p

‘ [v(s) = 1] = Sz V(s)k™ [vk — 1 arz**
[v(s) = 2ay(s) + 20 + A] = 35525 k™ (s) [v(s)k + X — 2ay(s)k + 2ap] agzh—?

Since |z| = r < 1, then as |z| — 1, we have

> B.

Bly(s) —2av(s) + 2au + A] — Zk" s) + A — 2ay(s)k + 2au] |ak|

= 57 ()R [y(s)k — 1] axl,

k=2

> (k™ [Y(s)k — 1] |ax| — ﬂZk” 8) + A — 2ay(s)k + 2au] |ax| <

(v(s) = p) = Bv(s) — 2av(s) + 2ap + A]

which implies

27 { [1—,6(1—2a)]—ﬂ()\+2au+;)}|ak|

<7( ) (1= B) + B[2a(v(s) —p) = A — u
and completes the proof. a

Corollary 2.1. Let the function f(z) defined by (1.3) belongs to the class To(X, B, a, 1)

then
o < () (L—pB) +B2a(y(s) —p) — A —

" )k [¥(s)k[1 - B(1 - 20)] - B (A + 20+ L )]
O</3<1 <a<l,u>1 ne Ng=NU{0}. Equality

k)

0<A<1L,y(s) = 2=
holds for the functzon

1) (L= ) +BlRaly(s) ~w) =N —p 4
Y(s)k™ [v(s)k[1 = B(1 - 2a)] - B (A + 200 + § )]

fv(z) =z+
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Corollary 2.2. If f, € T, (1,8, a,u), then

Iiv(s)kn {7(3)16 [1—B(1—2a)]— B (1 +2ap + ;)] o

<(s) (1= B) + B 2a(v(s) —u) — 1] —
which implies

() (1= ) + B2a(y(s) —p) — 1] — s
Y(s)kn [1(s)k 11 = B(1 - 20)] = B (1+ 2ap + § )|

ag <

0<A<L(s) =2 ,0<f<L3<as, u>1
Corollary 2.3. If f, € T,(),0,a, i), then

[ee]

> (™ ((s)k) ax| < ¥(s) =

k=2
which implies

v(s) —p
ag < W:
0<A<L(s) =25 ,0<f<L3<as, u>1

Corollary 2.4. If f, € T,(}, 8,a,1), then

Iiv(s)k" {V(S)k[l — B(1-20)] - B (A+2a+ ;)} o

<y(8)(1=8)+ B2a(y(s) — 1) —A] -1,
which implies
ar < ¥(s) (L= B) + B[2a(y(s) —1 - A - 1
" y(s)kn [7(5)19 [1-B(1-2a)] -8 ()\ L%t %ﬂ

k)

0<A<Ly(s) = 2= ,0< <, 5<a<], up>1.

Corollary 2.5. If f, € T,(1,0,a,1), then

> ($)E™ (v(s)k) lax| < v(s) — 1
k=2

which implies

v(s) -1
(23> )
— ,-),an—i-l
0<A<LY(s) =2 ,0<f<L3<a<l,u>1
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2.2. Growth theorem for class T,(), 8, a, ).

Theorem 2.2. Let f, € (), B,a, ), then

r— () ¥(s) (1= B) + B[2a(y(s) —p) —A] — r
7(s)2n [27(3) [1—B(1—-2a)]— B (,\ +2au + %)]
<r+9(s) v(s) (1 = B) + B2af{y(s) —p) —A] — 2

s)2 [22()[1 - B(1 — 20)] = B (A+ 20+ § )|

2.3. Distortion theorem for class T, (}, 8, a, ).

Theorem 2.3. Let f,(z) belongs to the class T,/(A, B, o, ), then

1_7 ()(1 )+ﬁ[2a(() /‘1’)_)‘]_/‘1'1 21_n7'§|f,/y(2)|
A(s) [1(s)211 = B(L — 20)] = B (A + 2au + 1 )]
1y OB+ R —B) N i,

706) 1621 = (1 - 200] = f (A + 20 + 3 )
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