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ABSTRACT. For every g € (0,1) we define a class of analytic functions, so called g—
starlike functions on the open unit disc D = {z| |z| < 1}. This class was introduced
by M.E.H. Ismail, E. Merkes and D.Styer [4] . In the present paper we will give basic
characterization, growth theorem and distortion theorem for this class.

1. INTRODUCTION

Let Q be the family of functions which are regular in I and satisfying the conditions
#(0) = 0, |¢(z)] < 1 for every z € D, and let A be the class of functions s(z) =
z + cp2? + c32% + -+ which are regular in . Let s;(2) and s5(z) be an element of A,
if there exists a function ¢(z) € Q such that s1(z) = s2(¢(z)) for every z € I, then we
say that s;(z) subordinate to s3(2) and we write s1(2) < s2(z). We also note that if
s2(2) is univalent in ID , then s;(z) < s2(2) if and only if s1(0) = s2(0), s1(D) C s2(D)
implies s1(ID;) C s2(D,) where D, ={z||z| <7, 0 <7 < 1}. Let s1(2) =2+ > o> ,anz"
and s3(z) =z + Y., bnz™ be elements of A, then the convolution of these functions is
defined by

s1(z) x s2(2) = 2z + Z anbpz™.
n=2

Denote by P the family of functions p(z) = 1 + p1z + p222 + -+ in D and such that
p(z) is in P if and only if
1+z 14+ 4(2)

1= TP =1y

p(z) <
for some function ¢(z) € Q and every z € D [3].
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For analytic function s(z) in D, we recall here g-fractional calculus. If y € R is fixed
a subset B of C is called p-geometric if uz € B whenever z € B. If a subset B of C
is a p-geometric then it contains all geometric sequences {zu™}52 4, z € B. Let s be
a function, real or complex valued, defined on a g-geometric set B , |g| # 1. The g-
difference operator, which was reintroduced by Jackson, F. H., and may go back to E.
Heine or Euler [1] defined by

s(z) — s(g2)

(1.1) Dys(z) = P

for z € B/{0}.

The g-difference operator (1.1) sometimes called Jackson g-difference operator. If 0 € A,
the g-derivative at zero is defined for |g| < 1 by
n
. —s(0
Dys(0) = lim s(2¢") — s(0)

n—oo zq™

for z € B/{0}.

Provided the limit exists and does not depend on z. In addition, the g-derivative at
zero defined by |g| > 1 by
Dgs(0) = Dy-15(0).
Under the hypotheses of the definition of g-difference operator then we have the fol-
lowing rules [1].

(1) Dgz" = T4z
(2) Dq(s1(2) + s2(2)) = Dgs1(z) + Dgsa(2)
(3) Dq(s1(2) — s2(2)) = Dgs1(z) — Dgs2(2)
(4) Dy(s1(2).52(2)) = 52(q2)Dgs1(2) + s1(2)Dgs2(2)
Dy(s1(2)-2(2)) = $1(92)Dysa(2) + 52(2)Dgss(2)
(5) Dy(32}) = =BenfynzBents
Let s(z) be an element of A, if s(z) satisfies the condition

qus(z) 1 < 1 7
s(2) l—g| " 1—g
for all z € D, then s(z) is called g-starlike function in D, the class of such functions will

be denoted by S;. Clearly, Dy — ﬁ asqg— 1.

Theorem 1.1. ([{]) For a function s(z) to belongs S it is necessary and sufficient
that

for all z € D.

2. MAIN RESULTS
Theorem 2.1. Let s(z) be an element of A, then we have s(z) € S; if and only if

Dgs(z) 1+z2
s(z) 1—gz’
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Proof. Let s(z) be an element of S7. Then we have

D 1 1 D
S O P R0

1
M‘<MM—1M>1

s(2) 1—qg|~1—9¢ s(2) —
Therefore, the function
1 Dgs(z)
Y(z) = 7 5(2)

has modulus at most 1 in the unit disc D and so

1, Dgs(z) 1

¥(z) — ¥(0) w2 (g~ 1)

(2.1) 8(z) = = C)

L-T(0)%(z)  1- (& —1)(42
Then ¢(0) =0, |¢(2)| < 1 and by the Schwarz lemma,

FEIC)
s(z) 1)

(22) $(2)] < 2.
From (2.1) and (2.2) we obtain
(2.3) Des(z) . 1+4(z) _ 1+4(2)

s(z)  1-(1-3)8(2)  1-qd(2)

The equality (2.3) shows that
Dys(z) y 1+z2
s(z) 1—gqz’

Conversely zDS"(sZ()Z ) < 11_%. Then we have
1—M
Dys(z) _ 1 +¢(12) . ZDqs(z) M=M Ml,—;/[d)(Z) .
s(z)  1-(1- M)sﬁ( z) s(z) 1+ 577 ¢(2)
On the other hand, the function ( S ) maps the unit circle onto itself. So,
s(2) 1+ 157 ¢(2)
1

Dys(z) 1 <
s(z)  1-gq| 1-¢

Corollary 2.2. Let s(z) be an element of S;. Then

(2.4) 1—7r < qus(z) < 1+r.

1+gr s(2) 1—gr
Proof. The linear transformation w(z) = lquzz maps |z| = r onto the circle with the cen-
tre C(r) = (i"'gg:z, ) and the radius p(r) = = q2T2 Using the subordination principle,
we have

Dgs(z) 1+ ¢°r? 2gr

z p—
sz 1@ | ST

which gives (2.4). O

Corollary 2.3. The radius of g-starlike of the class S; 1s Rsr = %, This radius s

142z

sharp due to the extremal function is s(z) = el
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Proof. Since

2gqr

Dgs(z) 1+ ¢°r?
z p—
s(2) 1—¢g?r?

we have

Re (7)) 2 T

Hence, for r < Rgr the right hand side of the preceding inequality is positive, implying
that

1
Rsr = —.
q
g
Theorem 2.4. Let s(z) be an element of S;. Then
r— s(gz r
(2.5) 7 |sle2)| o rta
l—rg s(2) l+7rg
Proof. Since
2,2 3,3 4 ... 2 322 4 ...
wiz)= P _ @+ a0 asq S gt agiatasg s e
s(2) z+a2? +azz® +--- 1+ asz+azz?2+---

and using Theorem 1.1, the function

w(z) —w(0) _ w(z)—¢

(2.6) #(z) = 1—w(0)w(z) 1-qu(2)

satisfies the conditions: ¢(0) = 0 and |¢(2)| < 1 for all z € . Therefore, by Schwarz
lemma,

(2.7) (2)] < 2.

From (2.6) and (2.7) we obtain

w(z) = 9+ ¢(2) o w(z) = s(gz) _ gtz
1+ q¢(2) s(z) 1+gz
On the other hand, the linear transformation w(z) = 1"_;_*';2 maps |z| = r onto the circle
with the centre C(r) = (%(i;2T:2) , O) and the radius p(r) = Tl(j;ijz). Using subordination
principle, then we can write
s(gz) g1 —r*)| _r(1-¢%
s(z) 1—7r2g2 | = 1—r2g2’

which gives (2.5). O
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PREPARATION: Let s(z) = z + a2z + a3z® + - -+ be defined on a g-geometric set B,
|g| # 1. Using the rule (1), then we can write
s(z) =z4 a2 + a3z’ + ...+ anz" + -

Dys(z) = Dyz + a2 Dg2® + a3Dy2® + ... + anDygz™ + - --

1- 1- g2 1- g3 1—gn
=gy aziq 2271+ agiq 27 4+ +a, 1y
l-g¢ l-q l1-q l-g¢
- 1-¢° , — " a
=1+a, z+as z+ .. t+a, 2"+ =
1—gq 1-— 1—gq
A2 1— q3 1— qn
D =1 2 n-1
¢5(2) + ag _qz+a31_qz+ +an1_qz
_ 42 1— 3 1—qg"
qus(z)_z+a21 z2+a31 qz3+...+an1 Loy =
- - —q
Dis(z) = zDgs(z) = z + Z T 2"
n=2
On the other hand, if s1(z) = %, then we have
(e 0]
1—4q"
Dis(z) = "
(2)=z+ Z g z
n=2
Therefore, using the definition of convolution we can write
oo 1— g7
Dis(z) = 2Dgs(z) = z + Z an, z" = s(z) * s1(2).
n=2 1- g

Theorem 2.5. Let s(z) be an element of S;. Then

(28) (275 e < 1+ 07 +Z (X2) - anp

q
Proof. Using Theorem 2.1 and preparation, then we can write
Dis(z) 14 ¢(z)
s(z)  1-4q¢(2)

k _m o k—1 _ An+1
Z ak (ql _qq ) 2"+ Z cnz™ = ¢(z) (Z an(qlgq)z">
n=1

n=2 n=k+1

& Dis(2) — qp(2)D¥s(z) = s(z) + ¢(2)s(z) =

where the sum (35—, ; ck2¥) is convergent in D. Let z = re*®. Then, since |¢(z)| < 1,

k _.n 2 k—1 _on+l 2
(2.9) Z (ql _‘Zq ) |an|2r2* < Z (‘113(1) |an|?r2*.
n=1

n=2

Passing to the limit in (2.9) as 7 — 1 we conclude that

k no 2 k-1 na1n 2
q9—4q 2 q—4q 2

§ <§ A
<1_q> ] _n1< l1-g¢ ) 3=

n=2

and we have (2.6). The proof of this theorem is based on a method introduced by Clunie
[2]. O
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