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ABSTRACT. Let f = f+g be the sense-preserving harmonic mapping, then it satisfies
that non-linear elliptic differential equation fz = w(z)f.. We will obtain the solu-
tion of this differential equation by using subordination method, under the condition

w(z) = il,gz; < by (iigi)a, a >0, -1 < B< A<1, and we will investigate the

properties of the solution of this differential equation.

1. INTRODUCTION

Let Q be the family of functions ¢(z) regular in the disc I and satisfying the conditions
#(0) =0, |¢(z)| < 1for all z € D. Next, A is denote the class of analytic functions of the
form s(z) = 2+ a22% +a3z®+--- in the open unit disc D. Let P(4,B)(1- < B< A<1)
designate the class of functions p(z) = 1 + p1z + pz2? + --- which are analytic, have
positive real part in I, and such that p(z) is in P(A, B) if and only if

p(z) = 1+ Ad(z)

1+ B¢(z)
for some ¢(z) € Q and every z € .
Moreover, let C denote the family of functions s(z) € A and such that s(z) is in C if
and only if

1+2 il,l((zz)) =p(z)

for some p(z) is in P and all z € D, and let s;1(z) be an element of A and satisfies the
condition
1
Re (18] >0,
s1(2)
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where s5(2) € C, then s;(z) is called close-to-convex function. The class of such functions
is denoted by K. Let Fi(2) and F»(z) be an elements of A, if there exists a function
#(2) € Q2 such that Fy(z) = Fa(¢(z)) for all z € D, then we say that Fi(z) is subordinate
to Fy(z) and we write Fy(z) < Fx(z) if and only if F1(D) C F»(D) and F1(0) = F»(0)
implies Fi(D,) C F5(D,), where D, = {z|[z] < r,0 < r < 1}. (Subordination and
Lindelof principle[2]).

Finally, a planar harmonic mapping in the open unit disc D is a complex-valued har-
monic function f, which maps D) onto the some planar domain f(ID). Since D is a simply-
connected domain the mapping f has a canonical decomposition f(z) = h(z) + g(2),
where h(z) and g(z) are analytic in I and have the following power series expansions

e} e}
h(z) =) anz", g(z) =) bnz",
n=0 n=0

where a,,b, € C, n =0,1,2,3,... as usual we call h(z) the analytic part of f(z) and g(z)
is co-analytic part of f(z). An elegant and complete account of the theory of harmonic
mappings is given in Duren’s monograph [1] proved in 1936 that the harmonic function
f(2) is locally univalent in D if and only if its Jacobian

Jr = W (2)]* g (2)]

1s different from zero in . In view of this result, locally univalent harmonic mappings in
the open unit disc D are either sense-reserving if |g'(z)| > |h'(z)| in D or sense-preserving
if |¢'(z)| < |W(2)] in D.

Throughout this paper we will restrict ourselves to the study of sense-preserving har-
monic mappings. We will also note that f(z) = h(z) + g(z) is sense-preserving in I) if

= 9(2) has the

h(z)
property |w(z)| < 1 for all z € . Therefore, the class of all sense-preserving harmonic
mappings in the open unit disc with ag = by = 0 and a; = 1 will be denoted by Sg.
Thus Sy contains standard class S of univalent functions. The family of all mappings
f € Sy with the additional property ¢'(0) = 0, i.e, b = 0 is denoted by S%. Hence it is
clear that S C 8% C Sy.

We consider the following class of harmonic mappings

and only if A'(z) doesn’t vanish in I and the second dilatation w(z)

SHK(A,B)

_ g'(z) 1+ Az\“
= = = > - < < .
{f h +glw(z) h,(z)<b1(1+Bz ,@>0,-1<B<A<LLh(z)eC

The class of Spx(a,B) is the solution set of the non-linear elliptic partial differential

- . (e
equation fz = w(z)f, under the conditions Z'g < b (iigi) ,a>0,-1<B<A<I1,

h(z) € C . The aim of this paper is to investigate the class of Sp(x(B)), for this aim we
need the following lemma and theorems.

Lemma 1.1. ([3]) Let ¢(z) be a non-constant and analytic function in the unit disc
D with ¢(0) = 0. If |¢(2)| attains its mazimum value on the circle |z| = r at the
point zq, then zod'(z0) = m¢(zg), m > 1.
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Theorem 1.2 ([2]). Let h(z) be an element of C, then
r r
<|h <
1+7'_|(z)|_1—7"
7 7

At < |R'(2)] < A—re

(1)

2. MAIN RESULTS

and

Theorem 2.1. Let f = h(z) + g(z) be an element of Sux(a,p), then

q(2) <8 <1+Az)°‘,

h(z) 1+ Bz
where by ER, >0, -1<B<A<LI1.

Proof. Since f = h(z) + g(z) € Suk(a,B), then we have
! 1+ Az\*°
g9'(2) <b1( + z) ’

h'(z) 1+ Bz
. (2) (=) (=)
h'(z 1 h(z 1 h'(z 1 r
Re(zh(z)) >§:>zh(z) = 1—z:>‘zh(z) C1—r2| T 12

B (2)
h(z)

therefore the boundary value of (z ) on the circle is (%) On the other hand,

1+Az

1+Bz

1-Ar 1+Ar
=g <1 > 1 we

' 1+Br
1—Ar\® 1-A4 1+ A 14+ Az\“

<
1- Br 1- Br |—1+Br— 1+ Bz
Therefore
() (L=Ar\" _1—4r |g(x)|_1+Ar _ [(1+42\°
2.1) w(D,)= < = < ’
(21) w(®) {h’(z)|<1—Br _1—Br< hW(z)|~ 1+Br —\1+ Bz

where > 0, - 1< B< A<1,0<r <1 Now we define the function ¢(z) by

9(2) (1 +A¢(z))a

=b ()

h(z) 1+ B¢(z)
then ¢(z) analytic and ¢(0) = 0. Now, it is easy to realize that the subordination

o) _y, (L)

mz) "\ 1+ Bé(z)
is equivalent to |¢(z)| < 1 for all z € D. Indeed assume the contrary that there exists a
zo € D such that |¢(20)| = 1. then by using I. S. Jack Lemma we have

_ d'(z0) _ 1+ Ad(zo0) \* ka(A — B)¢(zo) 1—r? w
wlz0) = Giyy = (1 T B¢(zo)> (1 T @t 49(20))(1 + B(zo)) 1+ ) # w(Ds)

x
if we investigate the properties of the linear transformation ( ) , and using subor-

dination principle or Lindeldf principle with 0 < 7 < 1, 0 <
obtain
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because |¢p(z9)] = 1, £ > 1 and the relation (2.1). But this is contradiction to the
condition of the definition of Syx(4,m) and so assumption is wrong, i.e., [¢(z)| < 1 for
all z € . |

Corollary 2.2. Let f = h(z) + g(z) be an element of Syk(a,B) then

(2.2) rF(A,B,—r) <|g(z)| <rF(A,B,r),
(2.3) rG(A, B,—r) <|4'(2)] < rG(A, B,r),
where

1 14+ Ar\*
F(A’B’r)zl—r(l—f—Br) '

1 2/1+Ar\"
G(A’B’r)zl—r <1+Br> '

[o1 . @
Proof. Since ,’;((3 < by (ii‘g:) , and % < by (iié:) then we have (using Theorem
2.1)
1— Ar\“ 1+ Ar\®
2.4 h < <|h
(2.4 e (1) <@l <@l (1rge)
1—Ar\® 1+ Ar\®
. ! <l|g'(z)| < |A
@25) RE (155 ) <196 < el (1)
If we use Theorem 2.1 in the inequalities (2.4) and (2.5), then we obtain (2.2) and (2.3).
O
Corollary 2.3. Let f = h(z) + g(z) be an element of Syk(a,n) then
(2.6) r?F(A,B,—r) < J;f <r?F(A,B,r),
where
1+ Ar\*®
F(A,B,r) = 1-— .
( ) 77’) (1+T‘)4 (1+B7‘> ]
Proof. Using Theorem 2.1 we can write
1— Ar\“ g'(z) 1+ Ar\“
- = |w(z)| = |7 7| < :
1— Br h'(z) 1+ Br
Therefore we have
1+ Ar\>® 5 1— Ar\*®
2. 1-—- <(1- < 11—
(27) [ (55) |=¢ |w(z)|>_[ (=%)
On the other hand
(2.8) Je(2) = [W(2)]* = |g'(2)]* = W' (2) P(1 = Jw(2)]?).
considering (2.7), (2.8) and Theorem 2.1 we get (2.6). O

Corollary 2.4. If f = h(z) + g9(z) € Suk(a,B), then

2 [ ato (1‘(1igz>a>dp§'f'5/or(1fp)2 (”(iiéﬁ))dp
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Proof. Since

(2.10) 1+(i:gz> §1+|w(z)|§1+(iigi> ,
(2.11) 1= (1) <i-misi- (155)
and (|W'(2)| — |¢/(2)Dldz] < |df] < (1B(2)] + |g'(2)])|dz] =

(2.12) KL~ [w(z)])Idz] < 14f] < [F(2)](1 + [w(z)Dlda].

Considering (2.10), (2.11) and (2.12) we obtain

(2.13) ﬁ (1 - (ig:)a) dz| < |df| < ﬁ (1 4 (iig;)j dz].

Integrating (2.13) we get (2.9). O
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