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ABSTRACT. In this paper, we study some properties of a new general integral oper-
ator of p-valent functions on some classes of p-valently starlike, k-uniformly p-valent
starlike and p-valently convex functions.

1. INTRODUCTION

Let U = {z : |z| < 1} be the open unit disk and A be the class of functions of the
form:

x
f(z) :z+Zakzk, zelu
k=2

’

which are analytic in U and satisfy the conditions f(0) = f (0) —1=0.
Let A, the class of functions of the form:

=2+ 3 ane®, (pe W),

n=p+1
which are analytic in U.
A function f € A, is said to be p-valently starlike of order 8 (0 < 8 < p) if and only

if
Zf’(2)>
Re >pB,z€U.
( f(z)
We denote by S;(8) the class of all such functions.
A function f € A, is said to be p-valently convex of order 8, (0 < 8 < p) if and only if

zf (2)
Re <1+ ) ) > B,z €U.
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Let C,(B) denote the class of all those functions which are p-valently convex of order j
inlY.

We note that S;(0) = S; and Cp(0) = C, are respectively, the classes of p-valently
starlike and p-valently convex functions in . Also, we note that S} = §* si C; = C are,
respectively the usual classes of starlike and convex functions in U.

A function f € A, is in the class US, (6, k) of k-uniformly p-valent starlike of order 3,
(-1 < B <p)in U, if the condition

fe <Zf'(Z) B ﬁ> S x| 21G)

f) P

) (k>0,z€eU).

is satisfied.

For uniformly starlike functions, we refer to the papers [11] - [13], [1].

Note that US1(B8,k) = UST(B, k), where the classes UST (S, k) are the classes k-
uniformly starlike of order 8, 0 < 8 < 1 studied in [2].

2. MAIN RESULTS

For a; > 0, f; € Ap and g;,h; € A, for all © = 1,2,....n, we define the following

general integral operator
* (1) (p-1) p- t)\™ - Fn(t) \*"

2.1 Fpn(z) = ¢(1-m)(P 1)P1t<f1( > ...P1t<” dt.
@) Fua= [ 70 (e ) o0 (g

If we consider p = 1 and g,(2) = 2, hi(2z) = z, 1 = 1,2,...,n, in relation (2.1), we
obtain of the general integral operator F ,(z) = F,(z), introduced and studied by D.
Breaz and N. Breaz in [4] and D. Breaz et al. in [7] (see also [[3]-[10]]).

Also, considering p = n = 1, &3y = a € [0,1] in (2.1) we obtain the integral op-
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erator [ (M) dt studied in [15] and for h(z) = 2, we obtain the integral operator

h(t)
o
Iz (@) dt studied in [14].
In this paper, we obtain the order of convexity of the operator F, , on the classes Sy (8),

[e3
US,(B, k). Also, as particular cases, the order of convexity of the operators foz (@) dt,
[24
IS (%) dt, are given.

2.1. P-valent convexity of the operator F ,.

Theorem 2.1. Let a; >0, -1 < B; <p,0<v, <landk, >0 forall1=1,2,....n
and f; € USp(Bi ki), iy hi € S*(v;) for all:1=1,2,...,n. If

n n
0O<p+n—pn+y (P—1—pa)yi+y afi<p

=1 =1

then the integral operator F, , is p-valently convex of order

p+n—pn—|—Z(p—1—pai)%'+Zai,Bi.

i=1 =1
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Proof. From relation (2.1), we observe that Fj, ,(z) € A, and easily calculate the first
derivative of F},,. We have:

(22) Fynle) =p e [Ta () ()

=1

We differentiate (2.2) logarithmically and multiply by z and we get:

ZFF;’"((ZZ)) =(1-n)(p—1) +Z[ zgl )) +a (Zﬁ(zz)) _pzh}i;t(zz)))]'

p,n

Futher, we obtain:

Fpuls) yI8) i)\ k)
A NP +Z (@) z(ﬂ(z) ﬁz) P Wu(z)]
(2.3) +Zaiﬁ¢.

Calculating the real part of both sides of (2.3), we have:

zFZ’,”n(z) _ S L 3 . z9i(z2) wRe zf;(z)_ _
Re(” 7, (z))‘“ 3 o= 1Re (T3 ) ram (ﬁ(z) ﬁ)]

P i=1
(2.4) —Zpa Re (Zhl ) +Za1,31

Since f; € USp(B;, ks) and g;, hy € S*(7;) for all e = 1,2,...n, using (2.4), we have:

zF. (2) i
p,n .

»n =1

(25) +Zaz 1‘ _17 +Zpa1’ﬁ+zazﬁz
Because Y .-, o;k; fo"((zz)) —p‘ >0, for all : =1,2,...n, from (2.5), we obtain:

p,n =1 =1

2F (z) i i
p,n _ ) 3.
Re<1+F,,(z)>>P+n_Pn+Z(P_Paz 1)%4‘20%/31-

Therefore Fj, ,, is p-valently convex of order

n n
ptn—-pn+Y (P—poi—1)yi+ Y _ aifi
1=1

i=1

Consideringp =n =11 =, f1 = B,y =7 k1 =k, fi = fand hy(2) = 2,91(2) =
in Theorem 2.1, we have:
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Corollary 2.1. Let a > 0, -1 <8< 1,0<v< 1 k>0 and f € UST(B,k),
g, h € S*(7). If0<1+a(B—7) <1 then the integral operator foz (@) dt is convez
of order 1+ a(f —7v) in U.

Theorem 2.2. Let a; >0, -1 < 6; <p, 0<y; <1 and k; >0 forall1=1,2,...n,
and

(2.6) 2fi(2) pl > AP T (0~ poi — 1y + Ty i
fi(2) Yo @ik
for1=1,2,...,n, then the integral operator Fy, , 1s p-valently convez in U.
Proof. From (2.5) and (2.6) we easily get Fp , € Cp. O

From Theorem 2.2, using Rez < |z| we get

Corollary 2.2. Let a; >0, -1 < 8; <p,0<y;, <1l andk; >0 forall:=1,2,...n,
and

Rie <Zf£(2)> Sp_PHnopRd i (p—pos — )y + 300, cifs

fi(2) iy ctiki
. . - " —poi—1)v; " iBi
that is f; € Sp(0), witho =p— P pn+z':1(pnpaa - V) P and 0 < o < p, for
all1 =1,2,...,n, then the integral operator Fptzl 1s p-valently convez in U.

Consideringn =p =1, s = a, f1 = B, 1 =7, k1 = k and f1 = f, gl(z) = 2,
h1l(z) = z in Corollary 2.2, we have:
Corollary 2.3. Let o > 0, -1 < < 1,0<y< 1, k>0 and f € §*(6), where
d=1- ﬁ,-o <6 < 1, then the wintegral operator foz (@) dt 1s convez in U.

Remark 2.1. If we consider g;(t) = t, hi(t) = ¢, for all < = 1,2,....n in relation
(2.1) we get the integral operator Fp(z) = [ ptP~? (f;—ﬁf)) o (f’;—l(,t)) " dt defined
and studied by B. A. Frasin in [8].
Remark 2.2. If we consider p =n =1, a;y = «a, 1 = B, kp = k and f1 = |,
gr=h1=h, f eUST(B,k) in Theorem 2.1, then we get the convezity of I (f, h)(z) =
foz (%) dt, which 1s a particular case of the integral operator

z N fz'(t) a;

o = [ T1(59) a

0 11:[1 9:(t)

defined and studied by N. Ularu and D. Breaz in [15].
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