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Abstract. In this paper, we study some properties of a new general integral oper-
ator of p-valent functions on some classes of p-valently starlike, k-uniformly p-valent
starlike and p-valently convex functions.

1. Introduction

Let U = fz : jzj < 1g be the open unit disk and A be the class of functions of the

form:

f(z) = z +

1X
k=2

akz
k; z 2 U

which are analytic in U and satisfy the conditions f(0) = f
0

(0)� 1 = 0.

Let Ap the class of functions of the form:

f(z) = zp +

1X
n=p+1

anz
n; (p 2 N

�);

which are analytic in U .

A function f 2 Ap is said to be p-valently starlike of order � (0 � � < p) if and only

if

Re

�
zf 0(z)

f(z)

�
> �; z 2 U :

We denote by S?
p(�) the class of all such functions.

A function f 2 Ap is said to be p-valently convex of order �, (0 � � < p) if and only if

Re

 
1 +

zf
00

(z)

f
0(z)

!
> �; z 2 U :
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Let Cp(�) denote the class of all those functions which are p-valently convex of order �

in U .

We note that S?
p(0) = S?

p and Cp(0) = Cp are respectively, the classes of p-valently

starlike and p-valently convex functions in U . Also, we note that S?
1 = S? si C1 = C are,

respectively the usual classes of starlike and convex functions in U .

A function f 2 Ap is in the class USp(�; k) of k-uniformly p-valent starlike of order �,

(�1 � � < p) in U , if the condition

Re

 
zf

0

(z)

f(z)
� �

!
� k

�����zf
0

(z)

f(z)
� p

����� (k � 0; z 2 U):

is satis�ed.

For uniformly starlike functions, we refer to the papers [11] - [13], [1].

Note that US1(�; k) = UST (�; k), where the classes UST (�; k) are the classes k-

uniformly starlike of order �, 0 � � < 1 studied in [2].

2. Main results

For �i > 0, fi 2 Ap and gi; hi 2 A, for all i = 1; 2; : : : :n, we de�ne the following

general integral operator

(2.1) Fp;n(z) =

Z z

0

pt(1�n)(p�1)g
p�1
1 (t)

�
f1(t)

h
p
1(t)

��1

: : : gp�1n (t)

�
fn(t)

h
p
n(t)

��n

dt:

If we consider p = 1 and gi(z) = z, hi(z) = z, i = 1; 2; : : : ; n, in relation (2.1), we

obtain of the general integral operator F1;n(z) = Fn(z), introduced and studied by D.

Breaz and N. Breaz in [4] and D. Breaz et al. in [7] (see also [[3]-[10]]).

Also, considering p = n = 1, �1 = � 2 [0; 1] in (2.1) we obtain the integral op-

erator
R z
0

�
f(t)
h(t)

��
dt studied in [15] and for h(z) = z, we obtain the integral operatorR z

0

�
f(t)
t

��
dt studied in [14].

In this paper, we obtain the order of convexity of the operator Fp;n on the classes S�p(�),

USp(�; k). Also, as particular cases, the order of convexity of the operators
R z
0

�
f(t)
t

��
dt,R z

0

�
f(t)
h(t)

��
dt, are given.

2.1. P-valent convexity of the operator Fp;n.

Theorem 2.1. Let �i > 0, �1 � �i < p, 0 � i < 1 and ki > 0 for all i = 1; 2; : : : :n

and fi 2 USp(�i; ki), gi; hi 2 S�(i) for all i = 1; 2; : : : ; n. If

0 � p+ n� pn+

nX
i=1

(p� 1� p�i)i +

nX
i=1

�i�i < p

then the integral operator Fp;n is p-valently convex of order

p+ n� pn+

nX
i=1

(p� 1� p�i)i +

nX
i=1

�i�i:
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Proof. From relation (2.1), we observe that Fp;n(z) 2 Ap and easily calculate the �rst

derivative of Fp;n. We have:

(2.2) F
0

p;n(z) = pz(1�n)(p�1)
nY

i=1

g
p�1
i (z)

�
fi(z)

h
p
i (z)

��i

:

We di�erentiate (2.2) logarithmically and multiply by z and we get:

zF
00

p;n(z)

F
0

p;n(z)
= (1� n)(p� 1) +

nX
i=1

�
(p� 1)

zg0i(z)

gi(z)
+ �i

�
zf 0i(z)

fi(z)
� p

zh0i(z)

hi(z)

��
:

Futher, we obtain:

1 +
zF

00

p;n(z)

F
0

p;n(z)
= p+ n� pn+

nX
i=1

"
(p� 1)

zg0i(z)

gi(z)
+ �i

 
zf

0

i(z)

fi(z)
� �i

!
� p�i

zh0i(z)

hi(z)

#

(2.3) +
nX

i=1

�i�i:

Calculating the real part of both sides of (2.3), we have:

Re

 
1 +

zF
00

p;n(z)

F
0

p;n(z)

!
= p+ n� pn+

nX
i=1

"
(p� 1)Re

�
zg0i(z)

gi(z)

�
+ �iRe

 
zf

0

i(z)

fi(z)
� �i

!#

(2.4) �

nX
i=1

p�iRe

�
zh0i(z)

hi(z)

�
+

nX
i=1

�i�i:

Since fi 2 USp(�i; ki) and gi; hi 2 S�(i) for all i = 1; 2; : : : n, using (2.4), we have:

Re

 
1 +

zF
00

p;n(z)

F
0

p;n(z)

!
> p+ n� pn+

nX
i=1

(p� 1)i

(2.5) +

nX
i=1

�iki

�����zf
0

i(z)

fi(z)
� p

�����+
nX

i=1

p�ii +

nX
i=1

�i�i:

Because
Pn

i=1 �iki

���� zf 0

i (z)
fi(z)

� p

���� > 0, for all i = 1; 2; : : : n, from (2:5), we obtain:

Re

 
1 +

zF
00

p;n(z)

F
0

p;n(z)

!
> p+ n� pn+

nX
i=1

(p� p�i � 1)i +

nX
i=1

�i�i:

Therefore Fp;n is p-valently convex of order

p+ n� pn+

nX
i=1

(p� p�i � 1)i +

nX
i=1

�i�i:

�

Considering p = n = 1, �1 = �, �1 = �,1 =  k1 = k, f1 = f and h1(z) = z; g1(z) = z

in Theorem 2.1, we have:
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Corollary 2.1. Let � > 0, �1 � � < 1, 0 �  < 1, k > 0 and f 2 UST (�; k),

g; h 2 S�(). If 0 � 1+�(��) < 1 then the integral operator
R z
0

�
f(t)
t

��
dt is convex

of order 1 + �(� � ) in U .

Theorem 2.2. Let �i > 0, �1 � �i < p, 0 � i < 1 and ki > 0 for all i = 1; 2; : : : n,

and

(2.6)

�����zf
0

i(z)

fi(z)
� p

����� > �
p+ n� pn+

Pn

i=1(p� p�i � 1)i +
Pn

i=1 �i�iPn

i=1 �iki

for i = 1; 2; : : : ; n, then the integral operator Fp;n is p-valently convex in U .

Proof. From (2.5) and (2.6) we easily get Fp;n 2 Cp. �

From Theorem 2.2, using Rez � jzj we get

Corollary 2.2. Let �i > 0, �1 � �i < p, 0 � i < 1 and ki > 0 for all i = 1; 2; : : : n,

and

Re

 
zf

0

i(z)

fi(z)

!
> p�

p+ n� pn+
Pn

i=1(p� p�i � 1)i +
Pn

i=1 �i�iPn

i=1 �iki

that is fi 2 S�p(�), with � = p�
p+n�pn+

P
n

i=1
(p�p�i�1)i+

P
n

i=1
�i�iP

n

i=1
�iki

and 0 � � < p; for

all i = 1; 2; : : : ; n, then the integral operator Fp;n is p-valently convex in U .

Considering n = p = 1, �1 = �, �1 = �, 1 = , k1 = k and f1 = f , g1(z) = z,

h1(z) = z in Corollary 2.2, we have:

Corollary 2.3. Let � > 0, �1 � � < 1,0 �  < 1, k > 0 and f 2 S?(�), where

� = 1� 1
�k
;0 � � < 1, then the integral operator

R z
0

�
f(t)
t

��
dt is convex in U .

Remark 2.1. If we consider gi(t) = t, hi(t) = t, for all i = 1; 2; : : : :n in relation

(2.1) we get the integral operator Fp(z) =
R z
0 ptp�1

�
f1(t)
tp

��1
::::
�
fn(t)
tp

��n
dt de�ned

and studied by B. A. Frasin in [8].

Remark 2.2. If we consider p = n = 1, �1 = �, �1 = �, k1 = k and f1 = f ,

g1 = h1 = h, f 2 UST (�; k) in Theorem 2.1, then we get the convexity of I1(f; h)(z) =R z
0

�
f(t)
h(t)

��
dt, which is a particular case of the integral operator

I(f; g)(z) =

Z z

0

nY
i=1

�
fi(t)

gi(t)

��i

dt

de�ned and studied by N. Ularu and D. Breaz in [15].
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