Advances in Mathematics: Scientific Journal 5 (2016), no.1, 25-32
é(I_Q,I\{JE]/l‘_/JA\JNHAI_ ISSN 1857-8365 printed 'versiOI?
ISSN 1857-8438 electronic version, UDC: 515.176.3:514.763.4

REPRODUCING KERNELS FOR HOLOMORPHIC VECTOR
BUNDLES

ZBIGNIEW PASTERNAK-WINIARSKI

Presented at the 11t* International Symposium
GEOMETRIC FUNCTION THEORY AND APPLICATIONS
24-27 August 2015, Ohrid, Republic of Macedonia

ABSTRACT. The maps defined by reproducing kernels on total and base spaces of
holomorphic vector bundles into some Hilbert and Grassmann spaces are considered
and the main results concerning basic properties of this maps are proved.

1. INTRODUCTION

This work deals with mappings defined by reproducing kernels of the Bergman function
type for holomorphic sections of complex vector bundles. Such mappings seems to be very
interesting from the geometric as well as physical point of view (see [4], [5] or [9]). In
Section 3 we show that the mappings mentioned above are holomorphic (Theorem 3.2)
and describe how to use them in the proof of Kodaira embedding theorem (Theorem 3.5).
In Section 4 we use this mappings to define K&hlerian on the base manifold and the new
Hermitian structure on the considered bundle. Section 2 contains the description of main
results of [7]. Without any other explanation we use the following symbols: N-the set of
natural numbers; R-the set of reals; C-the complex plain.

2. PRELIMINARIES
All proofs of theorems and propositions presented in this section are given in [7].
Assume that there are given:
- E=(E,n, M) - a holomorphic vector bundle over a complex manifold M;
- uw €T®(A\** T*M) - a volume form on M, where n := dimcM;
- h - a Hermitian structure on E.
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We denote by L2(E) = L?(E, h, u) the Hilbert space being a completion of the space
I's°(E) of all smooth sections of E with a compact support with respect to the norm || - ||
defined by the scalar product

<s|t>::/h(s,t),u, s,t eI (E).
M

It is known that L2(E) can be identify with the space (of classes) of all Lebesgue mea-
surable sections s of E for which the integral

Is|P? = / (s, )u(s)

M

is finite. When M has a countable basis of topology one can prove that L?(E) is a
separable Hilbert space.

Let L?H(E) = L2H(E, h, 1) denotes the space of all elements of L?(E) which can be
identify with holomorphic sections of E, i.e.,

I?’H(E) = L*(E)n H(M,E),

where H(M,E) = H°(M, E) is the space of all holomorphic sections of E. We call L2H(E)
the (h, u)-Bergman space of sections of E.

For any element v* of the bundle E* = (E*, 7', M) dual to E we define the evaluation
functional £,- on L?H(E) by the following formula

Ep5 = v*(s(m'(v*))), s € L*H(E),

where ' : E* — M is the vector bundle projection. It is clear that &, is a linear
functional. Using similar methods as in the case of an ordinary Bergman space (see [2]
or [6]) one can prove the following

Proposition 2.1. For any v* € E* there exists a neighbourhood Y of v* in E* and
a constant C > 0 such that for any w* € Y and any s € L?H(E)
|€wss| < ClsI.
As a simple corollary of this proposition we obtain the following

Theorem 2.1.

(1) For any v* € E* the evaluation functional €, ts continuous;
(12) L2H(E) 1s a closed subspace of L*(E).

Since L?H(E) is a Hilbert space we can use the Riesz theorem on the representation
of linear functionals on this space. Hence for any f € L?H(E)* there exists an unique
element f# of L?H(E) such that for each s € L2H(E)

f(s) =< f*|s >.

Moreover the map L?H(E)* 3 f — f# € L?H(E) is an antilinear isometry.
Let for a given v* € E*

ko := &L € IH(E).
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Since the map EX > v* — &, € L?H(E)* is linear we obtain that E > v* = k,« €
L?H(E) is an antilinear mapping for any = € M. Hence the mapping

(2.1) E: > v* 0 ky(y) EEy

is linear for any z,y € M, where E denotes the complex vector bundle over M which
is complex conjugated to E (we recall that the total space of E coincides with the total
space of E as a C°°-manifold with the same 7 as a vector bundle projection, but the
multiplication of elements of E by complex numbers is given by the formula: A\ = Av or
Av = A\v, where A € C and v € E; see [3]). Consequently the map (2.1) can be identyfied
with a tensor K(z,y) € E; ® E,. Since E, ® E, is in a natural way a fibre of the vector
bundle EQE; = pr;E® pr3E over M x M, where pri;M x M — M,j = 1,2 are ordinary
projections (pr;(z1,z2) = z; for § = 1,2) we can identify the map M x M 3 (z,y) —
K(z,y) € E; ® E, with a section of this bundle.

Definition 2.1. Section K will be called the (h,u)-Bergman section of the bundle
EQE.

Let us define the transposition * : EQE — E®E as a vector bundle isomorphism given
on homogeneous tensors by the formula

(Vs ®@)t = Uy @ Vg, vy €EE;y vy €Ey, z,yEM.
The main properties of X are described in the following

Theorem 2.2. The (h,u)-Bergman section K has the following properties:

(1) K(y,z) = K(=z,y)*, =,y € M;
(i1) K(z,y) is holomorphic in z and antiholomorphic in y;
(112) K is R-analytic on M x M.

3. MAPS GIVEN BY THE BERGMAN SECTION AND THE KODAIRA EMBEDING THEOREM

For the proofs of results presented in this section see [8].
Let us denote

I2H(E):={f: fc L’H(E)}.

We will consider this vector space as a subspace of

I2(E):={f: f € L*(E)},
where the last space is the Hilbert space with the scalar product

<3|t > = /E(?,Z)p
M
= /h(t,s)u =< t|s >, s,t € L*(E).
M

It is easy to show that

[*(E) = L*(E) = L*(E, h, p)
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and that the complex conjugation
L*(E) > s s€ L*(E)

is an antilinear isometry of Hilbert spaces.
Let ua consider the map

E* 3 v* > J(v*) := kyr € L2H(E).

We have
[T(v)](y) = K(z,y)v", v €E" z:=7'(v"), yeM

Theorem 3.1. The map J 1s continuous.

Let (U, ¢) be a vector bundle chart on E i.e.: (i) U is an open nonempty subset of M;
(ii) ¢ : 7 Y(U) —» V x C" is a biholomorphism, where V is an open subset of C™; (iii) if
© = (p1,92, ..., Pnir) then for any z € U the map (@ni1,..., Pnir)E, is an isomorphism
of E; onto C”. Then the map ¢ = (¢1,...,¢n) : U = V is a holomorphic chart on M.
Let e := (e, .., er) be a holomorphic frame of E defined on U as follows

ex(z) == o H($(2),0,..., \1/_/ ,--0), zeU k=12,..,r
(k—th)—place
For any z € U the sequence (e;(z), ..., e-(z)) is the ordered basis in the vector space E,.

The vector bundle chart (U, ) canonicaly defines a vector bundle chart (U,¢’) on
the bundle E* . Namely, if (e1,...,e,) is a frame on U defined by ¢ then for any
z € U and any v* € E} ¢}, ,(v") is the j-th coordinate of v* with respect to the
base (e*1(z), e*?(z),...,e*"(z)) of EX dual to (e1(z),...,e-(z)) for 7 = 1,2,..,7. Moreover

@ (v*) == ¢ (' (v )) @j(z) for j =1,2,...,7r. Wehave ¢’ =@ :U — V and

Zaje*j(a:) = (¢(z), a1, 0z, ..., ), v eEr, zel
If z € V then for any (a3, .., o), (B*,...,f7) € C"
[0z, a1,y a0)] (07 (2, B, .., BT)) Zaﬂﬁ]

If D is an open subset in C™, H is a complex Hilbert space and F : D — H then
we say that F' is holomorphic if for any zg = (201 ...,%0m) € D there exists a polydisc
P C D with center at zo such that F|p can be expressed as the power series of the form

o

F(Z) = F(zl...,zm) = Z akl,m,km(zl —201)k1 (Zm —Zom)km.
k1,eeiskm=1

A map F: M — H, where M is a complex manifold, is holomorphic if for any holomorphic
chart (U, ¢) the superposition F o' is holomorphic on ¢(U). Using this definition and
the previous considerations one can prove the following:

Theorem 3.2. The map J ts holomorphic.
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In the proof one can use the Cauchy integral formula

1 1
~X1M — ~X%M d
j(el (Z)) (27T’L)n / ('LUl _ Zl) . (wn _ zn)j(el (w)) w,
I'(a,p)
the expansion of the function
1
flz) = z€P,

(wh = z1) - (w" — 2’
into the power series (with respect to the powers of (z — 2z)) and the standard arguments
concerning the integration of power series to obtain that J o€} is the C-analytic mapping
onV for m = 1,2,...,r. To complete the proof of the theorem it is enough to note that
for any (z,a) = (2,01, ...,a,) EV X C"

Tieh Hz0) =7 ( 2_: améi™(2)) = 2_: amJ(E7(2). O

Let us consider the following condition:
(A) for any v* € E* v* # 0 there exists s € L?H(E) such that

Eps =" (s(w'(v*))) # 0.
Proposition 3.1. If the condition (A) s satisfied then for any z € M
dimJ(E}) = dimE}, = r.

Proof. The condition (A) implies that for any v* # 0 we have k,» # 0. Consequently
the linear mapping

E: > v* — J(v*) = k- € L2H(E)

is an isomorphism onto its image. |

Assumption. In the remaining part of this section we suppose that the condition (A)
is satisfied.

—  \T
For any vector bundle chart (U, ¢) on E we define a map B, : U — (L2H(E)) as
follows
B, :=(J,J,..., J)o (e, e*?, ..., e*"),
~——
r—times

ie.

B<p(£l:) = (keu(z), ey ke*’"(:c))) zeU.
By Theorem 3.2 B,, is a holomorphic mapping. By Proposition 3.1 the value B,(z)is a
sequence of linearly independent vectors in L?H (E) for any = € U. Consequently we can
consider B, as a holomorphic map on U, into the space B,(L?H(E)) of all r-element
sequences of linearly independent vectors in L2H(E) (B.(L?H(E)) is an open subset

in the Hilbert space (L2H(E))"). Let G,(L?H(E)) denotes the Grassmann space of all
r-dimensional subspaces in L?H(E) and let

a, : B.(L?H(E)) — G,(L?H(E))
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be the natural projection, which assignees to any sequence (si, ..., s,) € B,.(L?H(E)) the

vector subspace a,(s1,...,sr) C L?H(E) spanned by vectors sy, ..., s,. It is well known
that o, is holomorphic with respect to natural complex structures on B,(L?H(E)) and

G, (I2H(E)).

Now we are ready to define the map

Z: M- G, (L?H(E))
as follows: for any vector bundle chart (U, ) on E
(3.1) Ziy == oy 0 By.

Since for any z € M
Z(z) = ar(By(2)) = J(E;)
we see that Z(z) does not depend on ¢. By the previous considerations it is clear that
the map Z is holomorphic.
Let us recall the famous Kodaira embedding theorem

Theorem 3.3. (Kodaira) If on a complexz compact manifold M there exists a positive
line bundle L then for some N € N there exists an embedding Z of M into the
complez projective space PV . (see [1])

The most important and difficult step in the proof of this theorem is to show that

Theorem 3.4. If L s a positive holomorphic line bundle over a complexr compact
manifold M then there exists k, € N such that for any k > k, the bundle L*¥ =
L® --®L has the follow: ties:
® ® as the following properties
k—times
(K1) for any z,y € M there ezists a holomorphic section s of L* such that s(z) =0
and s(y) #0;
(K2) for any z € M and any covector v* € Ty M there exists a vector bundle chart
(U,p) and a holomorphic section s = sje; of L* such that s(z) = 0 and
dsi(z) = v*, where e; is a frame of L* defined on U by ¢.

For the proof see [1] Chapter 1, Section 4.

We will write now conditions which are equivalent to (K1) and (K2) in the case when
M is compact but are more appropriate in our approach. Namely, let L be a holomorphic
line vector bundles over M with the hermitian structure » and let u be a volume form
on M. We say that the triple (L, h, ) satisfies the conditions (K1’) and (K2’) if: there
ezxists k, € N such that for any k > k,

(K1) and for any z,y € M there exists a section s € L2H(L*) such that s(z) =0

and s(y) # 0;
(K2') for any z € M and any covector v* € TrXM there exists a vector bundle

chart (U,¢) on L* and a section s € L2H(L*) such that z € U, s(z) =0 and
dsi(z) = v*, where sjy = si1e1 and ey is a frame of L* defined on U by ¢.
In the above definition we suppose that L* is a hermitian bundle with the hermitian
metric A* =h®---Q h.
N————

k—times
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If Theorem 3.4 is proved then the Kodaira theorem is a consequence of the following
result

Theorem 3.5. Let the triple (L, h, 1) satisfies the conditions (K1’) and (K2’). Then
for any k > k, the map Z defined for L* by (3.1) is an embeding of M into the
projective space P(L2H(L¥)).

Proof. Let z,y € M and z # y. Let s € L?H(L¥) be such that s(z) = 0 and s(y) # 0.
Then for any v* € L;*

< T (V)]s >=< kye|s >=v"(s(2)) = 0

This means that 7 (Lz") is a subspace of L2H(L¥) orthogonal to s. On the other hand
there exists w* € L;k such that

< T@ls >=< hyels >= w(s(y)) # 0
Then J(Ly*) is not orthogonal to s, which implies that
2(z) = J(L;") # T(Ly*) = Z(y).

Hence Z is one-to-one map.

Suppose now that there exists a tangent vector v € T, M, where z = 7(v), such that
v # 0 and Z,v = 0. Let (U, ) be a vector bundle chart on L* such that ¢(z) = 0. Let
V :=@(U) and v' := @, v € ToV. Then

[D(T o &) (O)v' =0
which implies that

[D(T 0 &1)(0)]v' = [D(T 0 &1)(0)]v/
= [D;kew1()(0)]" = 0.
Hence for any s € L?H(L*) we have
v(s1) = vle™ (z)(s(2))] = V(< ker1(z)|s >=< [Dzkes1()(0)]v'|s >=0,
where s; € H(V) is such that s = sye;. This, however contradics the condition (K2’). O

4. RIEMANNIAN AND HERMITIAN STRUCTURES DEFINED BY THE EMBEDING Z

It is well known that if H is a complex Hilbert space then on the Grassmann space
G, (H) there exists canonical Kahlerian structure « defined by the scalar product < -|- >
on H. Similarly on the tautological bundle 7(G,(H)) there exists canonical Hermitian
structure hg also defined by the scalar product on H. For example, if ¥p is a given r-
dimensional subspace in H spanned by orthonormal vectors y1,...,y. € H then one of
coordinate neighbourhoods of Y, consists of all »-dimensional subspaces Yy, ..., spanned
by vectors of the form: y; + wq, ..., ¥, + w,, Where w; ..., w, are arbitrary elements of
Y5-. Then the matrix x of the canonical Hermitian structure hy with respect to the basis
Y1+ Wi,..., Y + W, in Yy, ., treated as the fiber of 7(G,(H)) is of the form

x = I+ [< wilw; I,
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Taking pull-backs Z*7(G,(H)), Z*« and Z*hg we obtain that Z*7(G,(H)) is isomorphic
as a vector bundle to E but is endowed with the new Kahlerian (and then Riemannian)
structure on the base manifold M and the new Hermitian structure. This structures
seems to be very interesting from the geometric as well as physical point of view.
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