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A CERTAIN CLASS OF HARMONIC MAPPINGS RELATED TO THECLOSE-TO-CONVEX FUNCTIONS OF ORDER BETAYASEMIN KAHRAMANERPresented at the 11th International SymposiumGEOMETRIC FUNCTION THEORY AND APPLICATIONS24-27 August 2015, Ohrid, Republi of MaedoniaAbstrat. In the present paper we will investigate a ertain lass of harmoni map-pings for whih the seond dilatation is lose -to onvex funtions of order �(� � 0)The aim of this paper is to give some properties of the lass of funtionsSH(K(�)) = ff = h(z) + g(z) 2 SH jw(z)= g0(z)h0(z) = b1(p(z))� ; � � 0; p(z) 2 ~P ;h(z) 2 Cg:1. IntrodutionLet 
 be the family of funtions �(z) whih are analyti in the open unit dis D =fzj jzj < 1g and satisfying the onditions �(0) = 0, j�(z)j < 1 for all z 2 D .Next,A denote the lass of analyti funtions of the form s(z) = z + a2z2+ a3z3 + � � �in the open unit dis D . Let P designate the lass of funtions p(z) = 1+p1z+p2z2+ � � �whih are analyti, have positive real part in D , and suh that p(z) is in P if and only ifp(z) = 1 + �(z)1� �(z) ;for some funtion �(z) 2 
 and every z 2 D .Moreover, let C denote the family of funtions s(z) 2 A and suh that s(z) is in C ifand only if 1 + z s00(z)s0(z) = p(z);for some p(z) 2 P and all z 2 D , and let s1(z) be an element of A and satis�es theondition Re s01(z)s2(z) > 0;2010 Mathematis Subjet Classi�ation. 30C45, 30C55.Key words and phrases. Distortion theorem, growth theorem, omplex dilatation.33



34 Y. KAHRAMANERwhere s2(z) 2 C , then s1(z) is alled lose -to-onvex funtion. The lass of suhfuntions is denoted by K. Let F1(z) and F2(z) be an elements of A, if there exists afuntion �(z) 2 
 suh that F1(z) = F2(�(z)) for every z 2 D , then we say that F1(z) issubordinate to F2(z) and we write F1(z) � F2(z) . Speially F2(z) is univalent in D , thenF1(z) � F2(z) if and only if F1(D ) � F2(D ) and F1(0) = F2(0) implies F1(D r ) � F2(D r )where D r = fz j jzj < r; 0 < r < 1g .( Subordination and Lindelöf priniple [1℄ )Finally, a planar harmoni mapping in the open unit dis D is a omplex-valued har-moni funtion f , whih maps D onto the some planar domain f(D ). Sine D is a simplyonneted domain the mapping f has a anonial deomposition f(z) = h(z) + g(z),where h(z) and g(z) are analyti in D and have the following power seies expansionsh(z) = 1Xn=0 anzn; g(z) = 1Xn=0 bnzn;where an; bn 2 C , n = 0; 1; 2; :::, as usual we all h(z) analyti part of f and g(z) is o-analyti part of f , an elegant and omplete aount of the theory of harmoni mappingsis given Duren' s monograph [2℄. Lewy proved in 1936 [2℄ that the harmoni funtion fis loally univalent if and only if its JaobianJf = jh0(z)j2 � jg0(z)j2is di�erent from zero in D . In wiew of this result, loally univalent harmoni mappingsin the open dis D are either sense-preserving if jh0(z)j > jg0(z)j or sense-reserving ifjh0(z)j < jg0(z)j in D . In this paper we will restrit ourselves to the study of sense-preserving harmoni mappings. We will also note that f(z) = h(z) + g(z) is sense-preserving in D if and only if h0(z) does not vanish in D , and the seond dilatationw(z) = ( g0(z)h0(z) ) has the property jw(z)j < 1 for all z 2 D . Therefore the lass of allsense-preserving harmoni mappings in the open unit dis with a0 = b0 = 0, a1 = 1 willbe denoted by SH , thus SH ontains standart lass S of univalent funtions. The familyof all mappings SH with the additional property g0(0) = 0, i.e, b1 = 0 is denoted by S0H .Hene it is lear that S � S0H � SH .Now we onsider the following lass of harmoni mappingsSH(K(�)) = ff = h(z) + g(z) 2 SH jw(z) = g0(z)h0(z) = b1(p(z))� ; � � 0; p(z) 2 ~P ; h(z) 2 Cgwhere ~P denote the family of funtions p(z) whih are normalized by p(z) = 1 + p1z +p2z2 + � � � and there exists a omplex number a suh that the rotated funtion (ap(z))has a positive real part ,i.e,(ap(z)) 2 P .The aim of this paper is to give some properties of the lass SH(K(�)). For this aim wewill need following lemma and theorems.Lemma 1.1. ([3℄) Let �(z) be regular in the open unit dis D . Then if j�(z)j attainsits maximum value on the irle at the point z0 , one has z0:�0(z0) = k�(z0), k � 1.Theorem 1.1. ([1℄) Let s(z) be an element C, thenr1 + r � js(z)j � r1� r



A CERTAIN CLASS OF HARMONIC MAPPINGS. . . 35and r(1 + r)2 � js0(z)j � r(1� r)2 :Theorem 1.2. ([1℄) If s(z) 2 C, then Re �z s0(z)s(z) � > 12 and Re � s(z)z � > 12 .2. Main ResultsTheorem 2.1. Let f(z) = h(z) + g(z) be an element of SH(K(�)), theng(z)h(z) = (p(z))�where � � 0 and p(z) 2 ~P .Proof. Sine f(z) = h(z) + g(z) 2 SH(K(�)), theng0(z)h0(z) = (p(z))� ; p(z) 2 ~P; h(z) 2 C:So, we have ap(z) 2 P , jaj� = 1, and using Theorem 1.2 we obtain h(z)zh0(z) = 1� �(z) .On the other hand, using Subordination and Lindelöf priniple with0 < r < 1; 1 + r1� r > 1; 0 < 1� r1 + r < 1) (ap(z))� < �a1 + z1� z�� ;we get �1� r1 + r�� < jap(z)j� < �1 + r1� r�� :Therefore(2.1) w(D r ) = ( g0(z)h0(z) j �1� r1 + r�� < jap(z)j� < �1 + r1� r�� ; jaj� = 1) :Now, we de�ne the funtion �(z) byg(z)h(z) = b1�a1 + �(z)1� �(z)�� ; � > 0; a� = 1:Therefore, we have �(0) = 0, �(z) analyti andg0(z)h0(z) = 2�(1 + �(z))��1:z�0(z)(1� �(z))� + g(z)h(z)or g0(z)h0(z) = b1 �a1 + �(z)1� �(z)�� + 2�(1 + �(z))��1:z�0(z)(1� �(z))� :
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Now, it is easy to realize that the subordinationg0(z)h0(z) � b1(a1 + �(z)1� �(z) )�(from the de�nition of SH(K(�)) ) is equivalent to j�(z)j < 1 for all z 2 D . Indeed, assumethe ontrary, i.e., assume that there exists a z0 2 D r suh that j�(z0)j = 1. Then by theJak lemma (Lemma 1.1) z0�0(z0) = k�(z0), k � 1, suh that for z0 we havew(z0) = b1(a1 + �(z0)1� �(z0) )� + 2�(1 + �(z0))��1k�(z0)(1� �(z0))� =2 w(D r )beause j�(z0)j = 1, k � 1 and the relations (2.1). But, this is a ontradition to thede�nition of SH(K(�)) and so the assumption is wrong, i.e, j�(z)j < 1 for all z 2 D . �Corollary 2.1. Let f = h(z) + g(z) be an element of SH(K(�)), then(2.2) r(1� r)�(1 + r)�+1 � jg(z)j � r(1 + r)�(1� r)�+1and(2.3) r(1� r)�(1 + r)�+2 � jg0(z)j � r(1 + r)�(1� r)�+2 :Proof. Using Theorem 2.1 we an write(2.4) jh(z)j (1� r)�(1 + r)� � jg(z)j � (1 + r)�(1� r)� :jh(z)jand(2.5) jh0(z)j (1� r)�(1 + r)� � jg0(z)j � (1 + r)�(1� r)� jh0(z)j:If we use Theorem 1.2 in the equalities (2.4) and (2.5) , then we obtain (2.2) and (2.3). �Corollary 2.2. Let f(z) = h(z) + g(z) be an element of SH(K(�)). Then,(2.6) r2(1 + r)4 :(1� (1 + r1� r )2�) � Jf � r2(1� r)4 :(1� (1� r1 + r )2�)



A CERTAIN CLASS OF HARMONIC MAPPINGS. . . 37and(2.7) Z r0 �(1 + �)2 :(1� (1 + �1� � )�)d� � jf j � Z r0 �(1� �)2 :(1 + (1 + �1� � )�)d�:Proof. Using Theorem 2.1 we get(2.8) 1� (1 + r1� r )2� � (1� jw(z)j2) � 1� (1� r1 + r )2� ;(2.9) (1 + (1� r1 + r )�) � (1 + jw(z)j) � (1 + (1 + r1� r )�)and(2.10) 1� (1 + r1� r )� � (1� jw(z)j) � 1� (1� r1 + r )� :On the other hand, we have(2.11) Jf = jh0(z)j2(1� jw(z)j2)and(2.12) jh0(z)j(1� jw(z)j)jdzj � jdf j � jh0(z)j(1 + jw(z)j)jdzj:Using (2.8), (2.11) and Theorem 1.2 and using (2.9), (2.10), (2.12) and Theorem 1.2, weget (2.6) and (2.7) respetively. �Referenes[1℄ A. W. Goodman: Univalent funtions, Vol I, Vol II, Polygonal Publishing House, Washington,New-Jersey, 1983.[2℄ P. Duren: Harmoni Mappings in the Plane, Vol 156 , Cambridge University Press, CambridgeUK, 2004.[3℄ I. S. Jak: Funtions starlike and onvex of order alpha, J.London Math. So., 34 (1971), 469�474.Department of Mathematis�stanbul Tiaret University�stanbul, TurkeyE-mail address: ykahramaner�itiu.edu.tr


