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Abstract:  Using the concept of strong bi-ideals in near- subtraction semigroups, we 
introduce the notion of strong bi-ideals in Г-near- subtraction semigroups. We show 
that the arbitrary intersection of strong bi-ideals of a Г-near subtraction semigroup is 
again a strong bi-ideals. Also we proved that the intersection of strong bi-ideals of Г-
near subtraction semigroup and sub-Г-near subtraction semigroup is again a strong bi-
ideal of X. Also, we study certain properties of strong bi-ideals in a left permutable Γ- 
near subtraction semigroups. Throughout this paper, by a Γ- near subtraction 
semigroup X, we mean a zero symmetric Γ-near subtraction semigroup. 
 
Keywords: Left permutable, quasi-ideal, strong bi-ideal, weak bi-ideal, left self 
distributive S-Г-near substraction semigroup. 
 
 

 
1.Introduction 

By X, we mean that zero- symmetric Г-near subtraction semigroup. Г-near subtraction 
semigroup was introduced by Dr. S. J. Alandkar [2]. For basic terminology in near subtraction 
semigroup, we refer to Dheena [3] and for Г-near subtraction semigroup, we refer to Dr. S. J. Alandkar 
[2]. Tamizh Chelvam and Ganesan [14] introduced the notion of bi-ideals in near-rings and it was 
extended to Γ-near-ring by T. Tamizh Chelvam and N. Meenakumari [13]. V.Mahalakshmi and S. 
Jayalakshmi introduced the strong bi-ideals and weak bi-ideals in near-subtraction semigroup [7] 
&[8]. In this paper we introduce the notion of strong bi-ideal and weak bi-ideal in Г-near subtraction 
semigroups by extending the concepts of strong bi-ideals and weak bi-ideal in near-subtraction 
semigroup. 
 
2.Preliminaries  
 (X, −), where X is a non-empty set is known as subtraction algebra if it satisfies the 
following identities: for any u, v, w ∈ X, i) u – (v – u) = u; ii) u – (u – v) = v – (v – u); iii) (u – v) – w 
= (u – w) – v. A triple (X, −, .)is known as subtraction semigroup if it satisfies the following axioms: 
for any u, v, w∈ X, i)(X, .) is a semigroup ii) (X, –) is a subtraction algebra; iii)u(v – w) = uv – uw and 
(u – v)w = uw – vw. A triple (X, −, .) is known as near-subtraction semigroup(right) if it satisfies the 
following axioms: for any u, v, w∈ X, i)(X, .) is a semigroup ii) (X, –) is a subtraction algebra; iii) (u – 
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v)w = uw – vw. A Г-near subtraction semigroup is a triple (X, –, 𝛾𝛾),for all 𝛾𝛾𝛾𝛾 Г, where Г is a non-
empty set of binary operators on X, such that (X, –, 𝛾𝛾) is a near-subtraction semigroup for all 𝛾𝛾𝛾𝛾 Г. In 
practice, we called simply Г-near- subtraction semigroup instead of right Г-near- subtraction 
semigroup. Similarly, we can define a Г-near- subtraction semigroup(left). It is clear that 0𝛾𝛾a = 0 for 
all a∈ X and for all 𝛾𝛾𝛾𝛾 Г.(S, − ) where S is a nonempty subset of a subtraction algebra X is said to be 
subalgebra of X, if x – y∈ S whenever x, y ∈ S. A subalgebra M of (X, –) with M ГM ⊆ M is called a 
sub Г-near subtraction semigroup of X. A nonempty subset A of X is called i) a left Г-subalgebra of X 
if A is a subalgebra of (X, –) and X ГA⊆A. ie.) X𝛾𝛾A⊆A for all 𝛾𝛾𝛾𝛾 Г. ii) a right Г-subalgebra of X if A 
is a subalgebra of (X, –) and AГX⊆A. ie., A𝛾𝛾X⊆A for all 𝛾𝛾𝛾𝛾 Г. X0= {x∈ X/ x𝛾𝛾0 = 0 for all 𝛾𝛾𝛾𝛾 Г} is 
called the zero-symmetric part of X. X is called Zero-Symmetric, if X =  X0. An element a∈ X is 
called idempotent if a𝛾𝛾a = a for all 𝛾𝛾𝛾𝛾 Г.Xd = {n∈ X/n𝛾𝛾(x –y) = n𝛾𝛾x – n𝛾𝛾y for all x, y∈X and for all 
𝛾𝛾𝛾𝛾 Г} is the set of all distributive elements of X. X is called distributive if X = Xd.If a∈ Xγa for all 𝛾𝛾𝛾𝛾 
Г and for all a∈X, then X is called S-Γ-near subtraction semigroup.X is said to be left bipotent if X𝛾𝛾a 
= X𝛾𝛾aγa for all a∈X and 𝛾𝛾𝛾𝛾 Г.  Let X and X′ be two Г-near subtraction semigroups. A map f: X→ X′ 
is said to be Г-near subtraction semigroup homomorphism if i) f(a–b) = f(a) – f(b) ii) f(a𝛾𝛾b) = 
f(a)𝛾𝛾f(b) for all  a, b ∈X and 𝛾𝛾𝛾𝛾 Г. Let X be a zero-symmetric Г-near subtraction semigroup and if X is 
strongly regular, then X is regular. For A⊆X, by √𝐴𝐴 we mean that {a∈ X/𝑎𝑎𝑘𝑘 ∈ A, for some k>0}.  
 
 
3. Strong bi-ideal of Г-near subtraction semigroup 

In this section we study the properties involving strong bi-ideal in a left permutable Г-near 
subtraction semigroups and obtain the characterization theorem on strong bi-ideals. 
 
Definition 3.1 

A subalgebra Q of (X, −) is said to be a quasi-ideal of X if (QГX)∩(XГQ)⊆Q. 
 
Definition 3.2 
 A subalgebra B of (X, −) is said to be a strong bi-ideal of X if XΓBΓB⊆B. 
 
Proposition 3.3 

Any homomorphic image of a strong bi-ideal is also a strong bi-ideal. 
Proof: Let f: X→ X′ be an homomorphism.Let B be a strong bi-ideal of X.Now, for f(b) ∈f(B) and 
n’ ∈ X′.n’𝛾𝛾f(b) 𝛾𝛾f(b) = f(n) 𝛾𝛾f(b) 𝛾𝛾f(b) = f(n𝛾𝛾b𝛾𝛾b)⊆ f(XΓBΓB)⊆ f(B) for all 𝛾𝛾 ∈ Γ. Hence f(B) is a 
strong bi-ideal of X. 
 
Definition 3.4 

A family 𝜁𝜁 of subsets of a set A is called a Moore system, if i)A ∈  𝜁𝜁 and ii) 𝜁𝜁is closed under 
arbitrary intersection. 
 
Proposition 3.5 

The arbitrary intersection of strong bi-ideals of a Г-near subtraction semigroup is again a 
strong bi-ideals. 
Proof: Let {𝐵𝐵𝑖𝑖}𝑖𝑖∈𝐼𝐼 be a set of strong bi-ideals  in X. Let B = ∩𝑖𝑖∈𝐼𝐼 𝐵𝐵𝑖𝑖. Then XГBГB ⊆XГBiГBi  ⊆
Bi, ∀ i. Hence XΓBΓB ⊆ B. Hence the proposition. 
 
Definition 3.6 

X is said to be strongly regular if for each a ∈ X, there exists b∈X, such that a = b𝛾𝛾a𝛾𝛾a  for all 
𝛾𝛾𝛾𝛾 Г. 
 
Proposition 3.7 
 Let X be a Г-near subtraction semigroup and B a strong bi-ideal of X. If elements of B are 
strongly regular, then B is a quasi-ideal of X. 
Proof: Let x∈ (BΓX)∩(XΓB). Then x = b1𝛾𝛾n1 = n2γb2 for some b1, b2 ∈ B and n1, n2 ∈ X for all𝛾𝛾 ∈
Γ.Since elements of B are strongly regular,b1 = c𝛾𝛾b1γb1 and b2 = dγb2γb2  for some c, d ∈ X and for 
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all𝛾𝛾 ∈ Γ. Hence x = b1𝛾𝛾n1= (c𝛾𝛾b1𝛾𝛾b1)𝛾𝛾n1= c𝛾𝛾b1𝛾𝛾(b1𝛾𝛾n1)= c𝛾𝛾b1𝛾𝛾(n2𝛾𝛾b2)= 
c𝛾𝛾b1𝛾𝛾(n2𝛾𝛾(d𝛾𝛾b2𝛾𝛾b2))= (c𝛾𝛾b1𝛾𝛾n2𝛾𝛾d)𝛾𝛾(b2𝛾𝛾b2) ∈ XΓBΓB ⊆ B for all 𝛾𝛾 ∈ Γ. Hence (BΓX)∩(XΓB) 
⊆ B. Therefore B is a quasi-ideal of X. 
 
Definition 3.8 

X is known as left permutable if a𝛾𝛾b𝛾𝛾c = b𝛾𝛾a𝛾𝛾c for all a, b, c ∈ X and for all 𝛾𝛾𝛾𝛾 Г. 
 
Proposition 3.9 
 Let X be a left permutable and B is a bi-ideal of X. If the elements of B are strongly regular, 
then B is strong bi-ideal of X if and only if B is a quasi-ideal of X. 
Proof: If part follows from the proposition 3.7. Conversely assume that B is a quasi-ideal. From the 
definition of quasi-ideal, is a bi-ideal. Further x ∈ XΓBΓB, then, x = n𝛾𝛾b𝛾𝛾b ∈ XΓB for all 𝛾𝛾 ∈ Γ. 
Again since X is left permutable,x =  b𝛾𝛾n𝛾𝛾b ∈ BΓX. for all 𝛾𝛾 ∈ Γ.i.e.) x ∈ (XΓB)∩(BΓX) ⊆ B. Hence 
XΓBΓB⊆ B. Therefore, B is a strong bi-ideal. 
 
Proposition 3.10 
 Let X be a left permutable. If B is a strong bi-ideal of X, then nγB and B𝛾𝛾n’ ∀𝛾𝛾 ∈ Γ are 
strong bi-ideals of X, where n, n’ ∈X and n is distributive element in X. 
Proof: Clearly B𝛾𝛾n’ is a subalgebra of (X, −) for all𝛾𝛾 ∈ Γ.Also, XΓ(B𝛾𝛾n’)Γ(B𝛾𝛾n’) ⊆ XΓBΓ(B𝛾𝛾n’)⊆ 
B𝛾𝛾n’for all𝛾𝛾 ∈ Γ.And so we get that B𝛾𝛾n’ is a strong bi-ideal of X. Since n is distributive, n𝛾𝛾B is a 
subalgebra of (X, −) for all 𝛾𝛾 ∈ Γ.Further let x ∈XΓ(n𝛾𝛾B)Γ(n𝛾𝛾B). Then: 

x = n1𝛾𝛾n𝛾𝛾b𝛾𝛾n𝛾𝛾b′=n𝛾𝛾n1𝛾𝛾b𝛾𝛾n𝛾𝛾b′=n𝛾𝛾n𝛾𝛾n𝛾𝛾b𝛾𝛾b′ ∈ nγXΓBΓB⊆nγB for all 𝛾𝛾 ∈ Γ. 
Hence nγB is a strong bi − ideal. 
 
Proposition 3.11 
 Let B be a strong bi-ideal of a Г-near subtraction semigroup X and S be  a sub Г-near 
subtraction semigroup of X, then intersection of B with S is again a strong bi-ideal of S. 
Proof: Let C = B∩S. Now,  
SΓCΓC  = SΓ(B∩S)Γ(B∩S)= SΓ((B∩S)ΓB∩( B∩S)ΓS⊆ SΓ(BΓB∩SΓS)⊆ (SΓBΓB)∩SΓS⊆ B∩S = C. 
Hence SΓCΓC ⊆ C. Hence the proof. 
 
Proposition 3.12 
 Let X be a left permutable Г-near subtraction semigroup. Then B is a strong bi-ideal if and 
only if B is a bi-ideal. 
Proof: If part is trivial. Conversely suppose B is a bi-ideal of X. Let x∈ XΓBΓB.Since X is left 
permutable,x = n𝛾𝛾b𝛾𝛾b = b𝛾𝛾n𝛾𝛾b ∈ BΓXΓB ⊆ B, for all 𝛾𝛾 ∈ Γ. Hence the proof. 
 
Proposition 3.13 

If X is strongly regular, then B = XΓBΓB for every strong bi-ideal B of X. 
Proof: Let B be a strong bi-ideal of X. Let b ∈ B. Since X is strongly regular, there exists x ∈ X such 
that b = x𝛾𝛾b𝛾𝛾b∈ XΓBΓB for some x∈ X and for all 𝛾𝛾 ∈ Γ. i.e.)., B ⊆ XΓBΓB. Hence from the 
definition of a strong bi-ideal, B = XΓBΓB. 
 
Proposition 3.14 
 Let X be a left permutable S - Г-near subtraction semigroup. Then X is strongly regular if 
and only if B = XΓBΓB for every strong bi-ideal B of X. 
Proof: If part follows from the proposition 3.13.Conversely, let a ∈ X. By the proposition 3.10, X𝛾𝛾a is 
a strong bi-ideal of X.Now, a ∈ X𝛾𝛾a =XΓ(X𝛾𝛾a)Γ(X𝛾𝛾a)⊆ (X𝛾𝛾a)Γ(X𝛾𝛾a)for all 𝛾𝛾 ∈ Γ. i.e.).,  
a = n1𝛾𝛾a𝛾𝛾n2𝛾𝛾a= n1𝛾𝛾n2𝛾𝛾a𝛾𝛾a ∈ Xγaγa for all 𝛾𝛾 ∈ Γ. i.e), X is strongly regular. 
 
Proposition 3.15 
 Let X be a left permutable S - Г-near subtraction semigroup. Then X is a left bi-potent if and 
only if B = XΓBΓB for every strong bi-ideal B of X. 
Proof: Every left bi-potent is strongly regular and by proposition 3.14, the result is true. 
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Proposition 3.16 

Let X be a left permutable. Then B = BΓXΓB, for every bi-ideal B of X if and only if B = 
XΓBΓB. 
Proof: Let B = BΓXΓB for a bi-ideal B of X. By proposition 3.12, B is a strong bi-ideal. If x ∈ B = 
BΓXΓB, then x = b𝛾𝛾n𝛾𝛾bfor someb∈ B and n∈ X for all 𝛾𝛾 ∈ Γ. Since X is left permutable, x = 
n𝛾𝛾b𝛾𝛾b ∈XΓBΓB for all 𝛾𝛾 ∈ Γ.  i.e.)., B⊆ XΓBΓB and so B= XΓBΓB. Conversely let B= 
XΓBΓB for every bi-ideal B of X. If x∈B = XΓBΓB, then x = n𝛾𝛾b𝛾𝛾b = b𝛾𝛾n𝛾𝛾b ∈BΓXΓB for all 𝛾𝛾 ∈
Γ. i.e.)., B ⊆BΓXΓB⊆ B. Hence B = BΓXΓB. 
 
Definition 3.17 

A S- Г-near subtraction semigroup X is said to be left self-distributive S-Г-near subtraction 
semigroup if a𝛾𝛾b𝛾𝛾c = a𝛾𝛾b𝛾𝛾a𝛾𝛾c for all a, b, c ∈ X and for all 𝛾𝛾𝛾𝛾 Г. 
 
Theorem 3.18 
 Let X be a left self-distributive S-Г-near subtraction semigroup. Then B=XΓBΓB, for every 
strong bi-ideal B of X if and only if X is strongly regular. 
Proof: Let B=BΓBΓB, for every strong bi-ideal B of X. Since  X𝛾𝛾a is astrong bi-ideal of X and X is a 
S-Г-near subtraction semigroup, we have a ∈ X𝛾𝛾a = XΓ(X𝛾𝛾a)Γ(X𝛾𝛾a)⊆ (X𝛾𝛾a)Γ(X𝛾𝛾a) for all 𝛾𝛾 ∈
Γ. (ie)., a = n1𝛾𝛾𝑎𝑎𝛾𝛾n2𝛾𝛾afor all 𝛾𝛾 ∈ Γ. Since X is a left self-distributive S-Г-near subtraction semigroup, 
a = n1𝛾𝛾𝑎𝑎𝛾𝛾n2𝛾𝛾a= a = n1𝛾𝛾𝑎𝑎𝛾𝛾n2𝛾𝛾a 𝛾𝛾a ∈ X𝛾𝛾a 𝛾𝛾afor all 𝛾𝛾 ∈ Γ.  (ie)., X is strongly regular. Conversely, let 
B be a strong bi-ideal of X. Since X is strongly regular, for b ∈ B, b = n𝛾𝛾b 𝛾𝛾b ∈ XΓBΓBfor all 𝛾𝛾 ∈
𝛤𝛤. (ie)., B⊆ XΓBΓB. Hence the proof.  
 
 
 
4. Weak bi-ideal of Г-near subtraction semigroup 

In this section we establish weak bi-ideal in Г-near subtraction semigroup and obtain the 
characterization theorem on weak bi-ideals. 
 
Definition 4.1 

A subalgebra B of (X, −) is said to be a weak bi-ideal of X if BΓBΓB⊆B. 
 
Proposition 4.2 

Any homomorphic image of a weak bi-ideal is also a weak bi-ideal. 
Proof: Let f: X→ X’ be an homomorphism.Let B be a weak bi-ideal of X. Let B’ = f(B). Let b′ ∈f(B). 
Then b′γb′γb′= f(b)𝛾𝛾f(b) 𝛾𝛾f(b) = f(b) 𝛾𝛾f(b) 𝛾𝛾f(b)= f(b𝛾𝛾b𝛾𝛾b)⊆ f(BΓBΓB)⊆ f(B) for all 𝛾𝛾 ∈ Γ. Hence 
the proof. 
 
 
Proposition 4.3 

The arbitrary intersection of weak bi-ideals of a Г-near subtraction semigroup is again a weak 
bi-ideals. 
Proof: Let {𝐵𝐵𝑖𝑖}𝑖𝑖∈𝐼𝐼 be a set of weak bi-ideals  in X. Let B = ∩𝑖𝑖∈𝐼𝐼 𝐵𝐵𝑖𝑖. Then BГBГB ⊆BiГBiГBi  ⊆
Bi, ∀ i. Hence BΓBΓB ⊆ B. Therefore, B is a weak bi-ideal of X. 
 
Proposition 4.4 
 If B is a weak bi-ideal of a Г-near subtraction semigroupX and S is a sub Г-near subtraction 
semigroup of X, then then intersection of B with S is again a weak bi-ideal of S. 
Proof: Let C = B∩S. Now, CΓCΓC  = (B∩S)Γ(B∩S)Γ(B∩S)⊆(B∩S)Γ(BΓB∩SΓS)⊆(B∩S)ΓBΓB∩
(B ∩ S)ΓSΓS⊆ BΓBΓB∩ 𝑆𝑆ΓSΓS⊆ B∩S = C. Hence CΓCΓC ⊆ C. Hence the proof. 
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Proposition 4.5 
Let B is a weak bi-ideal of X, then b′𝛾𝛾B and B𝛾𝛾b for all 𝛾𝛾 ∈ Γare weak bi-ideals of X, where 

b,b′ ∈X and b′ is distributive element in X. 
 

Proof: Clearly B𝛾𝛾b is a subalgebra of (X, −) for all 𝛾𝛾 ∈ Γ. Then: 
(B𝛾𝛾b)Γ(B𝛾𝛾b)Γ(B𝛾𝛾b) ⊆ BΓBΓ(B𝛾𝛾b)⊆ B𝛾𝛾b. 

We have b′ is distributive, b′𝛾𝛾B is a subalgebra of (X, −)  and (b′𝛾𝛾B )Γ(b′𝛾𝛾B )Γ(b′𝛾𝛾B ) ⊆
b′𝛾𝛾B ΓBΓBn ⊆ b′𝛾𝛾B for all 𝛾𝛾 ∈ Γ. Hence b′𝛾𝛾B and B𝛾𝛾b for all 𝛾𝛾 ∈ Γ are weak bi-ideals of X. 
 
Corollary 4.6 
 Let B be a weak bi-ideal of X. For b, c ∈ B, if b is distributive, then b𝛾𝛾B𝛾𝛾c is a weak bi-ideal 
of X. 
 
Theorem 4.7 
 Let X be a left self-distributive S-Г-near subtraction semigroup. Then BΓBΓB =B, for every 
weak bi-ideal B of X if and only if X is strongly regular. 
Proof: Let B be a weak bi-ideal of X. If X is strongly regular, X is regular. Let b∈B. Since X is 
regular, b = b𝛾𝛾a𝛾𝛾b, for some a ∈ X for all 𝛾𝛾 ∈ Γ. Since X is left distributive, we have b𝛾𝛾a𝛾𝛾b = 
b𝛾𝛾a𝛾𝛾b𝛾𝛾𝛾𝛾for all 𝛾𝛾 ∈ 𝛤𝛤.  Thus b = b𝛾𝛾a𝛾𝛾b = b𝛾𝛾a𝛾𝛾b𝛾𝛾𝛾𝛾 =  b𝛾𝛾a𝛾𝛾b𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾 = b𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾 ∈ BΓBΓBfor all 𝛾𝛾 ∈
Γ. i.e)., B⊆ BΓBΓB. Hence B = BΓBΓB for every weak bi-ideal B of X. Conversely, let a∈X. Since 
X𝛾𝛾𝑎𝑎 is a weak bi-ideal B of X and X is S-Г-near subtraction semigroup, we get a ∈X𝛾𝛾𝑎𝑎 =
 (X𝛾𝛾𝑎𝑎)Γ(X𝛾𝛾𝑎𝑎)Γ(X𝛾𝛾𝑎𝑎)⊆(X𝛾𝛾𝑎𝑎)Γ(X𝛾𝛾𝑎𝑎).i.e)., a = n1𝛾𝛾𝑎𝑎𝛾𝛾n2𝛾𝛾afor all 𝛾𝛾 ∈ 𝛤𝛤.  Since X is left self-
distributive, a = n1𝛾𝛾𝑎𝑎𝛾𝛾n2𝛾𝛾aγa⊆ X𝛾𝛾a𝛾𝛾a for all 𝛾𝛾 ∈ Γ.  i.e)., X is strongly regular. 
 
Theorem 4.8 
 Let X be a left self-distributive S-Г-near subtraction semigroup. Then BΓBΓB =B, for every 
weak bi-ideal B of X if and only if B=XΓBΓB, for every strong bi-ideal B of X. 
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