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APPLICATIONS OF SUMUDU TRANSFORM OF TWO VARIABLE
FUNCTIONS WITH HERMITE POLYNOMIAL TO PARTIAL DIFFERENTIAL
EQUATIONS

S. B. KIWNE AND SANDIP M. SONAWANE!

ABSTRACT. The present article gives the review on development of Sumudu
transform and its applications. Theorems on Sumudu transform of two vari-
ables are proved in this paper. The theorem on Double Sumudu transform for
any n using Hermite polynomial is proved. Using these theorems one can find
Sumudu transform of homogeneous and non homogeneous functions of order
n. Partial differential equations like, one dimensional heat equation, Poisson
equation, second order hyperbolic equations are solved using these theorems.

1. INTRODUCTION

In 1993, an Australian mathematician Watugula [1] introduced Sumudu Trans-
form and solved the problems in control engineering. He defined both power
series as well as Integral definition of Sumudu transform. Weerakoon [2] in
1994 has shown the applications of Sumudu transform to the partial differen-
tial equations. In 1998, Watugula [3] gave properties of Sumudu transform
and Weerakoon [4] developed complex integral formula for Sumudu trans-
form. The development of Sumudu transform was then done by M. Asiru [5]
and [6]. Both 1¢¢ and 2" kind of integral equations using convolution prod-
uct were solved in his paper. In 2001, M. Asiru proved general properties of
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Sumudu transform and showed applications of Sumudu transform to Abel’s
integral equations and Integro-differential equation. Watugula [7] in 2002,
defined Sumudu transform for function of two variables and showed new di-
rection to the mathematicians to work on Sumudu transform. Asiru [8] solve
discrete dynamic systems using Sumudu transform in 2003, he obtained so-
lution of first, second and third order dynamic systems. The detail properties
like scale-preserving property, shifting and limit properties with analytical in-
vestigations of Sumudu transform, its existence for positive and negative of ¢
are given by Belgacem and Karaballi [9]. The complex inversion formula for
sumudu transform is proved and applied to solution of linear as well as partial
differential equation by Belgacem and Karaballi [10]. H. Eltayeb and A Kalic-
man with H. Gadain, A. Atan [11-14] made the major work on Sumudu trans-
form of Single and double variables. In their papers, authors have given the
applications, properties as well as convolution theorem of Sumudu transform.
In 2010, the relationship between Laplace transform and Sumudu transform is
unidirectional that means Sy(f (t)) = Lo(f (¢)) this was proved with exam-
ple by H. Eltayeb and Kilicman [15]. Eltayeb and Kilicman [16] used locally
integrable concept and found Sumudu transform of higher order derivative
and solved differential equations involving Heaviside function and Dirac delta
function. J Tchuenche and N Mbare [17] gave applications of Double Sumudu
transforms in 2007 and derived relation between double Sumudu and double
Laplace transform. The validity of double Sumudu transform was checked by
applying it to Kermack-Mackendrich Von Foerster type model. The concept of
Laplace transform and Double Laplace transform with properties and applica-
tions was gave by L. Debnath [18]. Kiwane and S Sonawane [21] solved the
same example given by H. Eltayeb and Kilicman with small change in boundary
conditions and proved that Sumudu transform exists for same problem.

In this article author has proved theorems on Sumudu transform of two vari-
ables. This theorems help to find Sumudu transform of homogenous and non
homogenous function of any order and used it for solution of partial differ-
ential equations. In the first section, Sumudu transform of one variable and
useful results are proved. Sumudu transform of two variables, theorems on
Sumudu transform and applications to partial differential equations are given
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in the second and last section respectively. Let us consider the set A as,

2]

A= {y (0] < Mt € (—1) x [0,00) .5 = 1,2 M, a1, a5 > o}

The constant M is finite number and «;, ay are finite or may be infinite num-
bers.

Definition 1.1. (Sumudu transform [1]) Let y(t) € A,
then the Sumudu transform is:

S[y(t)]:/oooety(vt)dt zl/oooev y)dt=Y (v),0q <v < ay,

and inverse Sumudu transform [4] is:

1 [t 1\ dv
t)=— Y (=) —;v>0.
y( ) 27” \/fy—ioo ‘ (U) v 77 -

Now we will prove some results on Sumudu transform required for next
section.

Lemma 1.1. Let S[y (¢)] = Y(v) and y (t) = e /4w > 0 then
Y e
(1.1) %ﬂ) N [/ e wwy(w) dw} :

Proof. Using Sumudu transform table [10] one will get,

w 2 1
—wi/4t| __ ~ —w/v
S [—t3/26 ] == —¢ .

v
Multiply both sides by y( ) and integrating with limits 0 to co. One will get,
3/2 [fo o 4twy }_1f0 eIV 4 )dw_yiff) 0
Lemma 1.2. Let S [y (t)] =Y (v) and y (t) = ﬁe*“ﬂ/‘“ ,w > 0 then
t—l/? 00 w2
(1.2) Y (Vo) = Nz S [/ e iy (w) dw} .
0

Proof. Using Sumudu transform table [10] one will get,

1 —w? /4t 1 —w/\/v

Multiply both sides by y(w) and integrating with limits 0 to co. One will get,

t:/l:svome—%fy(w)dw} :%/OOOG—W/ﬁy(w)dwzy(ﬁ)'
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Sumudu transform exists for continuous, exponentially ordered and absolutely
integrable functions, so we consider all such functions in this article.

Consider the definition of Double Sumudu transform given by J. Tchuenche
and N Mbare [17], let u(z,t) be a function of two variables in the first quadrant
of the XOY plane. Then Sumudu transform of two variables is given by a
following equation.

Sy [u(x U1U2/ / (x,t)dadt = U (vq,v2) .

Some of the properties of Double Sumudu transform are the following:
(1) 85 [2450] = Ly (v3,05) = LS [u(0,1)]
2) S, _augtc@] = 1Y (v, v5) — LS [u(z,0)] ;
(3) S, 8—<ﬂ LY (01,0) — 22V (0,02) — 18 [u,(0, )] ;

ox?

4) S, %} = LY (01,05) — 5V (0,05) — L5 [u, (2, 0)] ;
(5) Sy |5 | = Ly (01, 05) = 5L Sl (2,0)] = oS [u(0, )]+ 550 (0,0).

2. THEOREMS ON SUMUDU TRANSFORM OF FUNCTION OF TWO VARIABLES

Theorem 2.1. Suppose that:

D Sly )] =Y(v),
. Y (/v
i) Sfu ()] = X5,
i) S [@} — Q) t#£0,
iv) S[t"y(t)] =G, (v), n=1,2,3
then
u[mzyy} _ 2yT 1 £/ V102 .
W 52((“;)3/2 = 3% G ()
a5\ _ vm Vo \
(2) 5 (<x+y>3/2) =% FarvmC (Whﬁ) ’
PR\ _ vavom
(3) 52 ( m+y)% ) - 8 /U1 ++/v2

v (2 ) v v 6 () - e ()]

5
<
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Proof. (1) Using equation (1.1) and condition (ii) given in the theorem,
one can get,
1 *® _:
2.1 u(t) = m [/0 t*%efw2/4twy (w) dw
Replace % = —+ and multiplying both sides of equation by —— oo We*%e*%
and integrating Wlth respect to  and y in the interval (0,00) and
(0,00) .

ffy
x+yi| _z _
U1U2/ / )3/26 TR dxdy

o 2
— T 4 (3+3) dw| dxdy .
2\/7_1_@11}2/ / xy 3/2 1 2 |:/(; e wy (U}) ’LU‘| Tray

Changing the order of integration by using Fubini’s theorem

NG 1 N
_ﬁm¢ﬂw—(ﬁwﬁ9'

(2) Replace % = ; + , in equation (2.1) and multiplying equation by
vll’UQ( ;1/26
the interval (0, c0) and (0, c0) .

— . . . . .
e~ both sides and integrating with respect to = and y in

TYyu |:x+y:|

_ = = e v v | wy (w) dw
(x+y)3/2 2\/_/ { VU102 ] ()

(f4f7(ﬁ+@

(3) Replace 1 = I + l in equation (2.1) and multiplying both sides of

t
1/2 Ty

Ty . . .
equation by - (:z:y) e "e 2 and integrating with respect to x and

y in the 1nterval (0,00) and (0, c0) .

xyu|:x+y:|
(z+y)*?

Sy :#/OOO[[\/E—FU}H\/’U_Q—F’LU]G_M \/@]wy(w)dw.
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Simple calculation give the required result.

Theorem 2.2. Suppose that
) Sly ()] = ( )s

l

t

i) S[u ) =Y(v),

iii) S [%} = Hy(v), t #0,

iv) S[t"y(t)] =G, (v), n=1,2,

then

“[I;yy} _ VT ( VU102 )

(1) 52((z+ 77 ) = Tarvm! \Vitve
() tu[ Y] N Vo

@) 52( (a+y)'? ) itz Ve 2 <W+¢E)’
w1\ _ _vayem

3) S, ( Pt ) = (ot vor)

o (fFg) e o (fT5) o (fTS)]

Proof. i) Using equation (1.2) and condition (ii) given in the theorem, one can

get,
1 1 © 2
(i) = e d“’] |
1

Replace ; = - and multiplying equation by — mg (:vy)l —ze “re v both sides
and integrating w1th respect to z and y in the interval (0, c0) and (0, c0) .

x+yi|

Ty _z _ Y
ol [ e
_z_y w11
/ / 1/26 vl v |:/ eff(EJri)y (w) dw:| dl'dy .
7”11?12 (zy) 0

Changing the order of integration by using Fubini’s theorem
So| — | = / { e Vi Vi } w) dw
: (+y)"? NG VU102 y ()
o ()
Vi \Vo Ve
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Simiral as we proved in theorem 2.1, follows the proof of (ii) and (iii). O

Hermite Polynomial [19] is defined as:

]

wl3

(=DFnl 1
H,, (t)=1t" :
n (?) K!(n — 2k)! 2k¢2*
k=0
n 2, if neven . .
here [—} = 2 and its Sumudu transform, one may write us-
2 5=, if nodd

ing the duality relation with Laplace transform [6] and Laplace transform of
Hermite polynomial [20].

(2.2) Ss %eé’(iﬁ)mn( E) Hem< E)
x("T)y mE) x y

Theorem 2.3. Suppose that

D Sly ()] =Y (v),
if) S[tu (%)] Y (),

then:

2072 )7'(' v/ U1U2 ?< £/ V10U >
Ul("Tl)vz(mT“) V1 + \/v2 VUi + 2]

Proof. Consider equation (2.2), multiply it by y(w) and integrate it with respect
to w in (0, 0c0) , one can get

) 0o
— [ ¢ TRy ) d
’Ul(T ’UQ(T) 0
2n-§m)
(
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After using Substitution 2w = t? and using the condition (ii), we have the
result. O

3. APPLICATIONS TO PARTIAL DIFFERENTIAL EQUATIONS

Pu  0%u

o2 " af ~

Example 1. Let us solve Poisson equation with function u(x,t), o

f(z,t); x > 0,t > 0 with the conditions,

u(0,t) =0=wu(z,0),u, (0,t) =0 = u (x,0) .
Let Sy [u(z,t)] = U(vy,ve) and Sy [f (z,t)] = F(v1,v2) . Applying Double Sumudu
transform with given conditions, we will get:

’012’022

1112 -+ /022

U(vy,vg) = [ ] F(vy,v9).

(22 + 12)° — 6at(2® + 2)

Let f (x,t) = . Consider y (t) =t,and n = 4,m = 0 and

Vat (z +t)*
n = 0,m =4, in equation (2.2):
]47/2 ]45/2 13/2 3/2
(3.1) SQ |: 1/2 1 1/2 3 + 1/2 2:| — W(Ulvg) 40
z'/?(z +t) z'2(z +1) 22 (x + 1) U12(\/v_1+\/v_2)
Ry 7/2 815/2 3/2 3/2
(3.2) So { 2 - Ry ° 3+ 1/2I 21 = m(v1vs) 1
12z + )" 12 +t)° Y2z +t) 022 (/01 + /02)
Adding equations (3.1) and equations (3.2)
(22 4+ 12)* — 6xt(22 + 12) 012 4 192 7T(’U1"U2)3/2
SQ 1 = F(’ULUQ) == YD) 1
Vat (z +1) vitoe® ] (ur + \/u)
. . v120p2 (v1v9)3/2
From this one will get, U (vy,v2) = [v12+522] ,F (v1,09) = ﬁ ,so0u(x,t) =
3/2
% , by using theorem 2.1 and y(t) = t*.

Example 2. Consider second order hyperbolic differential equation
2 2
% - % = f(x,t); x > 0,t > 0 with the conditions,

w(0,t) = f(t),u(x,0) =0,u, (0,t) =0 =uy (x,0) .
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Let Sy[u(z,t)] = U(vyva), Su(0,t)] = F(vg) and Sy [f (x,t)] = F(vy,v9).
Applying Double Sumudu transform with given conditions, we have:

2,, 2

V1702 2

V2

U@wg:{ Q}F@ﬁ@+{—;—7]mwy

U12—U2 V17 — Vg
th—at) +12(z +1) (2° — £7) + 3(¢ — t)°
8(t' —a*) +12(x + 1) (x );1—3( z)(z +1t) and f(t) = 1.
223/213/2 (1 + t)
Lety(t) =1, and n =5,m = 0and n = 0, m = 5 in equation (2.2):

Let f(x,t) =

445/2 643/2 341/2 3/2
(3.3) S, { - i ] _ () ;
2z 1) 2P +t)? 292+ 0)] v2( o+ o)
452 632 3p1/2 3/2
3.4 S, { : x - x . S/f } _ m(v1v2) .
t32x+1)°  BP@+t)? 282+ 0)] w2 (o + /o)

subtracting equation (3.3)and (3.4)

5, [8 (=2 +12(x + 1) (2® — £8) + 3(t — 2)(w + 1)°

243/243/2(x 4 t)°
_ [012 - 022] 7 (v1v9) "
ot ] (o4 /i)
V12092 P _ 7r(2111)2)1/2 _ (azt)l/2
— 3 (ULUQ) = _—3 — S. 5 ;
vl — v (Vo1 + v/2) (@ +1)
Using theorem 2.2, and y(t) = H (t), one we have:
([Et)l/Q
t) = —H(t—2x).
ulet) = 5o~ Hit =)
ou  0?
Example 3. Consider inhomogeneous diffusion problem, 8_?_ a—z =q(x,t); x>
x

0,t > 0 with the conditions:
u(0,t) = 0,u(z,0) = f(x),u, (0,¢) =0.
Let Syfu(z,t)] = U(vive), Slu(z,0)] = F(vy) and Sy g (z,t)] = Q(v1v2) .

Applying Double Sumudu transform with given conditions, we have:

2

vy vy

U (v1,09) = Q (v1,v9) + F(vy).
=] 0t [

V12 — vy 12 — vy
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42062427 ) (w4t)—3(z-+t)? (202410t ) —48¢2

Let q (z,t) = ) and f(x) =0.Lety(t) =1, and
n=>5m=1andn = 1,m = 3 in equation (2.2)
12t°/2 20t%/2 15¢1/2 ™
(35) SQ|: 1 3+ 2:|: 2
PR+ P t) 2P 0] wd(ya o)
Ag3/? 3z1/? s
(3.6) 52{12 5~ 2}: 5 .
t12(x+1)° 2z +1t) v (V1 + /02)

Subtracting equation (3.5) and (3.6)

Rk (2082 + %) (z +t) — 3(x + 1) (227 + 10t) — 48¢°
? Az3/26/2(z + )1

- [Ui?_vﬂ (\/1)_1:\/1)_2)2

2 1/2
V1" V2 s 2(xt
:[1}2_ }Q(ULU?): 2 = (o) 2
17— V2 (v/o1 + /12) (x+1)
o(zt)}2
So, U(ﬂ?,t) = ﬁ
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