Advances in Mathematics: Scientific Journal 9 (2020), no.1, 27-35
ADV MATH ISSN: 1857-8365 (printed); 1857-8438 (electronic)
SCI JOURNAL . .
https://doi.org/10.37418/amsj.9.1.3

ANALYTIC FUNCTION OF COMPLEX ORDER INVOLVING CERTAIN
MULTIPLIER TRANSFORM

DEBORAH OLUFUNMIALYO MAKINDE! AND OWOLABI DAMILOLA

ABSTRACT. In this paper we introduce and investigate the unification of
starlike and convex subclasses of normalized analytic functions given by
S*C(8, p, oy B,7y;b) and TS*C(6, p, v, B,7v;b) = T N S*C (0, p, a, B, 7; b).

We obtain the initial coefficient bounds for the subclasses so obtained
and also examine some relationship of these subclasses with certain ex-
isting results in the literature. It was noted that the linear transformation
employed in this paper extend some existing transformation and the re-
sults generalize some of the results in the existing literature.

1. INTRODUCTION AND PRELIMINARIES

We denote by A the class of normalized analytic functions f in the open
unit disc U = {z € C': |z| < 1} with f(0) = f’(0) = 0 which is of the form

1.D) f(z)=2z+ Zanz", a, € C,
n=2

and S the class of all functions in A that are univalent in U. Also, we
denote by T the subclass of functions in A and of the form

flz)=2—> ayz", a,>0.
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The subclasses S*(6), C'(9) are given respectively by

S%&z{féSJ%(?é?)>5zeU}

, 2f"(z)
C(0) = {fES.Re (1+ 72
Also, the class 7°'5*(9) given by 7' N S*(6) and the class T’C(§) are the sub-
classes of function f € T such that f is starlike of order ¢ and respectively
f is convex of order §. The unification of the classes S*(d) and C(0) is
given by S*C(4, 7) and satisfies the condition

of'(2) + 7L (2)
(1.2) Re{Tzf’(z)+(1—T)f(z)}>5 0>0<1,zeUl.
This unification has been studied extensively by various researchers, see
[6] and [1, 2, 3]. The classes S*(9) and C(0) are the special cases of the
unification for 7 = 0, 1 respectively.

Moreover, Altintas et al. and other researchers studied the class 7'S*C(4, 7)
see [3, 5, 6] and using the unification in (1.2), Nizami Mustafa [7] intro-
duced and investigated the classes S*C'(9, 7;n) and T'S*C(0, 7;7),
0>6 < 1;7 €10,1];n7 € C which he defined as follows:

A function f € S given by (1.1) is said to belong to the class S*C(4, 7;7)
if the following condition is satisfied:

Re{ 1[ 2f'(z) + 722 f(2) _1}}>5’

)+ (= 1f ()
0>0<L;7el0,1;ne C—{0},z€U.

)>6zeU,026<1}.

Furthermore, the author in [4] defined a linear transformation D, 5 o by

a+nfB+ny ,
1.3 D? = La"
i oot Z+§:( a+f+y )aﬂ’

B,y >0;a>1;s € NUO,i(1 <i<k).

where k € N.
Motivated by the work of Mustafa, Makinde and Najafzadeh in [7, 4],
we study effect of the application of the linear operator D? ,_f on the

unification of the classes of the functions S*C(~, 5; 7).

a,Byy



ANALYTIC FUNCTION OF COMPLEX ORDER ... 29

Now, we define S*C'(d, u, o, 7, 5; b) to be class of functions f € S satisfying
the condition

A U WD 1))+ 1 (Des ')
! {1 b [W(DZ,@J)’(Z) + (1= p)(D3 5. )(2) 1] } >0,

0>6<l,zeU;Bv>0,u<lL;a>1;se NUO.

(1.4)

In addition, we denote by D the subclass of the class of functions f in
(1.3) which is of the form

= (a+nB4+niy\° .
1.5 D? =z — _ t2"
( ) a,ﬂ"yf(z) < Z ( a _|_ /B _‘_’y ) anz )

B,y >0;a>1s € NUO,i(1 <i<k).

n=2

and denote by T'S*C(0, i, o0, v, 5;0) = T N S*C(6, u, o, 7y, B; b) the class of
functions f in (1.5) such that f belong to the class S*C(d, u, o, 7y, 5;b) =
T NS*C(6, u, a7y, B3 b).

In this paper, we investigate the subclasses S*C'(4, u, , v, 3; b) and
TS*C(0, pu, 0,7y, ;) = T N S*C (9, p, v, 7y, 5;b) which is presented in the
next section.

2. COEFFIECIENT BOUNDS FOR THE CLASSES S*C'(4, u1, o, 7, 8; b) AND
TS*C(6, p, v, 7, B;b)

Theorem 2.1. Let f be as defined in (1.1). Then the function D, 5 f belongs
to the class S*C(0, pu, 0, v,5;0), 0> < 1,z € U;68,v>0,u < Lo >
;e NUO

if
> [(SE2EE) ek utn = Dl - ) - 1] ] < Bl - ).

The result is sharp for the function

Bl - 8)(a+ 5+ o
[1+ pu(n — D)][n+ [b](1 = §)](a + nf + n2y)s Z 2.

Proof By (1.4), f belong to the class S*C'(6, u, o, vy, B; b) if

LU 2WDhs ) () + e (Dg s, ) (2)
! {H b [MDZ,anf)’(zH(l—u)(D;ﬂﬂfxz) 1] } >0

D(i’ﬁ,,yf(z) =z +
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It suffices to show that:

1[ 2D3 5 f) () + 122 (D2 5.,0)" (2) _1]
z)

2.1) <1-9§

b | pz(Ds 5 f) (2) + (1= w)(Ds 5 F)(

Simple computation in (2.1), using (1.3), we have:

1 [ 2D s f) (2) + 122(D5 5, 1) (2) 1]
z)

b | nz(Dg ., f) (2) + (1= p)(Dg 5, )
00 a+nB+n?y s i on 0o 1 a+nB+n3y 5 i n
1 z+ Zn:Z n a+B+~ a2 + Zn:Q n(n ) a+tB+y a2 1
P e S (M) a1 (5 + D0 (2582 i)

1

[e'e) a+npf+n? s i M
24> on[l+ pu(n —1)] <—Z+B/3177) alz 1]

0 atnfin?y\° i on
2+ (L p(n — 1) (22222 g 2

B e b B

< —
N o0 atnf+n2y )’ i
1= 301+ pln — 1)) (225522 oy

0]
which is bounded by 1 — § if

= a+nf+n*y\°,
;(n— D+ p(n —1)] (m) |a,| <
> a+nB+n*y\’ i
R Y R e e L

which is equivalent to:

o0

] e =

a+ B+

n

=8+ 1))(

This implies that:
(2.2)

[t B4ty i _
;Km> [1+,u(n—1)][n+|b|(1—5)—1]} lat | < |b|(1—6).

a+nfB+ ny
a+ B+

) [l < i o).
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Thus, (2.1) is satisfied if (2.2) is satisfied. O

Corollary 2.1. Let f be as defined in (1.1) and the function D;, 5 f belongs
to the class S*C(0, u, a, 7, B3 b),
0>0<1,z€eU;B8,y>0,u<1;a0a>1;s ¢ NUO. Then:

[b](L —d)(ar+ B +7)°
1+ pn—1)n+|b/(1—0)—1](a+nB+n2y)s
Corollary 2.2. Let f be as defined in (1.1). Then the function Dy, 5 f belongs
to the class S*C(6, u, 1,7, 3, s; b),
0>0<1,zeU;y,6>0,u<1;seNUOIf

1+ nB8+n%y\° i
2. (W) [+ uln = D] o+ [pI(1 = 8) = 1} as | < [bl(1 = ).

lal,| < [

The result is sharp for the function

(1= 8)(1 46 +4)° ey
[+ p(n = D]n+ P[(1 =)L +nf+n>y)s" " =
Corollary 2.3. Let f be as defined in (1.1). Then the function D, 5 _ f belongs
to the class S*C(0, i, 1, 3,7, 1;b),
0>0<1,zeU;B8,y>0,u<1;se NUOIf

L (1+nB+n%y .
5 (FE2E) 1kt — 1) o 01— 6) = 1) ] < b1 5)

Di,@,’yf(z) =z +

n=2
The result is sharp for the function
(L= 3)(1 + 5 +) o nse
[1+p(n = D]n+[b[(1 = 0)](1 4+ nf + n*y)
Corollary 2.4. Let f be as defined in (1.1). Then the function D, 5 f belongs
to the class S*C(6,u, 1,1, 3,1;b),
0>0<1,z€eU;B8,y>0,u<1;se NUOIf

D%,67,yf(z) =z +

00 |+ (8 +n |

The result is sharp for the function

bl(1 = 8)(2+ 8) A

Dygif(z) =2+ L+pun—Dn+pl1-0]1+nB+n) = =
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Corollary 2.5. Let f be as defined in (1.1). Then the function D, 5 _ f belongs
to the class S*C(0,,1,0,0,1;0),0 > § < 1,z € U; 8,7y > 0,u < 1;s €
NUO,i=1.if

D 1+ p(n = D)][n + [b|(1 = 6) = 1]] |an| < [b(1—6).

The result is sharp for the function

[b](1 - 0) .
L+ pun—Dln+p1-0) -1 > 2.

Digof(2) =2+
Remark 2.1. This result agrees with the Theorem 2.1 in [6].

Corollary 2.6. Let f be as defined in (1.1). Then the function D, 5 f belongs
to the class S*C(0, u, o, 8,7,0;0),0 > 6 < 1,z € U; 8,7 > 0,u < 1;s €
NUO0,i=1.if

S L+ p(n = D)][n + [b|(1 = 6) = 1]] |an| < [b(1—6).

The result is sharp for the function

[b](1 = 0) n

[1+M(n—1)][n—|—]b‘(l_(g)_l]z n>2.

DYy f(z) =2+

Remark 2.2. This result agrees with the Corollary 1 in [5] with A =0, m =
lL,a=1land § =7~

Corollary 2.7. Let f be as defined in (1.1). Then the function D?
to the class S*C(6, i, ., 3,7,0; 1),
0>0<1,z€eU;B8,vy>0,u<1;se NUO0,i =1.1f

o0

f belongs

B,y

[T+ p(n = Dln = ol fan| <146

The result is sharp for the function

1-9
DY = " > 2.
A ) It R
Remark 2.3. This result agrees with the Corollary 2.1 in [7] and Corollary
6 in [5] with § = v
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Corollary 2.8. Let f be as defined in (1.1). Then the function D, 5 _ f belongs
to the class S*C(6,0, «, 3,7,0; 1),
0>0<1,z€eU;B8,y>0,u<1;se NUO0,i =1.1f

(2.3) D (n=d)an <16
n=2
The result is sharp for the function
1—-6
DSy f(2) =24 " 2

Remark 2.4. This result agrees with the Corollary 2.2 in [7] and Corollary
7 in [5] with § = 7.

Theorem 2.2. Let f € Dr. Then the function D;, ;[ belongs to the class
DTS*C<57 u, &, 67 75 b>7
0>0<1,zeU;B8,7y>0,u<1l;aa>1;s e NUO if and only if

o

> = 1)L+t = D+ 001 - )] (£) ] < 1ol - o).
n=2
Proof. We shall prove only the necessity part of the Theorem 2.2 as the
sufficiency proof is similar to the proof of Theorem 2.1.

Let f be as defined in (1.1) and D}, 5 f belongs to the class T'S*C(6, u, o, 8,7; b),
0>6<l,zeU;B,y>0,p<L;aa>1;5 € NUO;i(l <i<k),beR—-{0},
we have

[ D ) + D )
(2.4) R {1 + [MZ(DZ,g,»yf)'(Z) Y- M)(Di,gﬁf)(Z) 1] } >0

b
Using (2.4) in (2.3) and by algebraic simplification, we have:

B (Y )
ofe- Tt () e}
Choosing z to be real and = — 1, we have
—> (=114 p(n—1)] (%ﬂ)s a
-t () o)

b € R — {0} implies that b could be greater or less than zero.

(2.5) >4§—1



34 D. OLUFUNMIALYO MAKINDE AND O. DAMILOLA
Let b > 0 in (2.4), we have

- i(n—l)[hru(n—l)] (2) as = (-1 {1 3+ utn 1) (%)8“3}

n=2

where u = o +nf + n?y and v = o + 3 + v From (2.5), we have

26) > (=1 +pu(n—1))n+b(1=0)] (=) la] = b1 —0)
n=2
Now suppose b < 0, which implies that b = —|b| and substituting b = —|b|

in (1.5), we have
Sony(n = D1+ p(n —1)] (4)" d,
bl {1 = Y02, (1 + pu(n— 1) (¥) @i} —

> oo (n=1)[I+u(n=1)] (%) las,| > (6=D)[b[ {1 = 3025 (1 + pu(n — 1)) (%) ah }
which implies

2.7)

- a+nf+n*y\°
— N[ 1 1— ST el > —b|(1 —
> (0= D1+ = lfn-+ o o (“TEEE) eyl = -l - 0
From (2.6) and (2.7), the proof of the necessity is completed. O

3. CONCLUSIONS

In this study, we apply the generalized multiplier transform of Makinde
et-al [4], in the method of Mustafa [7]. The results in this paper generalize
the work of Irmak et. al, Mustafa and Makinde and Najafzadeh as it is
shown in some of the corollaries.
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