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PRIME IDEALS OF MI'-GROUPS

SATYANARAYANA BHAVANARI, VENUGOPALA RAO PARUCHURI,
SYAM PRASAD KUNCHAM!, AND MALLIKARJUNA BHAVANARI

ABSTRACT. In this paper we consider the algebraic system MI'-group, a gen-
eralization of the concept module over a nearring. We define prime ideal of
MT'-group and obtain some equivalent conditions for a prime ideal of an MI'-
group. Some related fundamental results and examples are also presented.

1. INTRODUCTION

In this section we provide elementary definition and examples from Satya-
narayana [11, 13] for the sake of completeness.

Let (M, +) be a group (not necessarily Abelian) and I" a non-empty set. Then
M is said to be a I'-nearring if there exists a mapping M x I' x M — M (denote
the image of (m, a1, ms) by miayms for my, my € M and oy € T) satisfying the
following conditions:

(1) (my + me)aymg = myayms + mocyms and
(2) (m1041m2)042m3 = m1a1(m20é2m3)
for all mq, ms, ms € M and for all o,y € T.

Furthermore, M is said to be a zero-symmetric I'-nearring if ma0 = 0 for
allm € M, a € T (where ‘0’ is the additive identity in M).

Consider an example, take Zs = {0, 1,2, 3, ..., 7}, the group of integers mod-
ulo 8 and a set X = {a,b}. Write M = {f|f : X — Zs and f(a) = 0}.

Icorresponding author

2010 Mathematics Subject Classification. 16Y30.

Key words and phrases. Nearring, gamma nearring, ideal, prime ideal.
437



438 SATYANARAYANA, VENUGOPALA, SYAM, AND MALLIKARJUNA

Then M = {fo, f1, f2,-- ., [z} where f; is defined by f;(a) = 0 and f;(b) = i for
0 < i < 7. Now define two mappings go, ¢1 : Zs — X by setting go(i) = a for
alli € Zg and ¢1(1) = aifi ¢ {3,7}, g1(1) = bif i € {3,7}. Write I' = {g0, 1 },
I'* = {go}. Then M is a ['-nearring and a ['*-nearring.

Let M be a I'-nearring. An additive group G is said to be an MI'-group if
there exists a mapping G x I' x G — G (denote the image of (m, «, g) by mayg
form e M, a € T', g € G) satisfying the conditions:

(1) (m1 +mg)ang = mia1g + meayg and
(2) (miaima)asg = miai(maasg)
for all my,ms € M, a1, € I"'and g € G.

Satyanarayana [6, 7, 12] introduced and studied the concepts like f-prime
ideals and corresponding f-prime radical in I'-near-rings. Further Satyanarayana
[13] generalized the notion of module over nearring to module over gamma
nearrings and established fundamental structure theorems. Radical of gamma
nearrings also studied by Booth [1-3]. The concept of equiprime ideal of a
gamma nearring is a generalization of equiprime ideal of a nearring which was
studied in Booth and Groenewald [4]. Satyanarayana and Syam Prasad [8,15]
studied fuzzy aspects of gamma nearrings.

For standard notations, elementary definitions and results on nearrings, we
refer Pilz [5], Satyanarayana and Syam Prasad [9]. Throughout, we denote M
for a I'-nearring and G for an MI'-group.

2. SUBGROUPS AND IDEALS OF MI'-GROUP:

Definition 1 (Satyanarayana [11, 13]). An additive subgroup H of G is said to
be MT"-subgroup if mah € H for allm € M, a € I'and h € H. Note that (0) and
G are the trivial MI'-subgroups. A normal subgroup H of G is said to be an ideal
of Gif ma(g+h) —mag € H form e M, a €T, g € Gand h € H. Moreover, a
subgroup A of M is said to be an MT'-subgroup of M if MT'A CA.

Note 1. If M is zero-symmetric then every ideal is a MI'-subgroup. However, the
converse need not be true. Consider the following example.

Example 1. Let G = Z4 = {0,1, 2,3}, the ring of integers modulo 4 and X =
{CL?b}' Write M = {g|g X = G7g(a) = 0} = {g()aglaQQag?)}J where gl(a) = O’
gi(b) =ifor 0 <i<3. LetT' = {fi, fo, f3, fa} where each f; : G — X defined by
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£1() = a(0 < i < 3), foli) = a0 < i < 2), H(3) = b, fo(i) = afori € {0,2,3},
fs(1) = b, fa(i) = aif i € {0,2} and f4(i) = bif i ¢ {0, 2}.

Forge M, f €T,z € G,write gfz = g(f(x)). Now G becomes an MI'-group.
Further, Y = {0, 2} is only the nontrivial subgroup and also MI'-subgroup, but
not an ideal of G (since 3 ¢ Y and g3 fo(1 +2) — g3 fo(1) = 3).

Notation 1. Let P be an ideal of G. We define (P : I'G) = {x € M|z2I'G C P}.

Lemma 1. Let M be zero-symmetric and let P be an ideal of MI'- group G and B
be an MT'- subgroup of G. If B C P then (P :I'B) = (P :I'(P + B)).

Proof. Clearly B C P+ B. Take a € (P : I'(P + B)). Then avy(p + b) € P for
allbe B, pe P. Now ayb = avy(0 4+ b) — a0 € P (since P < G and M is zero-
symmetric). This implies a € (P : I'B). Therefore (P : I'(P + B) C (P : I'B).
Conversely, take a € (P : I'B). To show ay(p+b) € P forallp € P, b € B and
vel.

Now avy(p + b) = (ay(p + b)ayb) + (ayb) € P (since P < G and ayb € P (by
converse hypo.)). This implies « € (P : I'(P + B)). Hence (P : I'B) = (P :
I'(P+ B)). O

Notation 2. As the notation given in Reddy and Satyanarrayana [10], for any
non-empty subset A of G we write

(1) A’ ={z —y|z,y € A}; and

(2) A% = {nygln e M,g € A,y €T}
Let X be a non-empty subset of G and write X, = X, and X;,, = X°J X/ for all
integers i > 0. Then Xy C X; C X, C ... and clearly | J;°, X; is the MT'-subgroup
generated by X.

Notation 3. For any b € M, we denote [b]y; as the MI'-subgroup of M generated
by b.

Proposition 1. Let P be an ideal of G. Suppose that for any MI'-subgroup H of G
such that P C H, we have (P : T'G) = (P : T'H). Then foralla € M and b € G,
al'[b]ys C P implies aI'G C P or b € P.

Proof. Take a € M, b € G such that aI'[b],; C P. Suppose b ¢ P. Then we have
the following cases.
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Case 1: P C [b]as. Now al'[b]p; € P. This implies a € (P : T'[b]y) = (P : T'M)
(by hypothesis) = (P : T'G) (we considered with respect to M). This
implies aI'G C P.
Case 2: [b]yy € P. Then there exists x+ € P such that « ¢ [b],,. This implies
P C (P + [bla). By hypothesis (P : TM) = (P : T'(P + [b]x)). Now
al'lblyy C P = a € (P:T[bly) = (P :T'G). This implies al'G C P.
O

Note 2. Let G be an MI'-group. Then a subgroup of G need not be an MI'-group,
in general.

Consider the following example:

Example 2. Take M = {0,a,b,c}, I' = {7,72} and G = M with the following
binary operations.

+10 a b c |0 a b c Y% 10 a b c
010 a b c 0100 O0O 00 00O
a|la 0 c b a |0 b 0 b a |0 a 0 0
b|b c 0 a b [0 0 0 O b [0 0 b O
clc b a 0 c |0 b 0 b c |00 0 ¢

Clearly (M,+,T) is a I'-nearring, and G is an MI'-group. Now H = {0,c} is a
subgroup of G. But it is not an MI'-subgroup. For this, cyi.c = b ¢ {0,¢} = H.
Therefore MT'H ¢ H. Hence H is not an MI'-subgroup of G.

3. PRIME IDEALS OF MI'-GROUPS.

Definition 2. Let P be a proper ideal of G such that MT'G ¢ P. Then P is called
prime if AFBC P — AI'G C Por B C P, for all ideals A of M, B of G.

Definition 3. An MI'- group G is said to be O-prime MI'- group if MI'G # (0) and
(0) is a prime ideal of G.

Example 3. Consider M = {0,a,b,c}, I' = {71,7%}, G = M and the following
binary operations.
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+10 a b ¢ 1|10 a b ¢ Y910 a b c
010 a b c 00 00O 010 0 0O
a|la 0 c b a |0 a 0 0 a |0 a 0 0
b |b ¢ 0 a b [0 0 0 O b [0 0 0 a
clc b a 0 c |0 b 00 c |00 0 a

Then M is a I'-nearring, and G is an MI'-group. Since there are no ideals A, B
of G such that AT'B = {0} we have that (0) is prime ideal of G.

Definition 4. (Satyanarayana, MBV Rao, Syam Prasad [14]): A left ideal P of a
nearring N is said to be a prime left ideal if A and B are left ideals of N such that
AB C Pimplies AC Por BC P.

Example 4. Let N be a nearring and P be a prime left ideal of N. Write M = N
and consider M as the gamma nearring with I' = {-} (here ‘' deremarks the
multiplication in N). Write G = N. Clearly G is an MI'-group. Then P becomes a
prime ideal of the MT'-group G.

Verification: Let A be an ideal of M and B be an ideal of G such that AT'B C
P. This implies AB C P (sinceI" = {-}). Since A, B are left ideals in N, we have
that AC Por BC P. If B §Z P then A C P. Since A is two sided ideal in N, we
have AN C A. In the case A C P, we have that A'G = AG = AN C AC P.

Proposition 2. Let G be an MI'-group. Suppose MT'G # (0). If (0) is a prime
ideal of G then the following two conditions are equivalent.

(1) B # (0) (where B is an ideal of G), and

(2) AIB=(0) < AC(0:TG).

Proof. (1) = (2) : Suppose (1) holds. That is B # (0). To show AI'B =
(0) <= A C (0:TIG), suppose AI'B = (0). Since (0) is prime and B # (0),
we have AI'G = (0). This implies A C (0 : I'G). Conversely suppose that
A C (0:T'G). This means AI'G = {0}. Now AI'B C AI'G C {0}. This implies
ATB = (0).

(2) = (1) : Suppose that A'B = (0) <= A C (0: I'G) holds. In a contrary
way suppose that B = (0). Then MT'B = (0) = M C (0 : I'G) (by converse
hypothesis) = MT'G = (0), a contradiction. O

Proposition 3. Let G be an MI'-group such that (P : I'G) # M. If P is a prime
ideal of G then the following two conditions are equivalent.
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(1) Bisanideal of G and B ¢ P, and
(2) AIBCP < AC(P:TG).

Proof. (1) = (2) : Suppose B is an ideal of G and B ¢ P. To show AT'B C
P < AC (P:TIG), suppose AI'B C P. Since P is prime and B ¢ P,
we have AT'G C P. This implies A C (P : I'G). Conversely suppose that
A C (P : I'G). This means AI'G C P. Now AI'B C AI'G C P. This implies
AT'B C P.

(2) = (1) Suppose that ATB C P < A C (P :I'G) holds. In a contrary
way suppose that B C P. Then MI'B C P — M C (P : I'G) (by converse
hypothesis) =— MTI'G C P, a contradiction. O

Theorem 4. Let G be an MT'- group, P be an ideal of G, A and B be ideals of M
then the following conditions (1) and (2) are equivalent.

(1) Pis O-prime.
(2) <a>T <b>C Pimplies that <a >TG C Porb e P.
Moreover, if M is a zero symmetric I'-nearring then conditions (1) to (4)
are equivalent.
(3) If M is zero symmetric, al' < b >C P implies that al'G C P or b € P.
(4) aI'B C P implies that aI'G C P or B C P.

Proof. (1) = (2):

Suppose < a > I' < b >C P. Write A =< a > and B =< b >. Then
AT'B C P. This implies ATG C Por B C P (by (1)) < a > TG C P or
<b>CP =<a>I"GCPorbe P. Hence (2).

(2) = (1): Suppose (2).

In contrary way suppose that (1) is not true.

Then there exists an ideal A of M, an ideal B of G such that A'B C P but
AT'G € P and B C P. This implies ayg ¢ P for somea € A,y €T, g € G and
b€ B\P.

Now <a>T <b>C AI'B C P. By (2) we have that <a > T'G C Porb € P.
Since b ¢ P we have < a >TI'G C P.

Now avg €< a >T'G C P implies ayg € P, a contradiction.

(2) = (3): Suppose al' < b >C P. Thisimpliesa € (P: T <b>) =
<a>C (P:T <b>)(since (P:I < b >)isan ideal and M is zero
symmetric) — <a >0 <b>C P — <a>ITG C Porbe P (by (2))
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— al'G C< a>TG C Porbe P. This proves (3).

(3) = (2): Suppose < a>I'<b>C P. Thenal' <b>C<a>T<b>C P.
This implies al'G C Porbe P (by (3)) = a€ (P:TG)orbe P

— <a>C(P:TG)orbe P = <a>IGCP.

(3) = (4): Suppose (3). In contrary way, suppose (4) is not true. Then
al’'BC P,al'G ¢ P and B ¢ P for some a € A. So there exists v € I, and
g € G such thatayg ¢ P and b € B\ P.

Nowal' <b>CalBC P = alGC Porbe P(by@B) = alGCP
(since b ¢ B\P) — avyg € al'G C P.

(4) = (3): Suppose al' < b >C P. Write B =< b >. Nowal'B C P =
alGCPorBC P (by@4) — albC Porbe<b>=BCP. [
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