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A CLASS OF HARMONIC STARLIKE FUNCTIONS DEFINED BY
MULTIPLIER TRANSFORMATION

DEEPALI KHURANA, RAJ KUMAR!, AND SIBEL YALGIN

ABSTRACT. We define two new subclasses, HS(k,\,b,a) and
HS(k,\,b,a), of univalent harmonic mappings using multiplier transforma-
tion. We obtain a sufficient condition for harmonic univalent functions to be
in HS(k,\,b,«) and we prove that this condition is also necessary for the
functions in the class HS(k, \,b, ). We also obtain extreme points, distor-
tion bounds, convex combination, radius of convexity and Bernandi-Libera-
Livingston integral for the functions in the class HS(k, A, b, ).

1. INTRODUCTION

A continuous function f = w + iv is a complex valued harmonic function
in C if both u and v are real valued harmonic in C. In any simply connected
domain D, a complex valued harmonic function / = u + iv can be written as
f = h+79, where h and g are analytic in D. We call h the analytic part and g the
co-analytic part of f. We denote by H the class of complex valued harmonic
mappings f = h + g defined in the open unit disk D = {2z € C : |z|] < 1} and
normalized by h(0) = ¢g(0) = #'(0) — 1 = 0. Such mappings have the following
power series representation

(1.1 f(z) = z+ianz”+ibnz”.
n=2 n=1
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A necessary and sufficient condition for f € #H to be locally univalent and
sense-preserving in D is that |A/(z)| > |¢'(z)| for all z € D (see[4]). Let Sy
denote the subclass of H consisting of all sense-preserving univalent harmonic
mappings f and SY% is the subclass of Sy whose members satisfy additional
condition f>(0) = 0, i.e. ¢’(0) = 0. Denote by KY, S3’ and CY the subclasses of
SY, whose functions map D onto convex, starlike and close-to-convex domains,
respectively. Further Sy denote the subclass of Sy consisting of functions of
the type fr. = h + g, where

(1.2) h(z) —z—Z\an]z and gx(z Z]b |2".

n=2

In 1984 Clunie and Sheil-Small in their landmark paper [2], investigated
some geometric properties of the class Sy and its subclasses. Since then re-
searchers defined many subclasses of the class Sy and studied their various
properties e.g. see [5, 6, 8, 11 and 14] and references therein. In particular,
Nasr and Aouf [7] introduced the subclass S*(b) consisting of functions which
are analytic and starlike of complex order b, (b € C/{0}) and satisfying

Re [1+ ; (Zﬂi)) —1)} >0, z €D.

Halim and Janteng [3] defined the subclass HS*(b, a), b # 0 with |b] < 1, of
the class Sy consisting of the functions of the form f = h + g, where h and ¢
are given by (1.1) and satisfy

Re {1+1<z/ff/gz§ 1)}204, 0<a<l

where 2/ = 2(z = re) and f'(z) = &(f(z) = f(re)). Further, Yasar and
Yalgin [14] studied the subclass Sy (m,b),b € C/{0}, of Sy consisting of func-
tions f,, = h + g,, that satisfy the following condition:

1 (D™ f,.(2)
Where D™ is the modified Salagean differential operator defined for the func-
tions f =h+7gas

D" f(z) = D™h(z) + (—1)"Dmg(z).

One can refer to [11] and [5] for more details about Salagean and modified
Salagean operators, respectively. Motivated by above papers, we define a new
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subclass HS(k,\,b, ), (k € NU{0},0 < XA < 1,b # 0 with || < 1) of Sy
consisting of harmonic functions f = h + g of the form (1.1) and satisfying

(1.3) Re {1 n % (I(];(Z’ i’ﬁ)(g@ - 1)] >a, 0<a<l.

Here I(k, \) is the modified multiplier transformation defined as

where

T(k, \A(z) = = + i (Tij\\)kanz" and I(k, \)g(z) = f: (Ti;)kbnz”

n=2 n=1

The multiplier transformation /(k, ) for analytic functions f was introduced
by Cho and Kim [1]. We denote by HS(k, \, b, o), the class of functions of the
type fr = h + g, which satisfy the condition (1.3). For particular, values of
k, )\, b and « we obtain the corresponding results for several known subclasses
as special cases. For example, for v € [0,1) and

D ifk=0,A=0,b=1—~vand a =0, then HS(k,\,b,a) = T}, [10];

(i) ifk=1,A=0,b=1—~and a =0, then HS(k,\,b,a) = TKy, [10];

(i) if &, N\, b = % — %tan% and a, then HS(k, \,b,a) = RSy (k, A\, a), [6].

If the co-analytic part of f is identically zero i.e. ¢ = 0 and
(iv)ifk=0,A=0,b=1—~and a =0, then HS(k,\,b,a) = T*(7), [9];

W) ifk=1,A=0,b=1—-~and a =0, then HS(k,\,b,a) = C(v), [9];
(vi)if k =0,\=0,band o = 0, then HS(k, \,b, ) = T}5(b), [12];

(vii) if k =m, A = 0,band o = 0, then HS(k, \,b,a) =T}, .(b), [13].

In Section 2, we first obtain a sufficient condition for harmonic univalent func-
tions f = h + g given by (1.1) to be in HS(k, A\, b, o) and then we prove that
this condition is also necessary for the functions in the class HS(k, A, b, o). We
also obtain extreme points, distortion bounds, convex combination, radius of
convexity and Bernandi-Libera-Livingston integral for the functions in the class
HS(k, A\ b, ).
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2. MAIN RESULTS

Theorem 2.1. Let a function f = h+ g € Sy given by (1.1) and satisfies

00 n+A\ % (n+X)—(1+X) (1—]b]+a]b])
> (153) {( N[0 > |an|+

2.1 ((n+)\)+(1+)\)(1—|b|+a|b|)) |bn|} <2(1—a)

(14+X)[0]

where 0 < o < 1, 0 < A< 1, k € NU{0}, b # 0 with |b| < 1, then [ €
HS(k,\, b, ).

Proof. First we shall prove that f is sense-preserving and univalent in D. Since
|z| < 1, therefore

W (2)] 2 1= 3202y nlan||2]" > 1= 320, nlay|

00 Ak [ (AN = (14N (1—|bl+alb])
> 1500, (38)" (egtbmibietl ) g,

0o (ntA\F [ (n4N)+(1+0) (1 [b|+alb]) o
>3 (58) ( T Pl (1=a) ) |bn; using (2.1)

> Y sy nlballz" 7 = g (2)] -

This shows that f is sense-preserving in D. Next we prove the univalence of f
in D. For z 7é 2z €D,

f()=f(22)

o(z1)=g(z2) 5 albal
h(z1) h(z2) >1 1

h(z1)—h(z22) 13707 5 nfan|

oo (nH)k(<n+A)+<1+A)(1f|b|+alb|>)‘b ‘

n=1\14x T+Mb[(I—a) n >0

oo (X \F( (X)) —(+N)(1—[b[+alb]) =
1305, (138) ( TN (T—a) )lan]

>1-

Hence in view of condition (2.1), f is univalent in ID. In order to prove that
f e HS(k,\ b,a) we shall show that for 0 <« < 1and [b] <1,

Re (1 + 3 (W - 1>) > a. We know that Re(w) > « if and only if
|1 —a+w| > |14 o —w|. So, it suffices to show that

(1 — a)bI(k,\) f(2) + bI(k,\) f(2) + I(k + 1,X) f(2) — I(k, \) f(2)
(1 )bl (k, A) f(z) = (bI(k, A) f(2) + I(k +1,A) f(2) = I(k, A) f(2))] = 0.
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Now,

(1 — )bl (k,\)f(2) +bI(k,N)f(2)+I(k+1,N)f(z) = I(k,\)f(2)| —
[(14+ )bl (k, A) f(z) = (bI(k,A) f(2) + I(k+ 1, M) f(z) — I(k, A) f(2))]
=|(b(2—a) =) Ik, f(z) +1(k+1,A)f(z)] -
[(ba + 1) I(k, A) f(2) = I(k +1,A) f(2)]
= |@ =)z + 3, (3)" (b —ba — 1+ 35) a2+

S (1) (20— b — 1 - §8) 57" —
’baz+zn 5 (i/\) (b +1— )anz +
S (1) (ba+1+7{1§)b =

> (2= a)fb|lz] = 352, (229" (2 — )b — 1+ 22 [a,|2]" +
Sy () (2= )b — 1= 25 [z —
Bloz + 3007, (252" (Jblor+ 1 — 25 Jay ||| -
S0 (282" (blor + 1+ 22 [by] 2"
= 2(1 = a)bllzl = 25072, (353)" (1 = )b — 1+ 35) Jan||=]" —

2570 1<7i§> ((a = D)ol + 1+ 22) [ba][2]"
n— n+A)—(1+X)(1—|b|+|b|c
> 21— a)pllz] (1 - 52, (32)" Jaallzlm ! (gt

=il
00 n—1  (n+X)+(1+X)(1—]b]+]b])
S0y (32) bl 2]t (LR Ol ) )
>0, in view of(2.1).

This completes the proof. O

Theorem 2.2. Let f, = h + g, be given by (1.2). Then f;, € HS(k, \,b, ) if and
only if f,. satisfy condition (2.1).

Proof Since HS (k,\,b,a) C HS(k,\,b, ) therefore, ‘if’ part of the Theorem
2.2 can be proved from Theorem 2.1, thus we prove ‘only if’ part of Theorem
2.2. Let f, = h+gr € HS(k,\, b, ), then

1 [ I(k+1)) fr(2)



460 D. KHURANA, R. KUMAR, AND S. YALCIN

After substituting I(k + 1, \) f(2) and I(k, \) fx(z) in the above inequality we
get,

Re |:b(1—z)— 2 (252) a2 [ 22 b1 ab]

bI(k,\)f(z)

ok S50 ( ) b |Z ["“ b+1+ab]
(=1) T o >0,
Re |: (1-a)z Z (1+A> lan|2" [b(n1++>3\)+1 ] _
=302 (35 lanlzn (- 12 32 () loulz
(_1)2k ne (1+>\) |bn [ [bﬁtAA)_H%"'O‘] >0
T (1l T ()T
Re[ — w2<%i)k|an\zn ety ti-3—o
150, (22) Fan |zn 1 (—~1)2K 2 00 (282 b, [z

(_1)2k z 14X b(1+N)
-5 z(ﬁi) lan|2n—14(=1)2KZ 5720 | (2E2 ) by [z

The above condition holds for all values of z, |z| = r < 1. Choosing the values
of z on positive real axis, where 0 < z = r < 1, we have
l(1a>zz°=2(m)’“an|r” 1[bﬁi§>+1 : a]ZZ"ﬂ(?ii)klbnlr”‘l[m1+i+a]1 S0
1—220:2(7;1:\\) |an|rn 1+Z;:°:1(?T+i\) |bn‘7~n71 -
Since Re(b) < |b|, the above inequality reduces to
oo n k —
(1—a)-302, (Ji) janlr ™ g Hi-m—e]
k
1_2?:2<711-t§\\) |a |7~n 1+Zn 1(717‘1/)\\) |b”‘rn71
(e o) n k n— n
Toa (B Ponlr [y ~1+ iy +of
k k

=573, (38 Mlanlrn =1 +3200 (22 o
In case the condition (2.1) doesn’t holds then, the numerator of left hand side
of (2.2) becomes negative for r sufficiently close to 1. This leads to contradic-
tion. Hence it proves the result. O

Z oo (n+)\) b |z~ 1[ nt —1+%+a] :|

Re

(2.2)

Theorem 2.3. Members of the class HS(k, \,b, ) map unit disk onto a starlike
domain.

Proof. A function f =h+g =z — Z |an|2" + Z bn|z" € HS(K, \, b, ) maps

the unit disk D onto a starlike domam if and only if for 2 € D,

(2.3) Re { ()~ 29 () } >0

h(2) + g(2)
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We know that Re(w) > 0 if and only if |1 + w| > |1 — w|. Therefore to prove
(2.3), it suffices to show that |h(z) + g(z) + 21/ (2) — 2¢'(2)| — |h(2) + g(2) —
zh(2) + zg'(z)| > 0. Since

|A(2) + g(2) + 2 (2) = 2g'(2)| = |h(2) + g(2) — 2I'(2) + 2g'(=)]

— e iyanyzn 4 i_ojl bl + (1 — izn\an\z”_l) _z iln\bn\zn‘l -
z— iz lan|2" + il |bn|Z" — 2(1 — iQn\an\z”_l) +z iln]bnﬁ”_l

|22 — i(m 1)[an]2" — é(n— 1)[ba]z"| -
22(71 —1)anle" + gl(n + 1) [,z

> 2el 1= 5 a7 = Sl

=9l 1 - §2n|an| _ §1n|bn|}

> 92| | ni (22" (Aol |
i:: (?K) nﬂ)(t(lot)ﬁ(jx ||I;>I|+Oé|b| |bn ‘} >0,

in view of condition (2.1). Hence it completes the proof. O

Extreme Points
In the next result we obtain the extreme points for the class HS(k, A, b, «).

Theorem 2.4. If fi = h + G, then f, € HS(k,\,b,a) if and only if fi.(z) =
Z (thn(z) + Yngkn(z))a where

n=1
hi(z) = z,
B (L—a) (L0 H ]y B
ha(2) = 2 = =@ Apramer s = 2,34,

_ e T IS
9k (2) = 2+ (D a2 =123

o0

d > (X,+Y,) =1, X, >0, Y, > 0. In particular, the extreme points of

n=1
HS(k,\b,«) are {h,} and {gx, }
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Proof. Substituting the values of h,(z) and g, () in fi(z), we have

ﬁ@ZE;&M@+%%ﬁD

(1—a)(A+N)*H]b|

=27 2 e Ol e F
s (1—a)(1+X)*+1[p| =
(=1) 712::1 [T (TN (T alb) ek Y2
Compairing (2.4) with fi.(2) = h(z) + ge(2) = 2 — 3 |an|2" + (=1)* 37 |ba |27,
n=2 n=1
we obtain
|CL ‘ _ (1_a)(1+)‘)k+1|b|
"I+ N) = @+ X)L = b+ alp])](n+ X)E"
and
|b | _ (_1)k (1 — a)(l + )‘>k+1|b|
e [(n+ X))+ (1+XN)(1—|b] +a|b])](n+N)F"™
Now,

o (K [ (A — (140) (1—b]+ab])
> (13) [ A—a)(1+N)[D] ] |an| +

o (AR [ (N + (1A (1= [bl+alb])
S (33)" | el | 1y,

[y

n—

=Y X+ Y, =1-X,<1.

n=2 n=1

Therefore, f, € HS(k, \,b, ). Conversely, let f, € HS(k, \,b, a). Set

(A [t - NP al)],
= (1) [ el =280

and

(N TN + (LN = b+ alb]) -
= (1) [ n=1238..

where Y (X, +V,) = 1. Since f, € HS(k, \,b,a), thus fi.(2) = 2 — > |a,|z" +
n=1 n=2

(—1)* 2—31 |b,|Z". by substituting values of |a,| and |b,|, we get

[e.e]

fr(z) = > (Xuhn(2) + Yagk, (2)), where h,(z) and g, (z) are as mentioned
1

above. Herzlce the proof is complete. O
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Convolution Properties
In this section, we show that the class HS(k, A, b, ) is closed under convolu-
tion. For harmonic functions

filz) = 2= 3 laale” + (=1 3 baf2"

and
_Z—Z|A 2" 4 (— Z|By

their convolution, f; * F}, is given by

(fix Fe)(2) = fi(2) % Fr(z) = 2 = ) lanAulz" + (=1)" Y |buBalz"

Theorem 2.5. Let f, € HS(k,\,b, ;) and F}, € HS(k, \, b, o), where 0 < a <
o < 1. Then frx Fy € H_S(k?, A b, 042) - H_S(k’, A b, 041).

Proof. We wish to show that (f;, x F}) satisfies the coefficient condition (2.1).
For F, € HS(k,\,b,a,), we note that |A,| < 1 and |B,| < 1. Now, for the
coefficients of convolution function ( f; * F}), we can write

X fneak [ (N — (140 (1 bl +alb)
2 (+53) [ (T=a2) (10 ]‘“"A"H

i (m)k [(n+)\)+(1+)\)(1—|b|+a|b|)] |ann|

iy (i=az) (10
< 2 (1) [ ol + |
< 3 (33)" [ o, |+ (|
<2
Hence (fy, * Fy) € HS(k, A\, b, ) C HS(k, A, b, a). .

In order to prove our next result, we use the following lemma of Clunie and
Sheil-Small [2].

Lemma 2.1. If F € Ky isgiven by F(z) = z+ Y (4,2"+ B,z"), then |4, | <

n=2
and |B,| < %51
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Theorem 2.6. If f € HS (k,\,b,a)and F € K¢, then f+F € HS (k—1,\,b,a)
for0 < A< 1.

Proof. Since f € H_So(k:, A, b, a), therefore

= nAAF | (n+2) =14+ (1—]b|+alb]) (n+N)+14+X)(1—|b|+alb])
> (323)" [, | + (ARG, || < (1 - ),

We know that (f = F)(2) = 2 + > (anApz" + B, B,z"). Now,

n=2

i (nﬂ)kq |:(n+)\)7(1+)\)(17|b\+a\b\)|anAn| X (n+)\)+(1+)\)(17|b|+a|b|)‘annq

= T+ (T+0)0] (T2

o (aAV R [ () = (1N (1 [bl4afb]) (n+A)+1+N) (1 —|b[+alb])

= 22 (13 [ GEBNI |an|[An] + §ESNIT |bn||Bn|]
o~ (ntA\E1 [ () (1N (- |bltalb) (n+1

< 112_:2 (13) [ AN)0] ("5+) lan|+

n+N)+(14+X)(1—|b|+alb n— 1
(( AN o \)) (251) |bny] . using Lemma 2.1

= (AR [ () (N (- [bl+alb) (ntd
<D [ (£3) laalt

(n+XN)+A+N) A—|b[+alb]) | (n+A
(e Ciblzall ) (22) p, |

o A\ F [ [ (A= (12 (1= ]b|+alb])
<> (1) [( EESI > |an|+

(n+N)+(1+N) (A —[b|+ab])
( (T[] ) |bn, |] (1—-a).

Hence, f+ F € IS (k—1,\,b,a). 0

Convex Combinations
Here, we prove that the class HS(k, A, b, «) is closed under convex combina-

tions of its members. Let the function f; ;(z) be defined for i=1,2,... by

(24) sz _Z_Z|anz|z + Zlbnzl

Theorem 2.7. The class HS(k, \, b, «) is closed under convex combinations.
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Proof For i = 1,2,3,..., let fi;, € HS(k,\,b,a), where f;,; is given by (2.4).
Since each f;;(z) is in HS(k, A\, b, a) therefore by Theorem 2.2, we obtain

0o (A \F | [ (N —(1+X) (1—b]+alb])
> (553) [( A+ N0] ) |anq|+

(NN +(14+A) (1—[b]+ab])
+ ( LN ) |bm~|} <2(1—a).

For > ° t; = 1,0 <t <1, the convex combinations of f; may be written as

= Ztifk,i(z) =z Z (Z ti|an,i|> 2"+ (—1)kz (Z tz|bnz|> z

n=2 i=1

Now for ¢;(z), consider

oo (naA\k | (NN A-fpl+alb) ) | o
p (IIA) {( a+N)]] > | ;tian,i| +
(n+X)+(14+X) (1—|bl+alb])
( SV ) | Z ti an’:|
o oo (nA\F [ (nAN)—(14+2) (1—|bl+b])
= zz‘:1 ti [anl (11_)\) ( T+ N)]o] | @i

(NN alb) N
A+N0] n.i

<2l—a) XE i =2(1—a).
Thus, we get ¢;(z) € HS(k, A\, b, a). O
Covering Theorem

Our next theorem is on the distortion bounds for functions in HS(k, \, b, a),
which yields a covering result for this family.

Theorem 2.8. If f € HS(k,\,b,a) and |z| = r < 1, then
(2.5) (1= ba])r = M < [f(2)| < (L +[ba])r + M

where,

M = (14N)F+1 (1—a)|b] B (2—|b|+ab) |b |
T TN | =N A—pH+alb) N —(T+N) (A—|b[tab]) 1M1
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Proof. First, We shall prove the left hand side of the inequality (2.5). Let f €
HS(k,\, b, ), then by using Theorem 2.2, we obtain

[F( = (A= bal)r = 3202, (lan] + [ba]) "

> (L= [bal)r = 3202 (lan] + [ba])

(1—a) (12 o
2 (1= 1) 7 — ey mm A prramE

2 )\ 1 A)(1—|b|+alb 2 A
Z AENCBLEPDEEN (|, | + (b)) 72

B B (1—a)(1+>\)k+1\b\r2
> (1= [b) 7 ~ = G el e

n+A (X)) —(1+A) (1 =[b|+afb])
X Z (15) (( (T—a) (10| ) [@n]

(et X) £ (140 (15| -afb))
*( (T—a) (L V] )'b"|>

(1—a) (1415 [b|r2 (2—[b]+lb])
> (1= 1[bu])r — (@ NN Aol rap))2inE < (1 - W’bl‘)

=(1—|bs])r — M.

Following on the similar arguments we can easily prove the right hand side of
the inequality (2.5). Hence proof of the theorem is complete. O

Radius of Convexity

Theorem 2.9. If f. € HS(k, A\, b, @) then f is convex in the disk

min (1 —a)|b](1 = [b1]) 1/(¢—1)
e <q(<1 —a)fb] = (2~ 1b] +a|b|>|blr>) |

Proof. Let f, € HS(k,\,b,a) and let 7, 0 < r < 1 be fixed. Then r~!f(rz) €
HS(k, )\, b, o) and we get,

- n? (|an] + [ba]) 1"t = E_Zzn(!an! + [ba]) nr

n=2
& ME ([ (N =142 (1—[bl+ab])
<2 (1) () fa

(N (14 2) (1= bl +ab]) et
+ < FESIESIT > |bn|> =t <1 — by,

. -1 (1—[ba])
provided, nr"™" < — gy, OF

a-anr 101

r < min (1 — ) [b](1 — [by]) 1/(a-1)
<w (G )
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OJ

Bernandi-Libera-Livingston Integral of HS(k, \,b, )

In this last section, we study the closure property of the class HS(k, \, b, a)
under the generalized Bernardi-Libera-Livingston integral operator £.. For an
analytic function f its generalized Bernardi-Libera-Livingston integral operator

is defined as,

elf(e) =1 / e E)dE, (> 1),

whereas for harmonic functions f = h + g it is defined as,
| e+ 2 [Tegoe o> .

Theorem 2.10. If f, € HS(k, \,b, ), then £.[fv(2)] € HS(k, A\, b, ).

c+1 c+1

z¢

Llf(2)] =

Proof. Let f, = h+gr € HS(k, A\, b, ). Then,

Qc[f _ c+1 fo gc lh d£_|_c+1 fo é‘c lgk 5
=S Jo €7H(E = 0 lanl€™) dE +

s / 3 1((—1)k2|bn\5n> d

=2 = oy [Aulz™ + (= 1)F 3202 [Bal2™,

c+1 c+1
A, = ( ) a] and |B,| ( ) .
c+n c+n

s (n2) ((nm (1+)\)(1—|b|+a|b|)> A4, + ((n+)\)+(1+>\)(1—|b|+a|b|)) IBnI}

(14+X)[b] (14+X)[0]

A
_ ntA () =1+ A =[b[+alb]) \ (ct+l
=D 0 [(ﬁ) < a0 > (&) lanl+

(n4+A)+(14+X) (1—|b]+]blev) ct+1
(e enariiiabio)) (ex1) py,|

E ((n4X)—(14X)(1—|b|+alb|) (n+X)+(1+X) (1—]b]+]b]a)
<30y ()" (Lt lt ) g, | (el eble) ) |

<2(1 - a).
Thus £.[fx(2)] € HS(k, A\, b, ). O
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