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FUZZY SOFT HERMITIAN OPERATORS
NASHAT FARIED, MOHAMED S.S. ALI, AND HANAN H. SAKR!

ABSTRACT. In this paper, we define the fuzzy soft hermitian operator,
which is a special type of fuzzy soft linear operators in fuzzy soft Hilbert
spaces. Moreover, related theorems including fuzzy soft point spectrum
theorem and more are introduced. Furthermore, an example in favor of
the fuzzy soft hermitian operator and another one against it are investi-
gated.

1. INTRODUCTION

In real world, the complexity generally arises from uncertainty in the
form of ambiguity. So, we always have many complicated problems in
the areas like economics, engineering, medical science, environmental sci-
ence, sociology, business management and many other fields. We can’t
successfully use classical mathematical methods to overcome difficulties of
uncertainties in those problems.

In 1965, Zadeh [11] proposed an extension of the set theory which is
the theory of fuzzy sets to deal with uncertainty. Just as a crisp set on a
universal set X is defined by its characteristic function from X to {0, 1},
a fuzzy set on a domain X is defined by its membership (characteristic)
function from X to [0, 1].

Lcorresponding author

2010 Mathematics Subject Classification. 46B99, 03E72, 46S40.
Key words and phrases. Fuzzy set, Fuzzy soft Hilbert space, Fuzzy soft linear operator,

Fuzzy soft self-adjoint operator, Fuzzy soft set, Soft set.
73



74 N. FARIED, M. S. S. ALI, AND H. H. SAKR

In fact, the notion of a fuzzy set is completely non-statistical in nature.
Fuzzy set theory is very useful mathematical tool to handle uncertainty, but
this single value (membership degree) combines the evidence for element’s
belonging and the evidence against element’s belonging without indicating
how much there is of each, i.e., the single number tells us nothing about
its accuracy.

In 1999, Molodtsov [7] introduced an extension of the set theory namely
soft set theory to overcome uncertainties and solve complicated problems
which can’t be dealt with by classical methods in many areas such as Rie-
mann integration, measure theory, environmental science, decision mak-
ing, game theory, physics, engineering, computer science, medicine, eco-
nomics and many other fields. The soft set is a mathematical tool for
modeling uncertainty by associating a set with a set of parameters, i.e., it
is a parameterized family of subsets of the universal set. After that, many
researchers introduced new extended concepts based on soft sets, gave ex-
amples for them and studied their properties like soft point [1], soft metric
spaces [5], soft normed spaces [10], soft inner product spaces [4] and soft
Hilbert spaces [9], etc.

But almost all the time, although this progress, in real life problems and
situations, we still have inexact information about our considered objects.
So, to improve those two concepts; fuzzy set and soft set, Maji et al. [6]
combined them together in one concept and called this new concept fuzzy
soft set. This new concept widened the soft sets approach from crisp (ordi-
nary) cases to fuzzy cases which is more general than any other. In recent
years, many researchers applied this notion and gave some concepts such
as fuzzy soft point [8], fuzzy soft metric spaces [2] and fuzzy soft normed
spaces [3].

In present, Faried et al. introduced the fuzzy soft inner product spaces
with studying its properties and some related results. Also, they gave the
definition of the fuzzy soft Hilbert space with studying its properties and
many more related results. In addition, they continued by defining the
fuzzy soft linear operators in fuzzy soft Hilbert spaces with their related
theorems including spectral theory and proving fuzzy soft Hilbert space’s
fuzzy soft self-duality. Finally, they defined the fuzzy soft symmetric oper-
ator and studied its properties.
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In this work, we progress on these stated previous studies by introducing
a special type of fuzzy soft linear operators in fuzzy soft Hilbert spaces,
which is the fuzzy soft hermitian operator, establishing related theorems
including fuzzy soft point spectrum theorem, an example in favor of the
fuzzy soft hermitian operator and another one against it and more.

2. DEFINITIONS AND PRELIMINARIES

The aim of this section is to list some notations, definitions and prelimi-
naries needed in the following discussion.

Definition 2.1. [6] Let U be a universal set, E be a set of parameters and
A C E. Apair (G, A) is called a fuzzy soft set over U, where G is a mapping
given by G: A — F(U), F(U) is the family of all fuzzy subsets of U and the
fuzzy subset of U is defined as a map f from U to [0,1]. The family of all
fuzzy soft sets (G, A) over a universal set U, in which all the parameter sets

A are the same, is denoted by F'SS(U)a = FSS(U).

Definition 2.2. [8] The fuzzy soft set (G, A) € FSS(U) is called a fuzzy
soft point over U, denoted by (uy,,,,A) (briefly denoted by iy, ), if for the
elemente € Aand u € U,

a ,ifu=ug€Uande=eg € A,
fae(u) =

0,ifuelU—{u}oreec A—{e} ’
where a € (0, 1] is the value of the membership degree.

It should be noted that C(A) and R(A) denote the set of all fuzzy soft
complex numbers and the set of all fuzzy soft real numbers, respectively.

Definition 2.3. Let (U, <,/x/>) be a fuzzy soft inner product space and

- 9 .
0 v c€H .
Fig(er)” 26 ey)

6}10(61) is said to be fuzzy soft orthogonal to 612”20(52) (ﬁ}lG(e 192 )if

~1 ~2 =N
< Uf1c<e U >=0.
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Definition 2.4. Let (U, <o >) be a fuzzy soft inner product space. Then,
this space, which is fuzzy soft complete in the induced fuzzy soft norm is called
a fuzzy soft Hilbert space, denoted by (H, < -,- >) (shortly H). It is clear that
every fuzzy soft Hilbert space is a fuzzy soft Banach space.

Theorem 2.1. Let T be a fuzzy soft linear operator on H and B(H) be the
set of all fuzzy soft bounded linear operators on H.
IfT, Ty, To€B(H) and N\eC(A), then:

TFF (NP2, (T + BT + 75, (B =750
and if T~V exists, then (T*) exists and (T~ )* = (T*)

Definition 2.5. AéC(A) is said to be a fuzzy soft eigenvalue of T if there
exists H#Ufc( )EH such that vaG( )—)\vfc( , and vy, )#9 is called the fuzzy
soft eigenvector of T corresponding to X. The set of all such \ is called the
fuzzy soft point spectrum of T, denoted by &,(T).

Definition 2.6. T€B(H) is fuzzy soft symmetric operator if for all
UflG(el) f2G<e2> =

2.1 < Tl 2 >=< gl T2 >
2.1 Figter)” 26(ey) Figer)” " ogiey) T

3. MAIN RESULTS

The aim of this section is to introduce the fuzzy soft self-adjoint opera-
tors or the fuzzy soft hermitian operators in fuzzy soft Hilbert spaces. In
addition, a study on related theorems involving their fuzzy soft eigenval-
ues and fuzzy soft eigenvectors and many more results are introduced.

Finally, an example in favor of the fuzzy soft hermitian operator and
another one against it are established.

Definition 3.1. Fuzzy soft hermitian (fuzzy soft self-adjoint) operator
Let H be a fuzzy soft Hilbert space. TEB(H) is called fuzzy soft hermitian
operator (or, fuzzy soft self-adjoint operator) if

(3.1) T=T*.
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Remark 3.1. Every fuzzy soft hermitian operator is fuzzy soft symmetric.

Proof. By using (3.1) from Definition 3.1 of fuzzy soft hermitian operator,
we get:
< To} 2 >=< o 502 >
Mgy’ F26(e9) Nae))” ™ P2oey)
=< ¢l T?
NGy’ 2

for each ﬁ}lG( ),17]2%( )éﬁ[ , i.e., the fuzzy soft hermitian operator satisfies
€1 €2
the condition (2.1) stated in Definition 2.6 of fuzzy soft symmetric opera-

tor and this completes the proof. O

Lemma 3.1. Let T€B(H) be fuzzy soft hermitian. Then, for
Do €H, < Ty, Uy, > s fuzzy soft real and

—_—— —_— —_—

_inf < TﬁfG(e)’ﬁfG(e) ><< T/[JfG(e)76fG(e) >< ASEP < Tﬁfc;(ewﬁfc(e) >
=1

19560yl 19 15

Proof. Since every fuzzy soft hermitian operator is fuzzy soft symmetric
from Remark 3.1 and by using relation (2.1) from Definition 2.6, we have:

< TUfG(e)’UfG(e) >=< vaG(e)’vfG(e) >

—_—~—

Hence, < Tz?fG<e),®fG<e) > is fuzzy soft real for T)fG(e)éFI . For the second
part, we can define (write, shortly):

—_—

m(T)é /irlf ~< Tﬁfc(e)vﬁfc(e) >
19560y 11

and

—_—

M(T)= ﬂp < Tﬁfc(e)vﬁfc:(e) >
Hf)fc(e)ﬂii

It is clear from the definition of sip and inf that

m(T)<< T@fg<e),afc(e) ><M(T).
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Theorem 3.1. If TEB(H) is fuzzy soft hermitian operator and \ is a fuzzy
soft eigenvalue of T, then \ is fuzzy soft real and m/(T)<A<M (T). Fuzzy soft
eigenvectors corresponding to different fuzzy soft eigenvalues are fuzzy soft
orthogonal.

Proof. Let ) be a fuzzy soft eigenvalue of 7', then from Definition 2.5, there
exists é;éi}fc(e)é[j[ such that Tﬁfg<e>£5\ﬁfc(e). Suppose that ||y, [|=1, then:

—_——

< Tﬂfc:(ewﬁfc(e) >=< )\ﬁfG(e)7ﬁfG(e) >

P

=A< 2~)fc(@ ) /Z}fG(e) >

éj‘HﬁfG(e)

=)
Now, we have A=< T% f;)\,/@fc(e) >. Then, by using Lemma 3.1, we obtain
that A is fuzzy soft real and m(T)<A<M(T'). To prove the second part, let
Ty, =Ny, and Ty, Zfidiy, 5 A, Up,,, e, 70. Then, by using
the first part of the Theorem 3.1. and since every fuzzy soft hermitian
operator is fuzzy soft symmetric from Remark 3.1, we get:

—_—
—_——

A< Vfieyr Ufaey = =< )‘Ufc:(e)?ufc(e) >
=< vac:(ewufc:(e) >

=< 17fG(e)’TﬂfG(e) >

=< 6fG(e)7ﬁﬁfG(e) >

=< /ﬁfG(e)’afG(e) >

—_——

Therefore, (A — fi)< Dy, i, >=0. Since A#f, then A — fi0 and thus

< Vfgyr Ut >=0. Hence, vy, and iy, are fuzzy soft orthogonal. [
Theorem 3.2. If T, 1), T,EB(H) are fuzzy soft hermitian operators and
AER(A), then

(1) T + T is fuzzy soft hermitian operator:
(2) MT is fuzzy soft hermitian operator:
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Proof. (1) We have (T} 4+ T)*=T; + T5. Since T} and T, are fuzzy soft
hermitian operators, then, from (3.1), we obtain that Tféf’l and
T5=T,. Therefore, (T) + T5)*=(T} + T3). Hence, (T + Ty) is fuzzy
soft hermitian operator. B

(2) Since (\T)*=AT* and we have X is fuzzy soft real (i.e., A=)\) and
T is fuzzy soft hermitian operator (i.e., T*=T), then (A\T)*=(\T).
Hence, (\T) is fuzzy soft hermitian operator.

|

Theorem 3.3. If TEB(H), then, we have:
(1) TT* and T*T are fuzzy soft hermitian operators.
(2) TT* — I is fuzzy soft hermitian operator.
(3) If T is a fuzzy soft hermitian operator and 71 exists, then T is
also a fuzzy soft hermitian operator.

Proof. First of all, we have I is fuzzy soft hermitian operator, since [*=1.
(1) (TT%)*=T% T*. By using Theorem 2.1, we get (T'T%)*=TT".
Then, TT* is fuzzy soft hermitian operator.
Similarly, we have that 7*7 is fuzzy soft hermitian operator.
(2) By using (1) from above, we get that:

(FT° — IF=(TT°F - F=T7° 1

Hence, TT* — I is fuzzy soft hermitian operator.
(3) If T is fuzzy soft hermitian operator and 7! exists, then, by using
Theorem 2.1, we have

(T—l )1; (T?) -1 éffl )

Therefore, 7! is fuzzy soft hermitian operator.

Example 1. The fuzzy soft operator 2i1 is not fuzzy soft hermitian.
Solution. Since we have:
(il =2i = — %l

Then, 2:7 is not fuzzy soft hermitian.
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Example 2. If TEB(H), define

1 -
Ti=5(T+1T7),
T2 - )
~ ~ 2_ é . ~ ~ ~
Then, T} and T, are fuzzy soft hermitian operators and T=T; + iTs.

Solution. For,

1
Tféi(TJrT*)*
=L )
2
=Ly 7
2
by using Theorem 2.1.
Also,
¥ ~ —5 ' *\ 1%
SR T - 1)
P
=—(T-T")"
(T —17)
— 5
=(T*"-T~
(T —T7)
=T - T

by using Theorem 2.1.
Therefore, T; and T, are fuzzy soft hermitian operators and it is clear

that Téfl + ETQ
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4. CONCLUSIONS

Introducing the fuzzy version or the soft version of topics like metric
spaces, normed spaces and Hilbert spaces has been studied by many math-

ematicians. On the other hand, combining fuzzy and soft sets together
gives us more extended, generalized and accurate results. Few researchers
have studied some of those general extensions concepts. In our study, a
special type of fuzzy soft linear operators, which is the fuzzy soft hermitian

operator has been introduced. To make the picture complete, an example
in favor of it and another one against it have been established. Finally, re-
lated theorems including fuzzy soft spectral theory and many more results
are investigated.
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