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INTEGRAL INEQUALITIES OF HADAMARD TYPE FOR SUB
E-FUNCTIONS

NASHAT FARIE, MOHAMED S. S. ALI, AND ZEINAB M. YEHIA!

ABSTRACT. In this paper, we show that the power function of sub E-function
f™(z) is sub E-function. Furthermore, we establish some new integral in-
equalities of Hadamard type involving sub E-functions and concave E-functions.

1. INTRODUCTION

Let f : I — R be a convex function on the interval / of real numbers and
a,b € I with a < b. There are many generalizations of the notion of convex
functions see [3,4,7,10]. One way to generalize the notion of convex function
is to replace linear functions by another family of functions in the sense of
Beckenbach [3]. In this paper, we deal with a family {E£(x)} of exponintial
functions

E(z) = Aexp Bz,

where A, B arbitrary constants.
The Hermite-Hadamard integral inequality for convex functions f : [a,b] — R

a+b f(a) + f(b)

b
(. OG0 < s [ pan < HOIE)
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is well known in the literature and has many applications for special means,
see for example [2,6,9]. The Hermite-Hadamard integral inequality (1.1) was
established for sub E-functions in [1] as

1) < /°f iz < L(f(a), £(b)),

f (b) — f(a)
h L = > .

In this work, we proved that the higher powers of sub E-function is sub E-
function in addition to establish some new integral inequalities of Hadamard
type involving sub F-functions and concave E-functions.

2. DEFINITIONS AND PRELIMINARY RESULTS

In this section, we introduce the basic definitions and results which will be
used later. For more informations see [1], [5], [8].

Definition 2.1. A positive function f : I — (0, 00) is called sub E-function on I,
if for any a,b € I with a < b the graph of f(x) for a < x < b lies on or under the
graph of a function

E(z) = AeP®,
where A and B are taken so that E(a) = f(a), and E(b) = f(b).
Equivalenty, for all z € [a, b]

flx) < E(z)
2.1 = exp

(b—2x)In f(a) + (x —a)In f(b)
b—a )

If the inequality (2.1) holds with “ > 7, then the function will be called concave
E-function on 1.

Note the following: There is more than one formula for the function F(x)
other than that stated in (2.1); for example,

In f(5) — In f(a)

b—a ’

E(x) = f(a)eP®; B =
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Remark 2.1. The sub E-functions possess a number of properties analogous to
those of convex functions. For example: If f : I — (0,00) is sub E-function, then
for any a,b € I, the inequality f(x) > E(x) holds outside the interval [a, b].

Definition 2.2. Let a function f : I — (0, 00) be sub E-function. A function
T, (z) = AeP”

is said to be supporting function for f(x) at the point u € (a,b) if

(D) Tu(u) = f(u),

(2) Ty(z) < f(x) V€ 1.
That is, if f(z) and T,(z) agree at x = u, the graph of f(x) lies on or above the
support curve.

Proposition 2.1. If f : I — R is a differentiable sub E-function, then the sup-
porting function for f(x) at the point u € I has the form
f’(U)}
Tux—fuexp{x—u )
(x) = Fl) exp | (= —u) s
Remark 2.2. For a sub E-function f : I — (0,00), we write the supporting
function at u € I in the following form

Ti(a) = Fw)exp (2 = ) 14

The constant M, ¢ is equal to f'(u) if f is differentiable at the point u € I;
otherwise f’ (u) < M, 5 < f(u).

Theorem 2.1. Let f : I — (0, 00) be a two times continuously differentiable func-
tion. The function f is sub E-function on I if and only if f(z)f"(x) — (f'(z))* > 0
forall xin I.

Theorem 2.2. A function f : I — (0,00) is sub E-function on I if and only if
there exist a supporting function for f(x) at each point = € I.

Theorem 2.3. If a function f : [a,b] — R is continuous and g is an integrable
function that does not change sign on |a, b], then there exists c in (a,b) such that

[ sz =50 [ otorir
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3. MAIN RESULTS

Theorem 3.1. Let f : I — (0,00) be sub E-function and two times continuously
differentiable then the higher powers of f(x) is sub E-function.

Proof. Since f(x) is non-negative and sub E-function then,

(B.1) f(@) 20, f(2)f"(x) = (f'(2))* = 0Vz 1.

(f"(@) = nf* ) f (2),
(f"@)" = nln—Df"2@)(f'(2)* +nf" (@) f"(2).

Hence,

fr@) (@) = (" (2)) = @) - D" @) (@) +nf" (@) f"(2)]
R () ()
= n(n—1)f" (@) (f (2)* +nf () f"(2)
—n?f 7 (@) (f ()
= nf" @) f (@) = nf @) (f(2))”
= nf" (@) f"(2) = (f' ()]
Now using (3.1), we conclude that:
fH@) (" (@) = ((f"(2)))* > 0.
Hence, f"(z) is sub E-function. O

Theorem 3.2. Let f : [ — (0,00) be sub E-function, n € N and a,b € I with
a < b, then

e D o e e el
where, B — In f( g_inf

Proof. Let u an arbitrary point in (a,b). As f(x) is a sub E-function, then from
Definition 2.1 we observe that the graph of f(x) lies nowhere above the func-
tion

In f(5) — In f(a)

b—a ’

(3.2) E(x) = f(a)eP®; B =
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and nowhere below any supporting function.

(3.3) Tu(x) = f(u)exp {(x —u)
at the point v € (a,b). Thus,

T.(x) < f(x) < E(x), z € [a,b)].
As f(z), T,(x) are non-negative functions, then

' (x) < f*(x) < E"(z) Vn € N.

3.4 /b T" (x)dx < /b f(z)dx < /b E"(z)dz.

Using (3.2), one has
b b
/ fYz)dr < / E™(z)dx

b
= [ r@ere
fn

b
(CL) enB(x—a)

nB u

o fn(a) nB(b—a)
(3.5) - @ {e 1

Using (3.3), (3.4), one obtains:

/ab e > /ab T () da

_ / " () exp [n(m — ) {;((;‘)) ] da

A

)
nf(u)

b

a

(3.6)

f(u)

Hence, from (3.4), (3.5), (3.6) we get the required inequality.

Theorem 3.3. If f : [ — (0, 00) is sub E-function on I then,

f(x—;—y) <V fx)f(y), Yo,y € 1.

{exp {n(b - u>f/(“)] —exp [n(a — )

f'(u)
f(u)

I
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b
Proof. For all a,b € I with a < b, from Definition 2.1, let x = %

a+b (2200 f(a) + 5% 1n £(b)
(242) < [l 200
:ln a)+1n f(b
. fla+ f<>]
[In f(a)f(b
= o[RS q
=V f(a)f(b)

O

Theorem 3.4. Let f, g : I — (0,00) be continuous, sub E-functionson I, a, b €
I with a < b, ¢1,¢5 € (a,b) and o, 5 > 0 with o + = 1. Then the following
inequality holds
b
1
[ st < astaten |

00 = 0| gl | g0 - )

By

Proof. Since f, g are sub E-functions, we have

In f(b) —In f(a)

6.7 @) < Sy, g = ORI
(38) g(x) < g<a)632(xfa)’ B2 _ lng(bl)) : Lﬂg(a)’

multiplying both sides of (3.7) and (3.8) by ag(x) and 5 f(z) respectively and
adding the resulting inequalities we get

39 f(2)g(x) < af(a)g(x)e® = + Bg(a) f(w)eP=.
Integrating both sides of (3.9) with respect to « from a to b, we get

b b b
[ 1@y < af@) [ g@ene =+ pgto) [ et
Let ¢1, ¢ € (a,b), by using integral form of mean value theorem, we get
b b )
[ e < af@te) [ e Odn s syta)fien) [ e
= aff@g(en | e 1] + g(a)fes) | B0 - ).

Hence, the theorem follows. O
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Theorem 3.5. Let f, g : I — (0,00) be continuous, sub E-functions on I, a, b €
I with a < band «, > 0 with a + = 1. Then the following inequality holds:

/abf(x)g(x)dx > MO;JfQ(a)g(cl) {exp W _ 1]
b g @ Mol o]

Proof. Since f,g are sub E-functions on I, from Definition 2.2, we have that
Ve,y el

(3.10) f@) > f(y)exp {@—y%ﬂ,
(311 ox) > gly)exp [@—@%],

where M, ; is a fixed real number depending on y, f. Multiplying both sides
of (3.10) and (3.11) by ag(x) and 5f(z) respectively and adding the resulting
inequalities, we get

(3.12) f(2)gle) = ag(@) () exp | (@ —1) 2 | 1 B (@)g(y) exp | (2—y)

by taking y = a in (3.12), we get

M, .
Fo | A @@ esp | (r—a) 8|

Integrating both sides of (3.13) with respect to x from a to b, we get

(3.13) f(2)g(x) > agle)f(a) exp | (@ —a)

[ @wan = as@ [ oo [w-a 5zt asow [ e [e-oXe]

Let ¢1, ¢ € (a,b), by using integral form of mean value theorem, we get

/ab f(z)g(z)dx > af(a)g(cr) /ab exp [($ —a) Ma’f} dz + Bg(a) f(c2) /ab exp [(:1: — a)Ma’g} dz,

fla) g(a)
o« M, (b —a) g M, 4(b—a)
= 3Pt e AL 1 o ga) ) exp e
Hence, the theorem follows. O

Theorem 3.6. Let f : I — (0,00) be sub E-function on I, g : I — (0,00) be
concave E-functionon I, a,b € I with a < band a > 1 with o+ 3 = 1. Then the
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following inequality holds

b a+b b a-+b M(“T“’,f)
[ 1@atois 2 ar 3 [Catwew - T ]dw
a+b, [ [ a+b M(an )
+ By 5 )/Qf(x)exp -(x— 5 >9(a7+b) ]dm

Proof. Since f is sub E-function on [ and g is concave E-function on /, we have
that Vo, y € 1

(3.14) f@) > f(y)exp {(x—y%ﬂ,
(3.15) ox) < gly)exp [@—@%],

where M, ; is a fixed real number depending on y, f. Multiplying both sides

of (3.14) and (3.15) by ag(x) and 5 f(z) respectively and adding the resulting
inequalities, we get

— % x ex xr— My
(3.16) F(2)g(o) = agle)f(n)exp | (a0 | + 85 @hatw) x| (o) 222 .
By taking y = atb in (3.16), hence
a-+b [ a+b M(%*b,f)_
f(@)g(z) = ag(z)f( ) exp _(96— 5 >f(“7+b)
a [ a M atb g
(3.17) o @ ep | o — 0 M)
i 2 9(%5°)

integrating both sides of (3.17) with respect to = from a to b, we get the desired
inequality

b a+b. [P a-+b M(%bf)
[ t@o@is = as(52) [Cawes (o= ) e ]dm
(I+b b a+b M(%“’,g)
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Theorem 3.7. Let f,g: I — (0,00) be sub E-functions on I, a,b € I with a < b
and «, > 0 with o + 3 = 1. Then the following inequality holds

b atb. [ [ a b Mg )
/af(x)g(ﬂf)dﬂf > af( 5 )/ag(x)exp (z — 5 )f(%b) ]dI
a+b M(%,g)

) (a;)]d:c

S

S)

S

a+

2 [ e -

+ By(

=

2 'y

Proof. Since f, g are sub E-functions on /, from Definition 2.2, we have that
Ve,yel

(3.18) f(x) > f(y)exp [(w—y)%%}
(3.19) o@) > oly)exp [@_y%ﬂ,

where M, ; is a fixed real number depending on y, f. Multiplying both sides
of (3.18) and (3.19) by ag(z) and 5 f(z) respectively and adding the resulting
inequalities, we get

(3:20) fa)glo) = ag()f ) exp |(o-0) 124 48 @atw e | (2-0) 22

By taking y = % in (3.20), hence

(%b,f
f(z)g(z) = ag(e)f(=——)exp _(;c— 5 )f(“TH’)
a-+b | a+b M(“T“’y)
(3.21) + Bf(@)g(——)exp _(x— 5 )g(%b) :

b a+b. [P [ a+b M(“T“’f)
| 1@ > ar® 32 [Coaen (o= ) ey | &
a+b, [ [ At b Mlen )]
+ o) [ e |- -G ar
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Theorem 3.8. Let f, gand h : I — (0,00) be sub E-functions on I and a,b € I
with a < b. Then the following inequality holds

b
3 / £(2)g(x)h(z)dz

oA

a+b b i a+b M(%”,f
) [ gtehta)exy =5
by i b Mz,

o0 [ semwen |- e
g b Map)]

W [ et |- SEH =B

dx

dx

dzx.

Proof. Since f, g and h are sub E-functions on I, from Definition 2.2, we have

Ve,y el

(3.22)

(3.23)

(3.24)

Fe (e - 032,
oo (o= )32 |
h(y) exp {(l’ —y) ]}\f(‘z;] ,

multiplying both sides of (3.22), (3.23) and (3.24) by g(z)h(z), f(z)h(x) and
f(z)g(z) respectively and adding the resulting inequalities

3f(x)g(x)h(x)

(3.25)

v

g(@)h(2)F(y) exp |
F@)h(x)g(y) exp |

F(@)g(@)h(y) exp |
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Now, if we choose y = ath in (3.25), we obtain
at+b. [ atb Mlap )]
3f(@)g(x)h(z) = g(x)h(z)f(——)exp |(z ) e
2 I 2 7 (%57 ]
a+b [ a+b M(# g)
+ f(x)h(fl:)g( 2 ) eXp _(iU 2 ) g(aTH))
a+b, | a+bﬂﬂ%u)
(3.26) R e O e Ty
Integrating both sides of (3.26) with respect to x from a to b, we get
b a+b, [ g+ b M(ap )]
3 [ fa@ga@n@ir > 150 [g@nen |- 52
a 2 i 2 f(T)
a+bt/ a+bﬂﬂ¢%)
f(z)h(x)exp - )—— dx
27 g(%5)
a —|— b / a+b M(aze h)
f(z)g(z)exp ) | dx.
2 7 h(%) |
Hence, the theorem follows. O

Theorem 3.9. Let fi, fo....,
a,b € I with a < b. Further, let oy, s, ...,
following inequality holds

frnand h : I — (0,00) be sub E-functions on I and
an, > 0 with >~  a; = 1. Then the

a+b a+b M)

/Hfz jir 2 s [ pw ). e @ -4 ety |
b M (atb 1

(Y / Fi@) o) ful)exp | (2 — 20 fj@f;)_ da

a+b, [° a+b M(as p,)

# auful 57 [ AR S e |-
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Proof. Since fi, fa, ..., f, are sub E-functions on I, we have Vz,y €

(3.27) fi(x) > fi(y)exp [( )]}ﬁﬂ
(3.28) fo(x) > faly)exp [( )%‘z’f)}

. Myfn
(3.29) folx) > faly)exp {( >fn( )1

Multiplying both sides of (3.27), (3.28),... and (3.29) by «; fo(x) f5(2)... fu(2),

asfi(x) fs(x)...fu(z) ..., and a, f1(x) fo(z)... fu_1(x) respectively and adding the
resulting inequalities

Hfl > oy fo(z) f3(x)... fu(x) f1(y) exp {( )My,fl}

fi(y)
b (@) fo(@) o fo) foly) exp [( )J}j@(j f)}
(3.30) + apfi(x) fa(x)... fao1(x) fu(y) exp {(:p _ y)%} '

. b
Now, if we choose y = ot

in (3.30), we obtain

a+b [ a+b Mepy,
Hfz > a1f2 )f3(x)fn( )fl( )eXp _(I— 9 )fl(aT-i-b)_
a b [ a b M‘ib 2_
+ aafi@) o) fule) (7 exp (o= e
a a Mags
B3D 4 @) fale)fur (@)D exp [@f— > f(i_i’;]

Integrating both sides of (3.31) with respect to = from a to b, we get the desired
inequality. O
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