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ON EXTENSION OF PRIME RADICAL IN 2-PRIMAL NEAR-RINGS
B. ELAVARASAN, K. PORSELVI !, AND J. CATHERINE GRACE JOHN

ABSTRACT. In this paper, we study some characterizations of prime radical in
2-primal near-ring and introduce the notions of &7 s -Baer ideals and strongly
&Z_y-Baer ideals in 2-primal near-ring. Some equivalent conditions are estab-
lished for &_, -Baer ideal to be a strongly &_4 -Baer ideal.

1. PRELIMINARIES

Throughout this paper, .#” denotes a zero symmetric right near-ring and all
prime ideals are assumed to be proper in .4". For any undefined concepts and
notations, we refer to Pilz [6]. Let &2, denote the prime radical of .4, for
any ideal L of .4, P(L) denote the prime radical of L. and .#'(.#") the set of
nilpotent elements of .4#". An ideal P, of ./ is prime if for any ideals U,V of .4,
UV C P, implies U C P, or V C P,. An ideal M of .4 is semiprime ideal if
for an ideal K of .4, K* C M implies K C M. An ideal J of .4 is completely
prime if for any v’,v" € A7, v/v' € J implies either ' € J or v/ € J. An ideal
J of .4 is completely semiprime if for any v € .4, v*> € J implies u € J. For
any non-empty subsets R, S of .4", we denote the set {n € A4 : nS C R} as
< R:S > .Foreveryideal ; and K C .4, < ); : K > is maximal element
among {< Q; : Q1 >: Q1 C A, <Q;: Q1 ># A}ifandonlyif < Q; : K >#
A and < Q; : K >C< Q; : T ># 4 implies that < Q; : K >=< Q; : T >
for any subset T of .4 [3]. If < I, : K; > is the maximal element among
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{< L : K >: Kt C A, <IL: K ># ./} then there is ¢; € 4 with
c1 ¢< I : K; > which implies c1k; ¢ Iy and < [ : K7 >C< I} : ky ># A for
some k; € Ki\[;. So < I : Ky >=< I; : ky > . If 4 has only one nilpotent
element 0, then .4 is reduced. If &, = A (4), then .4 is called 2-primal,
see [1]. Clearly, every reduced near-ring is 2-primal, but 2-primal near-rings are
not necessarily to be reduced, see Example 1.1 of [4]. If .4 is 2-primal, then
Z 4 is a completely semiprime ideal.

In [7], T. P. Speed has introduced the notion of Baer ideals in a commutative
baer ring and later in [5], C. Jayaram has generalized baer ideals to a commuta-
tive semiprime ring and investigated properties of baer rings, regular rings and
quasiregular rings by using baer ideals.

Following [5], an ideal J of .4 with &2, C J is & ,-Baer ideal if x € J
implies < &, < &, : x >>C J. Also, an ideal J of 4 with &, C J is
strongly & ,-Baer ideal if for any a;,b1,¢; € A, < P4 a1 > N < Py
by >=< Py : ¢, >and ay,b; € J imply ¢; € J. A subset M(# ¢) of A4 is a
multiplicative subset if 0 ¢ M and for ay,b; € M implies a1b; € M. Let D =
{caeN <Py >= Py} Then £, N D = ¢ and D is a multiplicative
closed subset of .#". For any multiplicative closed subset S of .4, we define
O(S) = {c1 € Ners € & for some s € S}. For each multiplicative closed
subset S of .47, O(S) is a & y-Baer ideal of .4#". An ideal J of .4 is an & ;-
ideal if there exists a multiplicative subset M; of .4" such that J = O(M;). Let [
and J be ideals of .#" with J C I, [ is a J—ideal of 4" if I = O(M;) for some
multiplicative subset M; of 4. If .4 is 2—primal, then each minimal prime
ideal is &2 ,-Baer ideal. Indeed, if ¢; € P;, where P, is minimal prime, then, by
Theorem 3.5 of [4], < &4 : ¢1 >Z P, which implies < &2 :< P : ¢; >>C
Py, so P is & ,-Baer ideal. Every & ,—ideal is a strongly & ,-Baer ideal, and
every strongly & ,-Baer ideal of .4 is a & ,-Baer ideal, see Lemma 2.2. For
any subset T"of A", < & 4 : T > is a strongly & ,-Baer ideal of ./".

Clearly intersection of strongly &2 ,-Baer ideals (resp., &2 ,-Baer ideals) is
again a strongly & ,-Baer ideal (resp., &2 ,-Baer ideal). It should be noted that
our definition of strongly &2 ,-Baer ideal( & ,-Baer ideal) will coincide with
that of Jayaram (1984) in a commutative semiprime ring.
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2. MAIN RESULTS

Theorem 2.1. If .V is zero-symmetric and if P" is an ideal of ¥, then the state-
ments given below are equivalent:
(i) P"is prime,
(ii) For any ci,co € N, ¢y < ¢ >C P" implies ¢c; € P" or ¢ € P”,
(iii) If Ay, As, ..., A, are ideals of A, then A1 As...A,, C P" implies A; C P” for
some i.

Proof.

(i)=-(ii) Suppose ¢; < co >C P” for some c¢;,co € 4. Then ¢; € (P" :< ¢; >).
Since (P” :< ¢; >) is anideal, < ¢; >C (P” :< ¢ >) and hence < ¢; >< ¢y >C
P"” which implies < ¢; >C P" or < ¢y >C P".i.e.,c; € P"orc, € P".

(ii)=-(iii) Let A, A, ..., A, be ideals of .4 with A;A,...A,, C P” and suppose
that A, ¢ P”. We claim that A;A4,...A,_1 C P". Let ¢; € A;A,... A, and let
o € A \P". Then ¢; < ¢ >C P”. Since ¢, ¢ P” by (ii), we have ¢; € P”.
Thus A;A,...A,,—1 C P”. Suppose A, _; € P”. Then as eariler we can show that
A1As...A,_5 C P". Proceeding in this way we get (iii).

(iii)=-(i) It is obvious. O

Lemma 2.1. If ./ is 2-primal, then for any Z' C N ";¢1,¢c0 € N, we have
D) <Py . Z>=< Py <2 >and 7' C< Py < Py : 7' >>,
() < Py < Py :cieco>>=< Py < Py :c >N Py < Py :
Co >>,
(i) Ifcico € Py, then < Py i1+ o >=< Py :c1 >N< Py :cy>.

Proof.

@D ForteN,te< Py 7 > ¢ al CPy < a<Z >C P, <
a €< Py < Z >> . Alsoif g € Z', then forany t e< & 4 : Z' >, we have
te, € & 4 which impliesc; €< Z < P . 7' >> .

) Clearly < 4 < Py :c; > N< Py < Py >>C< Py <
DLy cieg>> . Ifte< Py < Py :cicog >>,thent < P4 i cico >C P 4, SO
forae< Py 00 >C< Py :cico>and be< Py ey >C< Py crep >, ta €
Pyandthe P,y implyt e< Py < Py 1 >>N< Py < Py :cg>>.
So< Py <P y:cieca>>=< Ly < Py:c;>>N< Py < Py:co>>.

) Ifte< Py :ci>N< Py :cy >, thente, € &4 and tey € & 4 which
imply t(c; + ) € Zy. Thust €< Py 11+ ey > I s €< Py i 1 + ¢y >, then
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s(c1 4+ c2) € & implies s(c) + c2)ce € &4 and s(cy + c3)c; € P . Since cicp €
Py, wehave sca € P and sc? € & . Since & 4 is completely semiprime, we
have sc, € & 4 and sc; € & 4 whichimply s e< Z, :c; >N < Py o > .
Therefore < Py i1+ >=< Py :c; >N< Py iy > . O

Theorem 2.2. If A is 2-primal, T ={< Py :Q >: QC N, < P, :0Q >#
NYand S C A with S ¢ & 4, then the statements given below are equivalent:
() <&, .S >is maximal among T,
(i) < £ : S > is completely prime,
(iii) < & 4 : S > is minimal prime.

Proof.

(1) = (i7) By assumption, Jy € S\Z, : < P4 : S >=< X :y > . Since
<Py y>C< Py:y*>andy® ¢ Py, < Py y>=< Py :y*> . Ifabe<
Py y>and a ¢< P :y > for some a,b € A, then < & 4 : ya ># AN . By
the maximalityof < &2, : y >, wehave be< L 4 1 ya >=< P 4 1y > .

(74) = (vii) Suppose that @) is prime with Q C< Z, : S > . Lety € S\Z 4
andae< 2, :S>.Then< a ><y > £, C Q. Since y*> ¢ 2 ,, we have
a€Q.S0Q =<y :S5>.(iii) = (ii) It follows from Corollary 1.3 of [2].

(1) = (i) Suppose that < & : S >C< P : T ># 4. Then thereisy € T
such thaty ¢ & . Letae< &,y :T > .Thenay € 4 C< P4 = S >, s0
a €< Py:S>orye< Py :S>.Sincey? ¢ P, wehavey ¢< P2, : S >.
Thusae< £, : S >andhence< &£, : S >=< L : T > . O

Theorem 2.3. If .4 is 2-primal, then the maximality and minimality conditions
of the elementsontheset T = {< Py : Ay >: A, C N, <Py : A ># N}
are coincide.

Proof. Suppose a.c.c. holds on the set T'and let < &7, : X; >D< &, : Xy >D
... be a descending chain on the set 7. Then < &, < &, : X1 >>C< P 4 <
Py Xy >>C ... is an ascending chain, which ends after finite steps.

Since < P < Py < Py X; >>>=< X, : X; >, so the descending
chaiin< £, < Py < Py : X1 >>>0< Py < Py <Py :Xy>>>D ...
or the chain ends after finite steps. Similarly we can prove the converse part. [

Theorem 2.4. For any A # & 4, the statements given below are equivalent:
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(i) A is 2-primal and, for every ¢; € N\, < P4 : ¢ > is contained in
some maximal element among T = {< P : X, >: X, C AN, < P, :
Xn ># N},
(ii) The number of minimal completely prime ideals P;, i = 1,2,...,n with
ﬂ P, =%, of A is finite.
=1
Proof.

i) = ii) Assume that cic, € & 4 for some ¢; € S/ \P and ¢ € N \P 4.
Then there is a maximal element < &, : ¢3 > in T such that ¢; € A4\ <, and
L ES Py icog >C< Py i c3 > . By Theorem 2.2, < &, : ¢3 > is completely
prime ideal. Consider the set of all distinct minimal completely prime ideals P,
of /" where P, =< Py :z,>(a€l)and z, € /'\Z y.Let P = ﬂ P,. Then

acl
20 €E< Py P,>and < Py : P, >C< P, : P >foralla € 1.

We now claim that &2, = P. If not, then there is a maximal element <
Py zzg>inTwith z3 ¢ /\Pyand < P,y : P >C< Py 25 > . So
Py =< P, : z5 > for some € I, but z3 €< &, : P >, we have z3° €
28 < Py P >C 25 < Py 25 >= 23P3 C P4, a contradiction. So
P = ﬂ P, = 2 . We now prove that |/| is finite. If not, then for some o, € I,

acl
< Py : za, > is not contained in all < & 4 : z, > which implies z,, z, for all

a(#£ 1) € I. Take some ay € I, < Py 1 2o, >L< Py : 2z, > Which implies
Py 20, >5C< Py 20, >N< Py 240> U< Pz, >N< Py
Zay >F# Py, then we have a descending chain < &2 : z,, >D< Py : 24, >
N< Py zgy >D . (20, + 20,) € Py, thentz,, € P, and tz,, € Py.
This shows that < &2 : 2., > N < Py 24, >=< Py : 2oy + Zay, > . SO
the obtained descending chain < &, : z,, >D< £, : 24, + 24, >D ... DOt
terminated, a contradiction to Theorem 2.3. Hence |/| is finite.

(i1) = (1) It is trivial as A"/ & 4 is reduced. O

Lemma 2.2. Let N; be an ideal of a 2-primal near-ring A with &, C Ny. If Ny
is strongly &2 ,-Baer ideal, then N, is a & ,-Baer ideal of .A".

Proof. Let N; be a strongly & ,-Baer ideal of .#". For ¢; € N; and let ¢, €<
Py < Py :cg >>.Wenow prove that < & 4 : ¢; >=< P4 : c1c5 > .
Clearly < Z 4 : ¢y >C< Py 10 > . Leta €< P4 . cico > . Then acy €<
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Py ey >.8incecy < Py:c >C Py, wegetacs € P implies acy € 2 4,
soae< Py :cg>.Thus< Py 1y >=< X 4 :cico > and hence ¢, € N;. O

Lemma 2.3. If Q is an ideal of a 2-primal near-ring A with &, C @, then the
statements given below are equivalent:

(1) Qis & y-Baer ideal,

(ii) Forany ci,co € N, < Py i c1 >=< Py i >and ¢; € Q imply c; € Q,

(i) Q= <Py < Pyici>>.

c1eQ
Proof.

(i) = (¢i) and (i17) = (i) are evident.

(1) = (i4i) For any ¢; € Q and ¢ €< P < P4 : ¢, >>, we have <
Py >C< Py icpg >and < Py ¢y >=< Py ¢ > U < Py
Co >=< Py :cicog >aS ¢y < Py : ¢y >C P ,. Since cico € (), we have
¢ € Q. So, U < Py < Py :cp >>C Q. Since for any ¢; € .4, we have

c1EQ
L ES Py < Py ey >>.Thus Q C U < Py < P,y :c; >>and hence
c1€EQ
Q:U<<@Jy:<3@ﬂ:c1>>. O

c1€Q
Lemma 2.4. If Q) is a & y-Baer ideal of a 2-primal near-ring .4, then Q =

Py (Q).

Proof. Let c; € & 4(Q). Then, by Proposition 2.94 of [6], we can find a positive
integer n such that ¢ € Q. Since .4 is 2-primal, we get < £, : ¢, >=<
Py > . By Lemma 2.3, we have ¢; € Q. Thus & ,(Q) C @ and hence
Q=2,(Q). O

Corollary 2.1. For every strongly & ,-Baer ideal ) of a 2-primal near-ring A,
we have Q = 2 4(Q).

Proof. It follows from Lemma 2.2 and Lemma 2.4. O

Theorem 2.5. If I, is a reflexive ideal of .# and P" is prime with I; C P”, then
the statements given below are equivalent:
(i) P” is a minimal prime,
(ii) Forevery a € P’ there exist x; € A\ P" such that a"z a" r9a223...x,a!" €
I,, where t.s are positive integers with t, and t,, allowed to be zero.
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Proof.

(i) = (ii) Let a € P" and T = {a"xia"x9a"2x3... 2,0, where z; € A\ P”
and t.s are the positive integers with ¢, and ¢,, allowed to be zero}. Then F' =
T U (A \P") is a multiplicative closed subset of 4. If [; N F = ¢, then, by
Proposition 2.1.6 of [1], there exists a proper maximal ideal M; with MiNF = ¢.
Since a ¢ M, we have M+ < a >= .4 which implies b+ ¢ = 1 for some b € M;
and ¢ €< a > . Since a € P”, we have b € #/\P". Sob e M;NF # {¢}, a
contradiction. Thus I N F' = ¢ and hence I, N T # {¢}.

(i1) = (i) Suppose that K is a prime ideal with I; C K C P”. Then for any
a € P", there are x; € 4"\ P” such that a"z 4" zoa2x3...x,a' € I} where ts are
positive integers with ¢, and ¢,, allowed to be zero. Since I, is reflexive ideal, we
have < a >< 7, >< a >"< 29 > ... < 1, >< a >"C [} C K which implies
a € K. Thus P” C K and hence P” is a minimal prime. O

Lemma 2.5. Let .4 be a 2-primal near-ring and K a & y-Baer ideal (resp.,
strongly & y-Baer ideal) of .#". Then each minimal prime ideal P of .4 containing
K is a & y-Baer ideal (resp., strongly & ,-Baer ideal) of A .

Proof. Suppose that K is & ,-Baer ideal and P is minimal prime containing K.
Let< Py :c; >=< Py : ¢ > and ¢; € P. Then by Theorem 2.5, there exist
x; € A \P such that ¢z, zyc?as...0,c" € K where ts are positive integers
with ¢, and ¢, allowed to be zero. Since < £, : zix9...x,c1 >=< P, :
T1Tg.. TpCy >=< Py : La il wycPas.. x,clr > and K is & ,-Baer ideal, we
have x,x5...x,c0 € K and so z125...x,¢co € P. Consequently ¢, € P as s are not
in P. Therefore P is a & ,-Baer ideal. O

Corollary 2.2. Let ¥ be a 2-primal near-ring. Then every & ,-Baer ideal (resp.,
strongly & y-Baer ideal) of .V is the intersection of every prime & ,-Baer ideals
(resp., prime strongly &2 ,-Baer ideals) containing it.

Proof. It is evident from Lemma 2.4 and Lemma 2.5. 0

Lemma 2.6. Let ./ be a 2-primal near-ring and ) be a &2 ,-ideal of .# . Then
every minimal prime ideal belonging to () is a minimal prime ideal of 4.

Proof. Let () be a & ,-ideal and P a minimal prime ideal belonging to ). Then
Q) = O(K) for some multiplicative subset K of .4 and @ is reflexive. By
Theorem 2.5, we claim that for each ¢ € P, there exist z; € .4\ P such that
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¢°x1q" veq?xs.. w0 g' € P 4, Where t.s are positive integers. Let ¢ € P. Then,
by Theorem 2.5, there exist z; € .47\ P such that ¢"x1¢" xo¢™x3...0,¢'" € Q =
O(K), so ¢"°x1q¢"" 12¢"2x3...0,q'"d € P 4 for some d € K. Since .4 is 2-primal,
we have ¢ < d >< 21 >< 19 > ... < x, >C #Z . Clearly PN K = ¢ and
therefore < d >< 2y >< 2y > ... <z, >Z P. So there exists y €< d >< z1 ><
x9 > ... < x, > \P such that qy € & ,. Hence P is minimal prime. O

Lemma 2.7. Suppose that for each u € A, there is v € A such that < & 4 :<
Py u>>=< Py :v>.Thenevery & ,-Baer ideal is strongly & ,-Baer ideal.

Proof. Assume that for each u € .4, there is v € A4 with < &£, < &, :
u>>=< 2,4, :v>.LetQbea ?,-Baeridealof /" and < &P, :¢; >N <
Py g >=< Py :c3 > for ¢, co € Q. By assumption, there exist ¢}, ¢, € A
with< P,y <Py c1>>=<Py:d>and< Py < Py :cy>>=< Py :
¢y >.8incec) €< Py < Py :cp >>and g €< Py < Py g >>, We
have ¢;c}, 00y, € P 4 and ¢1 + ¢, o + ¢, € D. Suppose c3 ¢ ). By Lemma 2.4,
there is a prime & ,-Baer ideal P of .4 such that ) C P and c¢3 ¢ P. Since
c3cicy € Py, we get ¢ € P or ¢, € P. But in either case we have PN D # ¢,
as P is a & ,-Baer ideal. Thus ¢3 € @ and hence @ is a strongly & ,-Baer
ideal. O

Theorem 2.6. If ./ is a 2-primal with identity, then the statements given below
are equivalent:
(i) Every ideal of .4 containing & 4 is a & y-ideal,
(ii) Every ideal of .4 containing & 4 is strongly & ,-Baer ideal,
(iii) Every ideal of .4 containing & y is & y-Baer ideal,
(iv) Forany s,t e /', < Py : s >=< P 4 :t > implies < s >=<t >,
(v) Forany s € A ,we have s + s> € &2 .

Proof.

(1) = (i7) Let K’ be an ideal of .#". Then K’ = O(R') for some multiplicative
subset R of 4 . Letci,co€e K'wWith< &, :c; >N< Py o >=< Py : 2>
for some z € 4. Then c;s1,c28, € £ 4 for some s;,5, € R'. Since s1,8, € R’
and s159 €< Py g > N < Py @ cg >, we have (s159)z € & 4. Thus
z = O(R') = K" and hence K’ is a strongly & ,-Baer ideal of ./".

(74) = (417) It is evident from the fact that each &2 ,-ideal of .4 is a strongly
2 ,-Baer ideal of 4.
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(14i) = (iv) It is trivial as every strongly & ,-Baer ideal of .4/ is & ,-Baer
ideal of 1.

(iv) = (v) Foreachs € 4, < Py : s >=< Py : s> > . By (iv), < s >=<
s? > which implies s + s> €< s > + < 52 >C P2 .

(v) = (i) Let I, be an ideal of A4 with &2, C I, and lett¢ € I,. Then (1+1¢)t €
Py Takel,={x e N <Py :2>C< Py :<Py:x> forsomezEe€ I}
Then I, is a multiplicative closed subsetof .4/ and < &2, : t >C< &, :< P 4 :
14+t >>whichimply 1 +¢ € [, and t € O(l,), so I; C O(l,). Let r € O(I,).
Thenrs e &, forsomes € [, with< &, : 2 >C< &£, :< P 4 : s > for some
z€.By (v), (1+2)z¢€ P,y impliesl + 2z €< Py < Py : s >> . Since
re< Zy:s>,wehave (1+2)r =r+ zr € &, C I, which implies r € I;.

Thus O(1,) C I; and hence [, is & ,-ideal. O

Theorem 2.7. If 4" is 2-primal, then the statements given below are equivalent:

(i) For any ¢; € A, thereis ¢ € A such that < &P, :< Py : ¢ >>=<
Py ey >,
(ii) Every & y-Baer ideal of .4  containing & 4 is an & y-ideal,
(iii) Every strongly & ,-Baer ideal of .4 containing &y is an & y-ideal,
(iv) For X C /4, < Py : X >isan & y—ideal.

Proof.

(1) = (i7) It is evident from Lemma 2.7 and Theorem 2.6. (ii) = (iii) = (iv)
are obvious. (iv) = (i) Let n € I. Then by (i), < Z 4 :< P4 :n >>= 0O(95)
for some multiplicative subset S of .4 and ns € &, for some s € S which
imply < 4 < Py :n>>C< Py iy > . Also< Py y >C O5) =<
Py < Py:n>>.Therefore < P < Py :n>>=< Py :y>. O
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