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HYBRID IDEALS IN SEMIRINGS
B. ELAVARASAN! AND Y. B. JUN

ABSTRACT. In this paper, we introduce the notions of hybrid ideals, hybrid
k—ideals and hybrid k— closure in semirings, and investigate some of their
properties.

1. PRELIMINARIES

In 1965, Zadeh [12] introduced the concept of fuzzy subsets and studied their
properties on the parallel line to set theory. In 1967, Rosenfeld [10] defined the
fuzzy subgroup and gave some of its properties. Rosenfeld’s definition of a fuzzy
group is a turning point for pure mathematicians. Since then, several authors
have been pursued the study of fuzzy algebraic structure in many directions
such as groups, rings, modules, vector spaces and so on. As a new mathematical
tool for dealing with uncertainties, Molodtsov [9] introduced the soft set theory.
In the past few years, the fundamentals of soft set theory have been studied
by various researchers. As a parallel circuit of fuzzy sets and soft sets, Jun,
Song, and Muhiuddin [7] introduced the notion of hybrid structure in a set of
parameters over an initial universe set, and applied it to BCK/BCI-algebras and
linear spaces.

Later in 2017, S. Anis, M. Khan and Y. B. Jun introduced the notions of hybrid
sub-semigroups and hybrid left(resp., right) ideals in semigroups and obtained
several properties [2]. The notion of hybrid structures and its properties were
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applied to semigroups and obtained many useful results (see [3], [4], [5] and
[8]). Following [2], in this paper, we apply the notion of hybrid structure to
semiring and introduce the notion of hybrid sub-semirings and different ideal
structures in semirings, and obtain their several properties.

Definition 1.1. [11] Let # #+ ¢ and + and . two binary operations defined on %.
Z is called a semiring if

(1) (#,+) is commutative semigroup,
(ii) (Z,.) is semgroup,
(iii) a}.(ah+ay) = af.aly+ a).afy ; (a) +ah).ay = a).a + ay.aly for all a), aly, afy €

K.
Throughout this paper & denotes a semiring and the power set of S is Z(.5).

Definition 1.2. Let J € P (#). J is called a left (resp., right) ideal of % if it
satisfies

D n+jped

(ii) zj; € J (resp., 1z € J) forall j,j2 € Jand x € Z%.
If J is both a left and a right ideal of %), then J is called an ideal of Z%.

Definition 1.3. [2] Let I = [0, 1]. A hybrid structure in % over U is a mapping

G = (g, p) - Z = PU) x I, ri = (§(r1), p(r1)), where g : Z — Z(U) and
w: % — I are mappings.

The collection of all hybrid structures in % over U is denoted by H(%). Clearly
(H(#),<) is a poset where relation < defined on H(%) as follows : For all
f],u,ilg € HZ%), g, < i:l/ﬁ if and only if ¢ C h,pu = 3, where § C h means that
§(t) C h(a}) and pu > 8 means that p(da}) > B(d,) for all a, € %.

Definition 1.4. [2] Let # be a non-empty set with a binary operation * and
G, € H(Z). §, is called hybrid subsemigroup with respect to x if it satisfies the
conditions g(s' ") D g(s')Ng(s") and u(s'xs") < pu(s') VvV u(s”) forall s',s" € %.

Definition 1.5. Let §, € H(Z). g, is called hybrid sub-semiring if g, is a hybrid
sub-semigroup of # over U with respect to both the binary operations addition and
multiplication.

Definition 1.6. Let g, € H(Z). g, is hybrid left (resp., right) ideal if it satisfies
the following assertions: for all a,a; € %,
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(i) g is a hybrid sub-semigroup of % with respect to +,

(D) g(aras) 2 §las) (resp., §laras) 2 f(ar)),
(iii) A(araz) < A(az)(resp., AM(araz) < A(aq)).

fx is hybrid ideal if it is both a hybrid left and a hybrid right ideal of Z.

Clearly every hybrid left(resp., right) ideal is hybrid sub-semiring, however
hybrid sub-semirings need not be hybrid left(resp., right) ideals as can be seen
by the following example.

Example 1. Let # = N and g, € H(Z) defined by
0 if z € (0, 5)
g9(x) =4[0,05] if z €[5, 7)
0,1 if7<ux.
Then for any constant mapping A\ : # — 1, g, is a hybrid sub-semiring of %, but
it is neither a hybrid left nor a hybrid right ideal of %. O

Definition 1.7. [2] For A € P (%) and g, € H(Z), xa(gy) is the characteristic

hybrid structure of A, defined as follows: x 4(gx) = (xa(g), xa(\)), where
U ifae A
¢  otherwise

xa(g) : Z — 2(U),a — {

and
0 ifae A

1 otherwise. '

XA()\):%’—>[,ar—>{

2. HYBRID STRUCTURES IN SEMIRINGS

Theorem 2.1. For any E € & (%), E is a sub-semigroup with respect to + if and
only if xg(h,,) is a hybrid sub-semigroup in % over U with respect to +.

If either y; ¢ E or 2y ¢ E (say y1 ¢ E), then xg(h)(y1 + 21)

Proof. Let E be a sub-semigroup of & with respect to +. For any z;, z; € Z.
2 ¢
xe(h)(y1) 2 xe(h)(y1) N xe(h)(z1) and xp(p)(y1 + 21) < 1 = xe(p)(y)

Vixe(w) (), xe(pw) (1)}

IA
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Ify; € Fand z; € E, theny,+by, € Eand so xg(h)(y1+21) 2 ¢ = xe(h)(y1)

XE(B)(Zl) and xg(1)(y1 + 21) = 0= V{xe(r)(y1), xe(r)(21)}. Therefore XE(;L
is a hybrid sub-semigroup in & over U with respect to +.

O DO

Theorem 2.2. For any L € (%) and f € H(Z#), we have L is a left(resp., right)
ideal of %) if and only if x1.(f,) is hybrid left(resp., right) ideal in Z.

Proof By Theorem 2.1, we have a; 4+ a; € x.(fy) for any ay,a; € xo(fy). Let
bl,bg EX. If bg §é L, then XL(f)(ble) 2 ¢ = XL(]j)(bQ) and XL(A)(ble) < 1=
XL(A)(b2). If by € L, then xr(f)(bib2) = U = xr(f)(b2) and xr(A)(bib2) = 0 =

x(\) (D). Therefore x(fx) is hybrid left ideal.
For converse, by Theorem 2.1, we have [, +1[, € Lforanyl;,ly € L.Forx, € #

and}/l € L, we have XL(f)(yl) = U and x.(A\)(y1) = 0 imply xr(f)(7131) 2
xo(f)(y1) = Uand xp(AN)(z1y1) <0 = xr(A)(y1) = 0. Thus 21y, € L and hence
L is a left ideal of Z. O

Theorem 2.3. For gy € H(Z), g is hybrid subsemiring if and only if ¢ # Lj :=
{11 €Z : §(x1) Deyand ¢ # LY} := {1 € Z : Nay) < t,} are subsemirings
forany e e Z(U)andt, € I.

Proof. Suppose g, € H(Z) is hybrid subsemiring of % over U. Assume that
Li # ¢ and L) # ¢ forany e € 2(U) and t; € I. Let ', s” € LS N LY. Then
(") 2 €,9(s") D€, A(s'") <ty and A(y) < t;. Since g(s' + s") 2 g(s') N g(s") D e
and \(s' + s”) < A(s') V A(s") <t imply &' + s € LN LY. Also g(s's”) 2
g(s)Ng(s") 2 eand A(s's”) < A(s') V A(s”) <ty imply s's” € L¢ N LY. Therefore
L¢ and LY are subsemirings of # for any e € #(U) and ¢, € I.

Conversely, assume that L{ # ¢ and L} # ¢ are subsemirings of % for all
(e,t1) € Z(U) x I. For ay,as € Z, let glar) = €,, and g(az) = €,,.

If we take € := €, N €4y, then ay,a; € L which implies g(a; + az) 2 € =
€ay N€ay = g(ar) N g(az) and g(ajas) D € = €4, Ne€q, = §(a1) N G(az). Also for any
s, 8" € X, let \(s') =ty and A\(s") = tg. Taking ¢, := ty Vty implies that &', s” €
LY. So s's" s’ + s" € L implies that A\(s's”) < t; =ty Vts = A(s') V A(s") and
A" +8") <ty =ty Vg = A(s") VA(s"). Therefore g, is hybrid subsemiring. [

Theorem 2.4. Let g, € H(Z). g, is hybrid left (resp., right) ideal if and only if
p# L ={a1eZ : gla) Deland ¢ # LY = {1 € Z : Ma) < 11} are left
(resp., right) ideal for e € 2(U) and t; € 1.
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Definition 2.1. For any g,, l}y € H(Z), the hybrid sum of ¢, and l}y in Z is
I ®hy=(G+h,\+7) € HR), where
) U {g(p;) N ﬁ(q])} if 3pi,q; € Z such that o’ = p; + q;
(G4 h)(d) = < a/=pi+q
10) otherwise
and
/\ \/{/\ pi),A(q;)} if 3pi,q; € X such that a' = p; + q;
(A + (@) = =k
1 otherwise
foralla' € %.

Theorem 2.5. Let ;l}\ = (ill,)q),ili = (iLQ, )\2), ;Li = (ilg,,ul) and ;L;i = (;L4,M2) be
elements in H(2%). If h} < I3 and h} < hY, then b} ® h3 < I? & h.

Proof. Letd' € #.1f o is not expressed as a’ = s” + s” for s', s” € %, then clearly
h o hl < fz?’ D ff‘. Assume that o’ = s’ + s” for some s, s” € %. Then

(h+ho)(d) = | {n(shnha(s)} € | {ha(s) Nha(s")} = (31 + G2) ().
a'=s'+s" a'=s'+s"
Also (M + X)) = A\ V) a6 = A V() (s} =
a'=s'+s" a'=s'+s"
(1 + p2)(d'). Therefore h & h3 < b3 & h. O

Theorem 2.6. For hy € H(Z), h, is hybrid sub-semigroup with respect to + if and
only lfil)\ D }Nl)\ < 77,)\.

Proof. Let h., € H(Z) be a hybrid sub-semigroup of #. Then h(s) 2 h(s) N h(a;)
and A(s) N )\(a,) < A($) V A(a;)} for all r € Z with s = a; + b;.

Now h(s) 2 | {h(a:) Nhb;)} = (h+ h)(s) and A(s) = A {Aa) Vv

s=a;+b; s=a;+b;

)\(b])} (A+ A)(s) forall s € Z. Soh+h C hand A\ < A + \. Therefore
h>\ D h)\ < h/\

Conversely, if iy @ hy < hy, then h(b; + a;) 2 h(b;) N h(a;) and \(b; + a;) <
A(b;) V A(a;) for any b;,a; € Z. O

Theorem 2.7. For any hy € H(Z), hy is hybrid sub-semiring if and only if hy &
iLA < iL)\ and }Nl)\ ® iL)\ < iL)\.

Proof. It follows from Theorem 2.6 and Theorem 3.12 of [2]. O
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Theorem 2.8. For any S,T € 2(%), xs(hx) ® xr(hy) = x(s:1) (7).

Proof. For any r; € %, if rl € S + T, then ro= s + t, for some s; € S and
ty € T.Now (xs(h)+xr()(r)) = [ {xs(B)@)Nxs(h)(z1)} 2 xs(h)(s1) N

ri=yi1+z1

xs(M)(t) = Uand (xs(\) +xrM)(r) = A\ VIxsM) xr(Az)} <

\/ sV (s1), xe(W)(t1)} = 0. .

So (xs(h)+xr(h))(r1) = x(s1m)(ha) and (xs(\)+xr(\)(r1) = 0 = x(s11)(A)(r1).
Suppose r, ¢ S+ T. Thenr; # sy +t; foralls; € Sandt; € T. If ry =y + 24
for some v, 21 S %’ then y1 ¢ S or 2y gé T.

(xs(h) + xr(h U {xs(h) (1) N xs(h)(21)} = ¢ = x(s4m) (1),
(xs(A) + x7(A /\ VAxs() (A1)} =1 = x(s+7)(A)(r1).

If ) # w1 + 2 for all yi, 21 € %, then (xs(h) + xr(h) (1) = ¢ = x(s11)(hn),
and (xs(A) + xzr(A)(r) =1 = x(s+1)(A) (1) )
In both cases, we have x5 (h)+x7(h)(r1) = x(s1m) (hy) and (xs(A)+xr(N))(r1) =
0= x(s+m)(A)(r1) for all r; € 2.
So XSN(BA)@XTGL)\) = (xs(h)+xr(h), xs(N)+xr(N) = (s (h), x5t (V)

X(s+1)(hx)- O

Following [6], a left (resp., right) ideal J of % is called left k—ideal (resp.,
right k—ideal) ifi € Jand v} € Z and ifi +v] € Jor v} +i € J, then v € J.
If J is both a left and a right k— ideal of %, then J is called a k— ideal of Z.

Definition 2.2. Let j, € H(Z). §, is said to be hybrid k—left (resp., k—right) ideal
of Z if g, is hybrid left(resp., right) ideal in % and satisfies the below conditions:

@ g(p ) (g(pi+s)Ug(si+pi)) Ng(s) = UL (s +50), g(se+ i)}, 9(s1)}
(i) pu(p;) < \/{,u i+ s1) A p(si+ pi), (s} for any p;, s; € Z.

If # is additively commutative, then the condition reduces to g,(p;) 2 §,.(p; +
¢;) N () and pu(p;) < \/{u(p: + ¢), 1(g;)}-

Example 2. Consider the semiring B = B(5, 3) (F.E.Alarcon and D.Polkoska [1]),
where + and . are defined in Table 1 and Table 2 respectively. Let f\ € H(Z) where
U = {1, ¢o, c3, ¢4}, which is given in Table 3.
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+l01 2 3 4 .lo1 2 3 4 7% f

0|01 2 3 4 0|0 0 0 0 O 0 U

111 2 3 4 3 110 1 2 3 4 1 {c}

212 3 4 3 4 210 2 4 4 4 2| {c1,c3)

3|3 43 43 310 3434 3| {csc5)

4|4 3 4 3 4 410 4 4 4 4 4 | {c1,ca, 5}
For any constant mapping \ : Z — I, f is a hybrid ideal in %, but not hybrid k—
ideal. O

Definition 2.3. [2] Let jx, h, € H(Z). Then f\ @ h., € H(Z) is the hybrid inter-
section of g, and 57 which is defined as follows:

aaMhy B — PU) x Ly ((§0h)(r1), AV T)(r1),
where gNh : # — P2 (U),r1 — §(r1)Nh(ry) and \V~y : Z — 1,11 — A1)V (r).

Theorem 2.9. For any fj, fzv € HZ). If fx and l~17 are hybrid k—ideals, then
fr @ h is also hybrid k—ideal.

Proof. For p;, s € Z, (fn ﬁ)(pz +s)N(fOR)(s1) = Fpi+s0) V(s + ) O f (1) 0
hst) € Fp) N R(ps) = (F N B (1),

Also, V{(AVY)(pits1), A7) (s1)} = VIV{ADits1), v(pitsi) ), VEA(s), v (s1) }H =
VAV + s1), A(s0) b, V{v(pi + s1),v(s1) } }- So fr M h, is hybrid k—ideal. O

Definition 2.4. Let f, € H(%). Then the hybrid k — closure f: of f, is defined as
follows For p; € %,

= J{fwi+a) N fla)} and y(p) = N {v(pi+a5) V(g;) ey € H(ZR).

G EX G ER

Clearly, f C ?and v C7.
Lemma 2.1. Let f7 € H(Z). Then }% is a hybrid ideal in % over U.

Proof For any p;, g; € %, we have
Fo) 0 fg) = U Fwi+s)n fsoyn U {Fi+r) 0 Flre)}

SIER rLEX
= |J {Foi+s)n fs)} 0 {F i+ ) 0 flre)}
S|, TkEX

= | i +5) 0 Fp+ ) 0 fls) 0 Fr))

S|, TkEX
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U {7+ a5+ (si+ ) 0 (st + 1) = Foi + ),

S|, TLEX
AlSO f pzq] U{f Dig; + xz) N f mz U pij + xz%)) N f(xl%) 2
tex T E€EX
U {F(pi +20)) 0 f(x:) = F(po).

Similarly, (pz%) > f(g)-
Also \/{7(p:), 7(a7)} = VE N\ (v + s) va(s)th N (g + ) V()

SIEXR rREX
=V A i+ 50 Vals) vl +r) V)b
S1,TKEX
<V A O+ a5+ s+ ) Valse+ 1) =3+ q5)-
S1,TLER
Hence f is hybrid ideal. O

Lemma 2.2. If g, is a hybrid k—ideal of % over U, then 57 = gy

Proof. Let §, be hybrid k—ideal. Then f](pz) ~( i+q;)NG(g;) and v(p;) < v(pi+

¢;) V 7(g;) for all p;, g; € % which imply j(p U {30 + ) N 3(g))} = 3-(p3)
0[
and 7 (p;) /\ {v(pi + ;) Vy(g5)} = v(pi)- So Egé nd y(p;) € v(pi)- O
G ER
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