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ON TRIGONOMETRIC TOPOLOGICAL SPACES
S. MALATHI' AND R. USHA PARAMESWARI

ABSTRACT. In this paper we introduce a new topological space, namely, Trigono-
metric topological space. A Strong trigonometric topological space is a topolog-
ical space in which two topologies Sine and Cosine topologies induced from the
given topology are coincide. Further, we discuss the properties of Interior and
Closure operators in Sine and Cosine topological spaces.

1. INTRODUCTION

In this paper, we introduce Trigonometric topological spaces. These spaces
are based on Sine and Cosine topologies. In a bitopological space we have
considered two different topologies but in a trigonometric topological space the
two topologies are derived from one topology. So, we observe that trigonometric
topological space is different from bitopological space. Also, we define interior
and closure operators in Sine and Cosine topological spaces and study their basic
properties.

Section 2 deals with the preliminary concepts. In section 3, Sine and Cosine
topologies are introduced together with their basic properties. The Trigonomet-
ric topological spaces are introduced in Section 4.
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2. PRELIMINARIES

Throughout this paper X denotes a set having elements from [0, 7]. If (X, 7)
is a topological space, then for any subset A of X, cl(A) denotes the closure of
A, int(A) denotes the interior of A. Further X\ A denotes the complement of A
in X. The following definitions are very useful in the subsequent sections.

Definition 2.1. A topology on a set X is a collection T of subsets of X having the
following properties:
@) 0, Xarein .
(ii) The union of elements of any subcollection of T is in 7.
(iii) The intersection of the elements of any finite subcollection of T is in 7.

The set X together with the topology 7 is called a topological space. The elements of
7 are called open sets. The complement of an open set is called a closed set. The set
of all closed sets in X is denoted by T°.

Definition 2.2. Let X be a topological space. Let A be a subset of X. Then the
intersection of all closed sets containing A is called the closure of A and is denoted
by cl(A). Also, the union of all open sets contained in A is called the interior of A
and is denoted by int(A).

3. SINE AND COSINE TOPOLOGICAL SPACES

In this section, we introduce the concepts Sine and Cosine topological spaces
and study their basic properties. Also, we discuss the properties of interior and
closure operators in Sine and Cosine topological spaces. We begin this section
by the construction of Sine topology.

Construction of Sine Topology. Let X be any non-empty set having elements
from [0, 7]. Let Sin X be the set consisting of the Sine values of the correspond-
ing elements of X.

Define a function f, : X — Sin X by f,(z) = Sin(z). Then f, is a bijective
function. This implies, f,(0) = 0 and f,(X) = Sin X. That is, Sin ) = 0.

Result 3.1. Let X be a set and A, B be subsets of X. Then A C B if and only if
Sin A C Sin B.

Proof. The proof is straight forward. O
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Result 3.2. The above result is not true for any subsets of [0,2n). That is, A=B
implies Sin A = Sin B is true for any subsets of [0,2x). But Sin A = Sin B
does not imply A=B. For; Sin{0} = Sin{n} = {0}, but {0} # {n}. Hence A=B iff
SinA = SinB is true only for [0, 7].

Notation 3.1. If 7 is a topology on X, then 7, denotes the set consisting of the
images under f of the corresponding elements of .

Result 3.3. Let (X, 7) be a topological space. Then 7, form a topology on f,(X).

Proof.

(i) Since 0, X € 7, we have f,(0), fs(X) € 7. Thatis, 0, fs(X) € 7s.
(ii) Let Ay, As,, A,, € 75. Then A; = f,(B;), where B, € 7 for i = 1,2,3,.
Since 7 is a topology, we have Ej B; € 7. This implies, f, (Ej BZ-> € T,
=1 =
That is, U fs(B;) € 7s. Therefore, |J A; € 7s.

i=1

(iii) Let AI,AQ,,A € 75. Then A; = f,(B;) where B; € 7 for: = 1,2,,n.
Since 7 is a topology, we have [\ B; € 7. This implies, f (ﬂ B, | €T,
=1

i=1

That is, () fs(B;) € 7s. Therefore, (| A; € 7,. Hence 7 is a topology on

i=1 i=1

fs(X).
O

Definition 3.1. Let (X, 7) be a topological space. Then T, form a topology on
fs(X). This topology is called a Sine topology of X. The space (fs(X), 7s) is said to
be a Sine topological space corresponding to X.

That is, T, form a topology on SinX. The elements of T, are called Sin-open sets.
The complement of Sin-open set is said to be Sin-closed. The set of all Sin-closed
subsets of SinX is denoted by T.

Example 1. Let X = {0, %, 7, 2} with topology 7 = {0,{0},{5},{0,5},{0, %},
{0,%,%3}, X}. Then SinX = {0, =, 2,1}

Ts = {(ba {0}7{§}a{0 } {Oa \f} {Oa 2 a\[} SZTZX}

Here the sets (), {0}, {f} {0,% ¥3y {0, f} {0,%° ,f} SinX are called Sin-open
sets & The Sin-closed sets are (), {1} { 1}, {\/5,1} {0, 2,1} { 12,1},SmX.
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Construction of Cosine topology. Let C'osX be the set consisting of the Cosine
values of the corresponding elements of X. Define a function f, : X — Cos X
by f.(z) = Cos x. Then f. is bijective. Also, f.(0) = 0 and f.(X) = CosX. This
implies, Cos) = (.

Let 7., be the set consisting of the images (under f.) of the corresponding
elements ofr. Then we have,

s (ﬂ An> = ﬂ Cos(A,)&Cos (U A ) = U Cos(A
n=1 n=1
CosX\CosA = COS(X\A),
ACB & (CosAC CosB.

Using above facts, we can easily prove that 7., form a topology on CosX.
This topology is called Cosine topology (briefly, Cos-topology) of X. The pair
(CosX,1.) is called the Cosine topological space corresponding to X. The el-
ements of 7., are called Cos-open sets. The complement of the Cos-open set is
said to be Cos-closed. The set of all Cos-closed subsets of C'osX is denoted by 7.

For Example, let X = {0, 7,7} with topology 7 = {0,{5},{0,5}, X}. Then
CosX = {1, 5,0}, 7es = {0, {5}, {1, 0}, CosX}. Here the subsets 0, { 75}, {1,0},
CosX are Cos-open sets.

The Cos-closed sets are (), {J%}’ {1,0},CosX.

That is, 75, = {@,{\%},{1,0},005)(}.

> 'cs

Definition 3.2. The topology ™ on X is said to be a Strong trigonometric topology
if its Sine and Cosine topologies are coincide. That is, if T, = 7., then 7 is said to
be a Strong trigonometric topology. The space X together with this 7 is called a
Strong trigonometric topological space.

Definition 3.3. Let X be a set having elements from [0, ] and 7 be the topology
on X. If 7, and 1., are exist and unequal, then 7 is said to be Weak trigonometric
topology and the space (X, 1) is called a Weak trigonometric topological space.

Example 2. Let X = {0, %, 7, %, 7} with topology
T={0.{55 {3 {5 3} {6 371} X}

Then SinX = CosX = {0, % 55 2 , 2,1}. Also, 7, = T.,. This implies, T is a
Strong trigonometric topology. Hence (X, T) is a Strong trigonometric topological
space.
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Let X = {0,%,5,%, 5} Then clearly, 7 = {0,{3},{5. 5,5}, X} is a topology
on X. Here SinX = CosX but 7, and 1., are unequal. Therefore, T is a Weak
trigonometric topology and the space (X, 1) is a Weak trigonometric topological

space.

Remark 3.1. Every Strong trigonometric topology (resp. Weak trigonometric topol-
ogy) is a topology but the converse is not true. The above two examples proves this.
From this, we observe that the topological space is either a Strong trigonometric
topological space or a Weak trigonometric topological space. The following results
are true for Strong and Weak trigonometric topological spaces. But both are a topo-
logical space and a topological space is either of that. So, we simply write (X, T) is
a topological space in the following results.

Definition 3.4. Let (X, 7) be a topological space and A C SinX. The union of
all Sin-open sets contained in A is called a Sine-interior of A and it is denoted by
Intgn(A). Also, the intersection of all Sin-closed containing A is called a Sine-
closure of A and it is denoted by Cly;,(A). That is,

Intgn(A) = U{BCSinX:BC A& BisSin— open}
Clgn(A) = N{BC SinX : AC B & Bis Sin — closed}.

Result 3.4. Let (X, 7) be a topological space and A C SinX. Then Int,(A) is a
Sin-open set.

Proof. The proof follows from the fact that the union of any collection of Sin-
open sets is Sin-open. U

Result 3.5. Let (X, 7) be a topological space and A C SinX. Then Intg,(A) C A.

Proof Let x € Inty,(A). Then z € B for some sin-open set B C A. This implies,
x € A. Therefore, Int,(A) C A. O

Result 3.6. Let (X, 7) be a topological space and A C SinX. Then Intg,(A) is the
largest Sin-open set contained in A & A is Sin-open if and only if A = Intg,(A).

Proof. It follows directly from the definition and Result 3.5. O

Result 3.7. Let (X, 7) be a topological space and A, B be subsets of SinX. Then
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Proof. It is obvious. O

Remark 3.2. Intg;, (AU B) need not be equal to Intg,(A) U Intg,(B).
For example, let X = {0, %, 7, %, 5} with topology

T={0.{0, 5}, {4,3} {0,5. 1, 5H X}
Then SinX = {0, 3, &= ,%, } and

) 25

_{® {072} {\/57 2 } { % \/Liu%g}ﬂg@nX}

Let A = {0} and B = {i}. Then AU B = {0,1}. Now, Inty,(4) = 0,
Int,(B) = (. This implies, Intg,(A) U Inty,(B) = 0. Also, Int,(AU B) =
{0, 5}

Therefore, Intg,(AU B) # Intg,(A) U Intg,(B).

Result 3.8. Let (X, 7) be a topological space and A C SinX. Then Cly;,(A) is a

Sin-closed set, A C Clgn(A), Clgin(A) is the smallest Sin-closed set containing A &
A is Sin-closed if and only if A = Clg,(A).

Result 3.9. Let (X, 7) be a topological space and A, B be subsets of SinX. If
A - B, then Clsm(A) C Clsm(B)

Result 3.10. Let (X, 7) be a topological space and A, B be subsets of SinX. Then

Clyin(ANB) C Clyn(A) N Clyn(B).

Remark 3.3. Cl;,,(A N B) need not be equal to Clg;,(A) N Clgn(B).
For example, let X = {0, %, 7, %, 5} with topology
7={0,{0,7},{%, 7}, {Z, 7, 7} X}. Then SinX = {0,1, 1 ¥3 1} and

6473 120 o 2,

7. ={0,{0, 3}, {\/5 v3y {0, 3, 12, 1, SmX}

This implies, ¢ = {0, {1}, {0,2,1} {ﬁ, 3,1}, SinX }.

Let A={0,3} and B = {5, % Y31 Then AN B = ). Now, Cly,(A) = {0,%,1},
Clsin( ): {ﬁv 2 ’1}

This implies, Clg,(A) N Clg,(B) = {1}. Also, Clg,(A N B) = (. Therefore,
Clsin(AN B) # Clyin(A) N Clin(B).

Result 3.11. Let (X, 7) be a topological space and A C X.
Then Sin(int(A)) = Ints,(SinA), Clg,(SinA) = Sin(cl(A)) &
SinX\(Intg,(SinA)) = Clg,(SinX\SinA).
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Definition 3.5. Let (X, ) be a topological space and A C CosX. Then we define,

Intes(A) = U{B C CosX : BC A& B is Cos — open}
Cles(A) = N{B C CosX : AC B& Bis Cos — closed}.

The proof of the following result follows directly from the definition.

Result 3.12. Let (X, 7) be a topological space and A, B be subsets of CosX. Then

(i) Int.s(A) is a Cos-open set
(i) Intes(A) C A
(iii) Int.s(A) is the largest Cos-open set contained in A
(iv) A is Cos-open if and only if A = int.s(A)
(V) AC B = Intes(A) C Inteos(B)
(Vi) Inteos(AN B) = Intes(A) N Inte,s(B)
(ViD) Inteps(A) U Intens(B) C Intoos(AU B).

The equality does not hold in (vii).

For example, let X = {0, 7, %, 5} with topology
T = {®7 {0}7 {%}7 {07 %}’ {O’ %}7 {07 %7 %}7 X}

Then CosX = {1, \/%, £,0} and
oo = (0L} AL AL LY AL 253, {1, 2, Cosix ),

Consider the subsets A = {1} and B = {\%} Then AU B = {1, \/%} Now,
Intes(A) = {1} and Int..s(B) = 0. This implies, Int.,s(A) U Int.s(B) = {1}.
Also, Intes(AUB) = {1, }.

Therefore, Int.,s(AU B) # Int.s(A) U Intes(B).

Result 3.13. Let (X, 7) be a topological space and A, B be subsets of CosX. Then

(i) Cl.os(A) is a Cos-closed set
(ii)) A C Clcos(A)
(iii) Cl.os(A) is the smallest Cos-closed set containing A
(iv) A is Cos-closed if and only if A = Cl.ys(A)
(V) AC B = Cles(A) C Cleos(B)
(Vi) Cleps(AU B) = Cleos(A) U Cleos(B)
(Vi) Cleos(AN B) € Cleos(A) N Cleos(B).

Remark 3.4. The reverse inclusion of (vii) in above result need not be true, which
can be verified from the following example.
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Example 3. Let X = {0, %, 7, %, 7} with topology

7 = {0, {0, }{4,3} {&,% 7r} X} Then CosX = {0

6743
Teos = {@,{1 } {\[7 2} {17 2 72} COSX}
This implles, Tos = 10,{0},{0, % v3 1}, 40,1 5 f,CosX}
Consider the subsets A = {‘[} and B = }. Then AN B = (. Now,
Cleos(A) = {0,%5° ,1} Cleos(B) = CosX.
This implies, Cl.,s(A)NCleos(B) = {0, ‘/73, 1}. Also, Cl.,s(ANB) = (). Therefore,
Cleos(AN B) # Cleos(A) N Cleos(B).

,Q,L,‘/Tg,l} and

5

Result 3.14. Let (X, 1) be a topological space and A C X. Then
(1) Cos(int(A)) = Intes(CosA)
(i) Cleps(CosA) = Cos(cl(A))
(iii) CosX\(Inteos(CosA)) = Clos(CosX\CosA).

Proof. It is obvious. d

4. TRIGONOMETRIC TOPOLOGICAL SPACES

In this section, we study about Trigonometric topological spaces. Also, we
discuss about some set theory relations.

Definition 4.1. Let X be a set having elements from [0, 7]. Define T,(X) by
T,(X) = SinX U CosX.

Result 4.1. Let X be a set and A be a subset of X. Then

1) T.(X)\(SinAU CosA) = (T,(X)\SinA) N (T,(X)\CosA),
(i) T.(X)\(SinA N CosA) = (T,(X)\SinA) U (T,,(X)\CosA).

Proof. The proof follows directly from De-Morgan’s law. O

Result 4.2. Let X be a set and A be a subset of X. Then
(1) TL(X)\(SinANCosA) = (SinX\SinA) U (CosX\CosA),
(i) Sin(X\A) C T,(X)\SinA,
(i) Cos(X\A) C T(X)\CosA,
(iv) T,(X)\SinA = (SinX\SinA) U (CosX\SinA),
(V) Tu(X)\CosA = (SinX\CosA) U (CosX\CosA).
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Result 4.3. From Result 4.1 and 4.2, we observe that (T,,(X)\SinA)U(T,(X)\CosA)
= (SinX\SinA) U (CosX\CosA). But (T,(X)\SinA) # (SinX\SinA) and
(Tu(X)\CosA) # (CosX\CosA). Also, from (iv),

T.(X)\SinX = CosX\SinX and from (v), T,,(X)\CosX = SinX\CosX.

Result 4.4. Let X beasetand A C X. Then T,,(X)\(SinAUCo0sA) C (SinX\SinA)U
(CosX\CosA).

The equallty does not hold. For example, let X = {0, 3, 5 }. Then
SinX = {0,%° V3 1} & CosX = {1, 5,0}. Consider the subset A = {0}. Then
T (X)\(SinAU CosA) = ;, Y3} and
(SinX\SinA)U(CosX\CosA)={0, 1, 23, 1}. Therefore, T,,(X)\(SinAUCo0sA) #
(SinX\SinA) U (CosX\CosA).

Definition 4.2. Let X be a set having elements from [0, 7]. Define T;(X) by
T,(X) = SinX NCosX.

Result 4.5. Let X be a set and A be a subset of X. Then

@) T;(X)\(SinAU CosA) = (T;(X)\SinA) N (T;(X)\CosA),
(i) T;(X)\(SinAU CosA) = (SinX\SinA) N (CosX\CosA),
(iii) 7;(X)\(SinA N CosA) = (T;(X)\SinA) U (T;(X)\CosA),
(vi) Ty(X)\(SinANCosA) C (SinX\SinA) U (CosX\CosA),

(vi) T;(X)\CosA C Cos(X\A),
(vii) T;(X)\SinA = (SinX\SinA) N (CosX\SinA),

(X)
(X)
(X)
(V) T;(X)\SinA C Sin(X\A),
(X)
(X)
(viii) T;(X)\CosA = (SinX\CosA) N (CosX\CosA).

Remark 4.1. The reverse inclusion of (iv) need not be true.

For example, let X = {0,3,% 5} Then SinX = {0, =, 1} & CosX =

{0,3, 7. 1}. Also, T( ) = {0, 5,1} Let A = {§,5}. Then (SmX\SmA)
(COSX\COSA ¢ Ti(X (SmAﬂC’osA)

Note 1. Let X be a set having elements from [0, 7]. Then
T(X)N\SinX = 0 and T;(X)\CosX =0 and
T XNT(X) = (CosX\SinX)U (SinX\CosX).

Definition 4.3. Let X be a set with elements from [0, 5] and 7 be the topology on
X. We defineaset 7 = {0,UUV UT(X):U € 15andV € 7.5}. Then J form a
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topology on T, (X). This topology is called trigonometric topology on T,(X). The
pair (T,(X), J) is called a trigonometric topological space.

The elements of [J are called trigonometric open sets. The complement of a
trigonometric open set is said to be a trigonometric closed set. The set of all trigono-
metric closed sets is denoted by J°.

Example 4. Let X = {%, 7, 5} with topology 7 = {0,{%},{%,5}, X}. Then 7, =
{(2)7 {5}7 {17 75}757‘“)(} and Tes = {(Z) {f} {O \/»} COSX} NOW

7= (.1 >cosX{ R0, L) (L ,2}{2, L1005 ),

27 27 270} {27 2 7\[} {0, 2,2} {1’f} {1,0,%° ’f} {1’\[ %},
{1, 0, } SinX,T,(X)}. This implies, J is a topology on T, (X).

Remark 4.2. If J is a trigonometric topology, then J must contain the elements
0, T;(X), SinX, CosX, T,(X). For (i) clearly by definition, ) € 7, (ii) Since () is
open in both SinX and CosX, we have ) U QU T;(X) = T;(X) € J, (iii) Since ()
is open in CosX and SinX is open in SinX, SinX UPUT;(X) = SinX € J, (iv)
Since () is open in SinX and CosX is open in CosX, 0 UCosX UT;(X) = CosX €
J & W) SinXUCosX UT;(X) =SinXUCosX =T,(X) € J. Also, the smallest
non-empty set as an element of J is T;(X).

Definition 4.4. Let (X, ) be a topological space with SinX # CosX. If J con-
tains only the elements (), T;(X), SinX, CosX, T,(X) then J is said to be a Stan-
dard trigonometric topology. It is denoted by the symbol J,. The pair (T,,(X), Js)
is called a Standard trigonometric topological space.

Note 2. Trigonometric topology is finer than the Standard trigonometric topology
on T,,(X). Thatis, J, C J.

Theorem 4.1. Let (X, 7) be any topological space with SinX = CosX. Then J is
an indiscrete topology on T,(X).

Proof. Given that SinX = CosX. Then T;(X) = T,(X) = SinX = CosX.

Also, T;(X) is the smallest non-empty set in 7.

This implies, J = {0,7.,(X)}. Therefore, J is an indiscrete topology on
T, (X). O

The proof of the following Theorem follows from Theorem 4.1

Theorem 4.2. If 7 is a Strong trigonometric topology, then J is an indiscrete
topology.
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Theorem 4.3. If (X, 7)) be an indiscrete topological space with SinX # CosX,
then J is a standard trigonometric topology.

Theorem 4.4. If T;(X) = SinX\{p} where p € SinX, then J is a Standard
trigonometric topology.

Theorem 4.5. If T;(X) = CosX\{q} where ¢ € CosX, then J is a Standard
trigonometric topology.

Theorem 4.6. If T;(X) = T,,(X)\{p, ¢} where p,q € T,,(X), then J is a Standard
trigonometric topology.

Proof. Assume that p,q ¢ T;(X).

If p,q € SinX, then T;(X) = CosX. This implies, number of elements of
SinX is two more than CosX. This is a contradiction. Therefore both p and ¢
does not belongs to SinX. Similarly, we can prove both p and ¢ does not belongs
to CosX.

Hence, either p € SinX and ¢ € CosX (or) ¢ € SinX and p € CosX.
Therefore, the proof follows from Theorem 4.4 and Theorem 4.5. O

5. CONCLUSION

In this paper, we have introduced Sine and Cosine topological spaces and
studied their basic properties. Also, we have introduced Trigonometric topolog-
ical spaces. Further, we have discussed the properties of interior and closure
operators in Sine and Cosine topologies.
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