Advances in Mathematics: Scientific Journal 9 (2020), no.5, 2489-2495
BBV ML ISSN: 1857-8365 (printed); 1857-8438 (electronic)
https://doi.org/10.37418/ams;j.9.5.12

DECOMPOSITION OF JUMP GRAPH OF CYCLES
M. JENISHA! AND P. CHITHRA DEVI

ABSTRACT. The Jump graph J(G) of a graph G is the graph whose vertices
are edges of G and two vertices of J(G) are adjacent if and only if they are
not adjacent in G. Equivalently complement of line graph L(G) is the Jump
graph J(G) of G. In this paper, we give necessary and sufficient condition for
the decomposition of Jump graph of cycles into various graphs such as paths,
cycles, stars, complete graphs and complete bipartite graphs.

1. INTRODUCTION

Let G = (V, E) be a simple undirected graph without loops or multiple edges.
A path on n vertices is denoted by P,, cycle on n vertices is denoted by C,, and
complete graph on n vertices is denoted by K,,. The neighbourhood of a vertex
v in G is the set N(v) consisting of all vertices that are adjacent to v. |N(v)| is
called the degree of v and is denoted by d(v). A complete bipartite graph with
partite sets V; and V3, where |V;| = r and |V;| = s, is denoted by K, ;. The graph
K, is called a star and is denoted by S,. Claw is a star with three edges. For
any set S of points of G, induced subgraph < S > is the maximal subgraph of G
with point set S. The terms not defined here are used in the sense of [2].

A decomposition of a graph G is a family of edge-disjoint subgraphs
{G1, Gy, ...,Gi} such that E(G) = E(G1) U E(G2) U ... U E(Gy). If each G, is
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isomorphic to H for some subgraph H of (G, then the decomposition is called a
H-decomposition of G.

The Jump graph J(G) of a graph G is the graph whose vertices are edges of
G and two vertices of J(G) are adjacent if and only if they are not adjacent
in G. This concept was introduced by Chartrand in [1]. Let J(C,,) denote the
Jump graph of cycles. Then J(C,,) is a connected graph if and only if n > 5. Let
us consider the connected jump graph of cycles. Let the edges of cycle C,, be
labelled as x4, xs, ..., z,. Since the number of edges of cycle C,, is n, the number
of vertices of J(C,,) is n. Let the vertices of jump graph of cycle J(C,,) be labelled

2 _
as x1, s, ..., T,. The number of edges of Jump graph of cycles J(C,,) is = sn

In 2010, Tay - Woei Shyu [3] gave necessary and sufficient condition for the
decomposition of complete graph into Pjs and S)s. In this paper, we give nec-
essary and sufficient condition for the decomposition of Jump graph of cycles
into various graphs such as paths, cycles, stars, complete graphs and complete
bipartite graphs.

Theorem 1.1. Let n be an odd positive integer. There exists a decomposition of

2 _
J(C,) into p copies of C, and q copies of Cs iff n > 5 and 4p + 5q = n 5 3n}
where p = (n— 5)8<n —3) and q = @

Proof. (Necessity) Let n be an odd positive integer. Suppose that there ex-
ists a decomposition of J(C,,) into p copies of C, and ¢ copies of C5 where

. (n—5)8(n—3) and ¢ (n;?))
Clearly Jump graph of cycle J(C,,) is a connected graph if and only if n > 5.
2 _ 2
Since n is odd, n > 5. Since |E[J(C,,)]| = n 5 3”, we have 4p + 5¢ = r 5 3”,
2 - —_ R
(Sufficiency) Suppose that 4p + 5¢ = i 3”, where p = (n 5)8(n 3) and
(n—3)
e +1 +1
n n
Clearly {z;xo;_3%2w05—2x1/4 < k < 5 b {w3wop_ 3340k _073/5 < k < 1
n+1 n+1
{T508 37672k —275/6 < k< T},...,{xn_ﬁx%_?,xn_5x2k_2xn_6/k = = }
(n—5)(n—3)

forms Cy in J(C,,). Then we get copies of Cj.

8
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n+1

Also Xok—3L2k—5T2k—2L2k—4LnL2k—3; 3 < k < forms C5 in J(Cn) Then

we get <T> copies of Cs.

Thus E[J(C,)] = E(Cy)U..UE(Cy)UE(C5)U...UE(Cs), where
p t?:nes ’ q t;:nes ’
b= (n—5)8(n—3) and ¢ = (n—3)
So, J(C,) is decomposable into p copies of C, and ¢ copies of C;. O

Theorem 1.2. Let n be an even positive integer. There exists a decomposition of

2
-3
J(C,) into p copies of Py and q copies of Cy iff n > 6 and 3p+4q = n n} where
n and o — n? — 6n
P=g it =—g

Proof. (Necessity) Let n be an even positive integer. Suppose that there exists a
decomposition of J(C,,) into p copies of P, and ¢ copies of C; where p = g and

2
—6 . . . .
q= 1 " Since J(C,,) is connected and n is even, n > 6. Since |E[J(C,)]| =
2 2
n 3n,we have 3p + 4¢ = n 3n.
2 ) 5 2
(Sufficiency) Suppose 3p + 4q = D1 where p= ™ and q= i ; i

n+2

Clearly Lok —3T2k—5T2k—2L2%—4, 3 <k < and T1Tp—1T2Ty, forms P4 in

J(C,). Then we get % copies of P,.

n -+ 2
Also the z5wor_sT6T28—275, 6 < k < 5 [rn_5Top_3Tn_aTop_oTpn_5 =

n? —6n
8

vertices {x1xo_3%2%o, 22} forms C, in J(C,). Then we get

copies of (.
Thus E[J(C,)] = E(P;)U...UE(Py)U E(Cy)U...U E(Cy) where p = g and

7

vV vV
p times q times

n? — 6n

8

of Cy. So, J(C,) is decomposable into p copies of P, and ¢ copies.
Il

q:

Theorem 1.3. Let n be an odd positive integer. There exists a decomposition of
J(C,,) into p copies of Cs, q complete bipartite graphs of the form Kj;
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-5 . 2-3 -3
l = 1,2,...,n2 iff n > 5and 5p + 2q(qg+ 1) = r 5 n where p = nT
n—>
dq= .
and g 5
Proof. (Necessity) Suppose that there exists a decomposition of J(C,,) into p
. . . )
copies of C5 and ¢ complete bipartite graphs of the form Ky ;1 =1,2, ..., n 5
where p = n—3 and g = n—>5
: 5 23
Clearly |E[J(C,)]| = = > " Thus we have 5p + 2¢(q + 1) = — > n
. 2-3 -3
(Sufficiency) Suppose that 5p + 2¢(¢ + 1) = r " where p = r and

n .
¢=—5 Let the vertices of J(C,,) be 21, xs, ..., x,,. Clearly xoy_3xor_ 570k 2Tor_4

n+1

TpTog-3; 3 < k <

forms C5 in J(C,). Then we get (RT) copies

_3 ) .
of C5. Thus p = n 5 . Also, the vertices z,, and x,,,; are non adja-

cent for m = 1,3,5,...,(n — 6) and they are adjacent with each of the vertices

Tm+td, Tm45; Tm465 -+ Ln—1-

So, we get n—>5 complete bipartite graphs of the form Ky 5; 1 = 1,2, ..., n ; 5.
-3
Thus E[J(C,)] = E(C5) U ... U E(C5) UE(K3.4)U...U E(Ks,,_5) where p = ”T
P t;:@es
We conclude that J(C,,) is decomposable into p copies of C5 and ¢ complete
bipartite graphs of the form Kyq; [ = 1,2,..., n—>5 where p = n—3 and
n—93
q = 5
O

Theorem 1.4. Let n be an even positive integer. There exists a decomposition of

J(C,) into p copies of P,, q complete bipartite graphs of the form Kjo;

_8 2 _3
l=1,2,.., n and two copies of K, iff n > 6 and 3p+2q(q+1)+4r = n 5 n’

-8

wherep:gandq:n and r =n — 6.
Proof. (Necessity) Suppose that there exists a decomposition of J(C,,) into p
n _

copies of P, ¢ complete bipartite graphs of the form K5 4; 1 =1,2, ..., and

-8

andr =n — 6.

. n n
two copies of K5 ,, where p = B) and g =
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2 9
Clearly |E[J(C,)]| = o 5 Sn. Thus we have 3p + 2q(q+ 1) + 4r = n 5 Sn.

2 _

(Sufficiency) Suppose that 3p + 2q(¢ + 1) + 4r = n
n—38

" Where p = g and

and r = n — 6.

q =
Let the vertices of J(C,,) be x1, o, ..., z,. Clearly zor_sxor_s5Top_2T2k_4; 3 <
I < n—+2

and z,x,_1x2x, forms P, in J(C,). Then we get g copies of P,. Thus

p=75
Also, the vertices x,, and z,,,, are non adjacent for m = 5,7,...,(n — 5) and
they are adjacent with each of the vertices x,,. 4, T t5, Tmi6, -, Tn-

n—_8 n— 8

Thus we get complete bipartite graphs of the form K, ;1 = 1,2, ..., 5

—8
Therefore ¢ = nT

We have that z; and x, are non adjacent vertices and they are adjacent with
each of the vertices x5, zg, ..., ,,_3, T,—2. Thus these vertices forms K5, .

Also x3 and x, are non adjacent vertices and they are adjacent with each of
the vertices x7, xs, ..., £,—1, z,. Thus these vertices forms K,,_¢. So we get two
copies of K, ,_¢. Therefore r = n — 6.

Thus E[J(C,)] = iE(P4) U...UE(P)UE(Ky2) U E(K4) U ... U E(Ksy—s) U

~
p times

E(KQ,nfG) U E(K2,nf6) where p = g.
We conclude that J(C,,) is decomposable into p copies of P,, ¢ complete bi-

. By .
partite graphs of the form Ky 1 =1,2,..., n 5 and two copies of K, where

_8and7“:n—6.

p:ﬁandq:n
2
O

Theorem 1.5. Let n be an even positive integer. There exists a decomposition of
2
. . . . -3
J(C,) into two copies of K, and g copies of S, iff n > 6 and p2—p+% _ 5 n’
n—4

2

n
where p = ) and q =

Proof. (Necessity) Suppose that there exists a decomposition of J(C,,) into two
—14
copies of K, and g copies of S, where p = g and g = nT Clearly |E[J(C,)]| =

23 23
n " Thus we have p> — p + 2 =" iy

2 2
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. 23 —4
(Sufficiency) Let p* — p + & = " Where p = = and ¢ = . Let the
vertices of J(C,,) be labelled as z, s, ..., z,. Now, the induced subgraphs are
< {:131,1‘3, ...,:L“(n,l)} >= K% and < {:132,1‘4, ...,:L“(n)} >= K%
Let us make a partition of V(G) into V; and V5, where
n—2 n—2
Vi :{$1+2k/k,’:0,1,..., 5 }al‘ld‘/g:{$2+2k/]{520,1,...,7}.

Consider x; € Vj. Clearly z; is not adjacent with z, and z,, in V;. Also

is adjacent with the remaining

vertices in V5. Consider z; € V;, where
i =3,5,...,n— 1. Clearly z; is not adjacent with x;,; and x;_; in V; and adjacent

—4
with remaining n vertices in V5.

. n . n . n—4
Since there are 5 vertices in V;, we get 5 copies of S%. Therefore ¢ = —
Thus E[J(C,)] = E(K,) U E(K,) U E(S,) UE(S,) U ... U E(S,) where p = g

(%)copies
-4
and ¢ = [
So, J(C,,) is decomposable into two copies of K, and g copies of S,. g

Theorem 1.6. Let n be an odd positive integer. There exists a decomposition of
n—3

J(C,) into two copies of K, one copy of S,

copies of S, and one copy of S
. -3 23 —1 -3
lﬁ‘n25andp2—p+q+u+s:n 5 nwherep:nT,q:n X

2 2
n—>5

and s =n — 3.

r =

Proof. (Necessity) Suppose that there exists a decomposition of J(C,,) into two

copies of K, one copy of S, nT—3 copies of S, and one copy of S, where

n—1 n—3 n—>5

P=54= ,7":2 5 and s =n — 3. 2
~3 -3 -3
Clearly |E[J(C,)]| = = Thus we have pQ—p+q+%+s -T2
- ) (n—3)r n? — 3n n—1
(Sufficiency) Suppose that p —p+q+—2 +s= wherep = ——,
q= n—3,T: " and s =n — 3.
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Let the vertices of J(C,,) be labelled as z, zs, ..., x,. Now, the induced sub-
graphs are < {x,%3,...,2(—2)} >= Kanl and < {9, %4, ..., T(n-1)} >= Kanl.

—1
Therefore p = nT

Let us make a partition of V(G) into V; and V, where V; = {z1,91/k =
0,1,...., 22} and Vo = {zoy0e/k = 0,1, ..., %53 }.

Let 1 € V;. x; is not adjacent with x5 alone in V5. Thus z; is adjacent with
the remaining x4, zg, ..., r,_1 in V5.

So, we get one copy of SnT—ii. Therefore ¢ = nT—B

Consider the remaining vertices x; € V; — {x1}; i = 3,5, ...,n — 2. Clearly z; is
not adjacent with z;,; and z;_; in V4.

Also z; is adjacent with each of the remaining (T) vertices in V5. Thus

n—3

we get copies of Sys.
2

n—>a . . .
Therefore r = <T> . Now the vertex x,, is adjacent with x5, 3, ..., z,,_» and

is not adjacent with both z; and x,,_;. Thus we get S,,_3. Therefore s = n — 3.
So, E[J(C,)] = E(K,) U E(K,) U E(S,) U E(S,)U...UE(S,) UE(S,), where

("ng)copies
—1 -3 -5
p:nT,q:n2 ,r:nz and s =n — 3.

We conclude that J(C),) is decomposable into two copies of K, one copy of
Sg» 252 copies of S, and one copy of S;. O
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