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FIBONACCI MEAN ANTI-MAGIC LABELING OF SOME GRAPHS
B. SIVARANJANI! AND R. KALA

ABSTRACT. Let G = (V(G), E(G)) be a simple, finite, connected and undi-
rected graph. A Fibonacci Mean Anti-Magic labeling of a graph G is an injective
function g : V(G) — {f2, f3,...,; fnt+1} Where f, is the n;, Fibonacci number
with the induced function g* : E(G) — N defined by,

9 tol) it g(u) + g(v) is even

g (6’ = ’U,U) = { g(u)+g(v)+1 ’Lf g(u) -I-g(’l)) is odd
and all these edge labelings are distinct. The graph which admits Fibonacci
Mean Anti-Magic Labeling is a Fibonacci Mean Anti-Magic graph. In this paper,
we investigate this labeling for some special graphs.

1. INTRODUCTION

Let G = (V(G), E(G)) with p vertices and ¢ edges be a simple, finite, con-
nected and undirected graph. A graph labeling is an assignment of integers
to the vertices or edges or both subject to certain conditions. A useful survey
on graph labeling can be found in J.A.Gallian(2014). S.Somasundaram and
R.Ponraj in [4] introduced the notion of mean labeling of graphs. The concept
of Fibonacci Mean Anti-Magic Labeling in graphs was introduced by Ameenal
Bibi and T. Ranjani in [1]. In 1994, N .Hartsfield and G. Ringel introduced the
concept of Anti-Magic labeling, [2].

Lcorresponding author

2010 Mathematics Subject Classification. 05C78.

Key words and phrases. Anti-Magic labeling, mean Anti-Magic labeling, Fibonacci mean Anti-
Magic labeling.

2561



2562 B. SIVARANJANI AND R. KALA
2. PRELIMINARIES

Definition 2.1. [5] Each vertex labeling f of a graph G be a (p, q) graph from
{0,1,2, ..., q} induces a edge labeling g f where g*(e) is sum the labels of end vertices
of an edge e. Labeling f is called anti-magic if and only if all the edge labelings are
pair wise distinct.

Definition 2.2. By an edge anti-magic vertex labeling we mean a one-to-one map-
ping V(QG) into {0, 1,2, ..., q} such that the set of edge weights of all edges in G is
{1,2,...,q}.

Different kinds of anti-magic graphs were studied by T. Nicholas, S. Somasun-
daram and V. Vilfred in [3].

Definition 2.3. A graph G with p vertices and q edges is a mean graph if there is
an injective function f from the vertices of G to {1,2,...,q} such that when each
edge labeled with (f(u) + f(v))/21f f(u) + f(v) is even and (f(u) + f(v)+1)/2if
f(u) + f(v) is odd, the resulting edges are distinct.

Definition 2.4. The Fibonacci numbers can be defined by the linear recurrence
relation F,, = Fin — 1) + Fin — 2); n > 3. This generates the infinite sequence of
integers 1,2,3,5,8,13,21,34,55,89,144, ...

Definition 2.5. A walk in which no vertex is repeated is called path. A path with
n vertices is denoted as P,. A path from v, to v, is denoted as vy — v,, path.

Definition 2.6. A closed path is called a cycle. A cycle with n vertices is denoted by
Cp.

Definition 2.7. A complete graph is a simple undirected graph in which every pair
of distinct vertices is connected by a unique edge. It is denoted by K,

Definition 2.8. The Cartesian product G = G x G5 sometimes simply called the
graph product and denoted by G, x G5 of graphs Gy and G5 with disjoint point
sets Vi and V, and edge sets X, and X, is the graph with point set V; x V, and
u = (uq, uy) adjacent with v = (vq, vy) whenever [u; = vy and uy adj vo] or [uy = vo
and u, adj vy).
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3. MAIN RESULTS

Definition 3.1. Book graph is a cartesian product of a star and a single edge,
denoted by B,. The n -book graph is defined as the cartesian product S, ;1 X P,
where S, .1 is a star graph and P, is the path graph.

Theorem 3.1. The Book graph Bn is a Fibonacci Mean Anti-magic graph for n > 2.
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FIGURE 1. Bg

Proof Let G = B,, be a book graph. Let V(G) = {u,v,u;,v;/1 < i < n} be the
vertex set and F(G) = {uwv} U{uu;/1 <i <n}U{vv;/1 <i<n}U{uw;/1<i<
n} be the edge set.

Define g : V(G) — {f2, f3, .., fut1} DY

g(u) = fa,

gv) = [,

g(vi) = fixs, 1 <i<im,
g(ui) = foyirs, 1<i<n
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Then the induced function ¢* : E(G) — N given by

g(u);g(v) if g(u)+ g(v) is even

g'(e=uv) :{ 9L ¢ o)) 4 g(v) is odd

We observe that the labels are all distinct. Hence the function g is a Fibonacci
Mean Anti-magic labeling and so B, (n > 2) is a Fibonacci Mean Antimagic
graph. O

Nlustration 3.1. The illustration of the book graph B, when n = 6 is shown in
figure 1.

Theorem 3.2. Complete graph K, (n > 3) are not Fibonacci Mean A,-timagic
graphs.

Proof. Let G = K,, be the complete graph on n vertices (say) vy, v, ..., Up.

They must receive labels f5, fs, ..., frn+1) in some order. Let v;, v;, v, receive
1,2,3 as labels respectively, i.e. g(v;) =1, g(v;) =2, g(vy) = 3.

Then v;,v; and v, have the same edge label 2. Thus, the labels induced by the
function ¢* : E(G) — N are not distinct.

Therefore, the graph K, is not a Fibonacci Mean Antimagic graph. O

Definition 3.2. The corona of G with H, G ® H is the graph obtained by taking
one copy of G and P copies of H and joining the i'" vertex of G with an edge to
every vertex in the i'" copy of H. P, ® K is called the comb and P, ® 2K is called
the double comb.

Theorem 3.3. The graph P, ® 2K is a Fibonacci Mean Antimagic graph.

Proof Let G = P, ®2K, be a graph. Let v; (1 < i < n) be the vertices of the path
P,. Let V(G) = {u;,v;,w;/1 < i < n} be the vertex set and E(G) = {u;v;/1 <
i <n}U{vv,1/1 <i<n—1}U{vw;/1 <i<n} be the edge set.
Define g: V(G) — {f27 f37 e fn+1} by
g(ui) = fira, 1 <i <,
g(vl) = fn+i+17 1 S { S n,
g(wi) = fonripr, 1 <i<n

Then the induced function ¢* : F(G) — N given by
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a ) ggggggﬁ if g(u) + g(v) is even
e=uv) =
g g(“)zﬂ if g(u)+ g(v) is odd.
We observe that the labels are all distinct. Hence the function g is a Fibonacci
Mean Anti-magic labeling and so P, ® 2K is a Fibonacci Mean Antimagic graph.
O

Nlustration 3.2. The illustration of the graph Ps ® 2k is given in figure 2.
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FIGURE 2. F; ® 2k

Definition 3.3. An (n, m) balloon tree is a graph obtained by connecting one leaf
of each of n-copies of an m-star graph. Let us denote it by BL,, ,,.

Theorem 3.4. The balloon tree graph BL,, ,, is a Fibonacci Mean Antimagic graph.

Proof. Let G = BL,,,, be a balloon tree graph. Let V(G) = {ugo, u;;/1 < i <
n, 1 < j < m} be the vertex set and E(G) = {ugowio/1 < i < n} U {ujpu;;/1 <
i <n, 1<j<m} be the edge set.
Deﬁne g: V(G) - {f27 f37 "‘fn+1} by
f2 ifi=0,7=0
g(uij) = ) . .
fi(m+1)—m+j+2 if1<i<n, 0<j<m

Then the induced function ¢* : E(G) — N given by

gw)+gv) .
g(e=u0) =\ ywisw if (u) + g{v) Is even
LU= if g(u) + g(v) is odd.
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We observe that the labels are all distinct. Hence the function g is a Fibonacci
Mean Anti-magic labeling and so BL,, ,, is a Fibonacci Mean Antimagic graph.
Il

HNlustration 3.3. The illustration of the balloon tree graph BL, 7 is given in figure
3.
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FIGURE 3. BLy7

Definition 3.4. An (n, m) banana tree is a graph obtained by connecting one leaf
of each of n-copies of an m-star graph with a single root vertex that is distinct from
all the stars and we denote it by Ba,, p,.

Theorem 3.5. The banana tree graph Ba,, ,, is a Fibonacci Mean Antimagic graph.

Proof. Let G = Ba,,, be a banana tree graph. Let V(G) = {ugo,u;j/1 < i <
n, 1 < j < m} be the vertex set and E(G) = {uooui1/1 < i < n} U {upuy/1 <
i <n}U{upu;/1 <i<n,1<j<m} bethe edge set.
Deﬁne qg: V(G) — {fQ, fg, ceny fn+1} by,
Q(Uij) = . . )
fi(m+1)7m+j+2 if1<i<n, 0<j<m

Then the induced function ¢* : E(G) — N is given by

g'le=wuw) = { g(U)gg(v)' if g(u) + g(v) is even

g TIWIEL - £ () + g(v) is odd.
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We observe that the labels are all distinct. Hence the function g is a Fibonacci
Mean Anti-magic labeling and so Ba,, ., is a Fibonacci Mean Antimagic graph.
Il

HNlustration 3.4. The illustration of the banana tree graph Ba, 4 is given in figure
4.
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FIGURE 4. Basa

Definition 3.5. The H-graph of path P, is the graph obtained from two copies
of P, with vertices vy, vs, ..., v, and uy, us, ..., u, by joining the vertices U "T“ and
U™ if nis odd and the vertices U%Z + 1 and U% if n is even

Theorem 3.6. The H-graph of path P, is a Fibonacci Mean Antimagic graph.

Proof Let G = H of path P, be a graph. LetV(G) = {u;,v;/1 < i < n} be the
vertex set and

E(G) = {usuipr/1 <i<n -1} U{vwia /1 <i<n—1}U{ul5|v[5]}

be the edge set when n is odd and E(G) = {wu;41/1 <i <n—1} U{vvq/1 <
i <n—1}U{ujvy + 1} be the edge set when n is even.

We define g : V(G) — {f2, f3,...fus1} DY

flu)) = Fip, 1<i<n
f(vi) = Foyiv1, 1<i<n,
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Then the induced function ¢* : E(G) — N is given by

g(u)+g(v) if g(u)+ g(v) is even

(o _ _ 2
g* (e = uv) { Lg(v)ﬂ if g(u)+ g(v) is odd.
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FIGURE 5. H graph

We observe that the labels are all distinct. Hence the function g is a Fibonacci
Mean Anti-Magic labeling and so H-graph is a Fibonaci Mean Antimagic graph.
O

Illustration 3.5. The illustration of H-graph is given in figure 5.

Definition 3.6. A two-dimensional grid graph, also known as a rectangular grid
graph or two-dimensional lattice graph is an m x n lattice graph that is the graph
cartesian product P,, x P, of path graphs on m and n vertices. The m x n grid
graph is denoted as Ly, ,,.

Theorem 3.7. The grid graph L., , is a Fibonacci Mean Antimagic graph.
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Proof. Let G = L(m,n) be a graph. Let V(G) = {u;;/1 <i<m, 1 < j <n} be
the vertex set and E(G) = {ujuij4+1)/1 <i <m, 1 < j <n—1}U{uijugi;/1 <
i <m—1, 1<j<n} be the edge set.

Define g : V(G) — {fa, fs, .- fas1} DY,

fai-1)+j+1 if tisodd, 1<j<n
glui) = e .
fricjro if diseven, 1 <j < n.

Then the induced function ¢* : E(G) — N is given by,

gw)+g(v) .
g'(e=1uv) =1 guiewi if g(u) + 9(v) Is even
LT if g(u) + g(v) is odd.

We observe that the labels are all distinct. Hence the function g is a Fibonacci
Mean Anti-magic labeling and so L,, ,, is a Fibonacci Mean Antimagic graph.
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FIGURE 6. L(4,7)

Nlustration 3.6. The illustration of the grid-graph L(4,7) is given in figure 6.

Definition 3.7. An armed crown is a graph in which path P,, is attached at each
vertex of cycle C,,. This graph is denoted by C,,, ® P,,.

Theorem 3.8. The graph C,, @ P,, is a Fibonacci Mean Antimagic graph.
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Proof. Let C,, & P, be a graph. Let V(G) = {u;;/1 <i <n, 1 <j < m} be the
vertex set and E(G) = {uui+1)/1 <i<n, 1 <5 <m— 1} U {ugugrns/1 <
i <n — 1} be the edge set.

Define g : V(G) — {f2, f3, .- far1} BY 9(uij) = fu-1)riv1, 1 <i<n, 1 <5 <m.
Then the induced function ¢* : £(G) — N is given by

g(u);g(v) if g(u)+ g(v) is even

g (e = UU) = { w if g<u) _|_g(v) is odd.

We observe that the labels are all distinct. Hence the function ¢ is a Fibonacci
Mean Anti-magic labeling and so C,, ¢ P,, is a Fibonacci Mean Antimagic graph.
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FIGURE 7. C; & Ps

U
Nlustration 3.7. The illustration of the armed crown C; & Pj is given in figure 7.

Definition 3.8. Umbrella is the graph obtained from fan by joining a path P,, to
a middle vertex of path P, in fan F,. It is denoted by U, ,,.

Theorem 3.9. The umbrella graph U, ,, is a Fibonacci Mean Antimagic graph.

Proof. Let u(n ) be a graph. Let V(G) = {u;,v;/1 <i <m, 1 < i < n} be the
vertex set and F(G) = {uuir1/1 <i<m—1}U{uw,/1 <i<m}U{vvi1/1 <
i <n — 1} be the edge set.
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Define g : V(G) = {f2, f3, ... fus1} DY
g(uz) = Fuyiq1, 1<i<m
g(v;) = Fh_iys, 1 <i<n.

Then the induced function ¢* : F(G) — N is given by

g(u);g(v) if g(u) + g(v) is even

g'(e =uwv) = { w if g(u) + g(v) is odd.

We observe that the labels are all distinct. Hence the function ¢ is a Fibonacci
Mean Anti-magic labeling and so U(m, n) is a Fibonacci Mean Antimagic graph.
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FIGURE 8. U(5,5)

i

INlustration 3.8. The illustration of the umbrella graph U(5,5) is given in figure
8.
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