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INTERVAL VALUED INTUITIONISTIC FUZZY BI-IDEALS
IN BOOLEAN LIKE SEMI RINGS

R. RAJESWARI!, S. RAGHA, AND N. MEENAKUMARI

ABSTRACT. The main motivation of this paper is to introduce the concept of
Interval valued Intuitionistic Fuzzy Bi-ideals in Boolean like semi-rings. We
discuss the results of all these newly introduced structures in detail. We also
obtain some characterisations and complete theorems for Boolean like semi-
rings.

1. INTRODUCTION

The concept of Fuzzy set was introduced by Zadeh. In 1986, Atanassov eval-
uated the concept of an Intuitionistic fuzzy set (IFS). In the sense of Atanassov,
an IFS is characterized by a pair of functions valued in [0,1]: the membership
function and the non-membership function. V. Vetrivel and P. Murugadas have
created the concept of Interval valued Intuitionistic Fuzzy Bi-ideals in Gamma
Near-rings [4] and R. Rajeswari, N. Meenakumari and S. Ragha [2] have intro-
duced the concept of Interval valued Fuzzy Bi-ideals in Boolean like Semi rings.
In this paper, we recreate the concept of Interval valued Intuitionistic Fuzzy Bi-
ideals in Gamma Nearrings [4] into Interval valued intuitionistic Fuzzy Bi-ideals
in Boolean like semi rings and investigate some of their properties.
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2. PRELIMINARIES

Definition 2.1. A non empty set R with two binary operations ‘+’ and “’ is called
a near-ring [1] if the following hold:
(1) (R,+) is a group;
(ii) (R, ) is a semigroup;
(iii) - (y+2)=z-y+ax-zforal x,y,z € R.

Definition 2.2. A system (R,-+,-) a Boolean semi ring [3] if and only if the
following properties hold:

(1) (R,+) is an additive (Abelian) group (whose ‘zero’ will be denoted by 0’);
(ii) (R, -) is a semigroup of idempotents in the sense aa = a, va € R;
(iii) a(b+ ¢) = ab+ ac;
(iv) abc = bac for all a,b, c € R.

Definition 2.3. A non-empty set R together with two binary operations + and -
satisfying the following conditions is called a Boolean like semi-ring [3]:

(1) (R,+) is an abelian group;
(ii) (R,-) is a semigroup;
(iii) a- (b+c)=a-b+a-cforal a,b,c € R;
(iv) a+a=0, forall a € R;
(v) ab(a + b+ ab) = ab, for all a,b € R.

Definition 2.4. A subgroup B of (N,+) is said to be bi-ideal of N if
BNBN (BN)«BC B.

In the case of zero symmetric near ring a subgroup B of (N, +) is a bi-ideal [1]
BNB C B.

Definition 2.5. Let p be a fuzzy set defined on R. Then p is said to be a fuzzy
bi-ideal [1] of R if:

@ plz —y) =2 min{p(z), u(y)}, forall z,y € R,
(i) p(ryz) > min{u(x), u(z)}, forall x,y, z € R.

Definition 2.6. Let R and S be Boolean like semi-rings. Amap f : R — S is
called a Boolean like semiring homomorphism if f(x +y) = f(x) + f(y) and

f(zy) = f(x)f(y) forall z,y € R.
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Definition 2.7. Let X be any set. A mapping n: X — D|0, 1] is called an interval
valued fuzzy subset of X, where D]0, 1] denotes the family of closed subintervals of
0,1] and 7 (x) = [ (x),n"(z)] for all z € X, where n~ and n* are fuzzy subsets
of X such that n~(z) < n*(x) forall x € X.

Definition 2.8. An interval number a, we mean an interval [a~,a™] such that
0 < a < at < 1 and where a~ and a*t are the lower and upper limits of d
respectively. We also identify the interval [a, a] by the number a € [0, 1].

For any interval numbers a; = [a; ,af],b; = [b7,bF] € D[0,1], j € Q (where Q2

0% 2 Y
is index set) we define:
maz'{a;,b;} = [maz{a;, b}, maz{a),bf}]
min'{a;,b;} = [min{a;,b;}, min{al,bF}]
inf'a; = [Njeaa;, Njeaa]]
SuPiaj = [U jend; Jeﬂa;r]

and let
(i) a<biffa— <b and at < bt;

(i) a=biffa— = b and ot = b';

(iii) a < biff a= < b~ and a* # b™;
(iv) ka = [ka™,ka™], whenever 0 < k < 1.

Notation 1. We shall use the notation y; called a level subset of u for {x €
M/u(z) >t} where t € [0, 1].

Definition 2.9. Let A =< p4,v4 > be an IFS in M and let t € [0, 1]. Then the sets
U(pia;t) =4z € R/jfia >t} and L(7a;t) = {x € R/74 < t} are called upper level
and lower level set of A [4], respectively.

Definition 2.10. An interval valued fuzzy subset 7 in a Boolean like semi-ring R
is called an Interval Valued (i.v) Fuzzy Bi-ideal [2] of R if:

@) 7z —y) > min'{n(x),7(y)} for all x,y € R;

(i) 7(wyz) > mini{ii(2), 7(2)} for all a,y, = € R.

Definition 2.11. An intuitionistic fuzzy set A =< pua,va > of R is called an
Intuitionistic Fuzzy bi-ideal of R if:

D palz —y) > {palz) A paly)};
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(i) pa(ryz) > {palz) Apa(z)} foral z,y,z € R;
(i) ya(z —y) < {ya(2) Vyaly)};
(iv) ya(zyz) < {ya(z) Vya(z)} forall z,y,z € R.

Notation 2. ;14 - Membership function and ~ 4 - Non-Membership function.

3. INTERVAL VALUED INTUITIONISTIC FUZZY BI-IDEALS IN BOOLEAN LIKE SEMI
RINGS

Definition 3.1. An interval valued intuitionistic fuzzy set A =< jia, 74 > of R is
called an Interval Valued Intuitionistic Fuzzy bi-ideal of R if:

@ fale —y) = {palz) A paly)};
(i) fa(zyz) > {pa(x) ANpa(2)} foral z,y, z € R;
(i) ya(zr —y) < {yalz) Vyaly) };
(iv) Ya(zyz) < {Yalz) Vya(2)} forall z,y,z € R.
Lemma 3.1. If B is a bi-ideal of a Boolean like Semi ring R, then for any 0 < t,

s < 1, there exists an interval valued intuitionistic fuzzy bi-ideal C' =< fia, Y4 >
of R such that C; .~ = B.

Proof. Let C' — |0, 1] be a function defined by:
_ t if xeB _ s if yeB
pu— d =
fip(7) {0 if v¢p O V5() {1 if yé¢B
forall z € Rand s,t € [0, 1]. Then C; -~ = B is an interval valued intuitionistic
fuzzy bi-ideal of R with ¢t + s < 1.
Now, suppose that B is a bi-ideal of R. For all z,y € B such that z —y € B
we have:
fe(z —y) 2t = {pe(z) Afic(y)}
Yelr —y) <s = {7(x) V3(y)}

Now, for all z,y, z € B we have:
fie(zyz) >t = {fc(r) A fic(2)}
Yelryz) <5 = {Fe() V7e(2) }

~.C. s~ is an interval valued intuitionistic fuzzy bi-ideal of R. O
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Lemma 3.2. Let B be a non-empty subset of a Boolean like semi ring R. Then B
is a bi-ideal of R iff an intuitionistic fuzzy set B =< 0y, 0y > is an interval valued

intuitionistic fuzzy bi-ideal of R.

Proof. Let x,y € B as in the hypothesis, r — y € B.
() If 2,y € B then éz(z) =1, §x(x) =0, dp(y) = 1 and d5(y) = 0.

Now,
oz —y) = 12> {op(x)Adp(y)}
oz —y) = 0<{0p(x) Vv iy}
(i) If v € B,y ¢ Bthendp(z) =1, 03(z) =0, 05(y) = 0 and d(y) = 1
Thus,
op(z —y) = 0> {p(z) Adr(y)}
oz —y) = 1< {0p(z) Vipy)}
(iii) If z ¢ B, y € B then dg(z) =0, d3(z) = 1, dp(y) = 1 and d»(y) = 0.
Thus,
op(r —y) = 0> {op(x) Adp(y)}
0l —y) = 1< A{0p(x) Vipy)}

(i) If 2,z € B then ép(x) = 1, d5(x) =0, 05(2) = 1 and d%(z) = 0.
Thus,

Saleyz) = 13> {3n()
Sy(eys) = 0< (Byla)
(i) If v € B, z ¢ B then dz(x) =1, 03(z) =0, dp(2) = 0 and §(z) = 1.

Thus,
Sp(ryz) = 0> {dp(x) Adp(z)}
0p(ryz) = 1<{dp(x)Vop(2)}
(iii) If v ¢ B, z € B then dz(z) =0, d5(z) = 1, 65(2) = 1 and d(2) = 0.
Thus,
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(iv) If z ¢ B, 2 ¢ B then dp(x) =0, dy(x) =1, p(z) = 0 and d;(z) = 1.
Thus,

op(wyz) = 02>
3 1

Heyz) =

Hence the condition holds.

Conversely, suppose that IFS B =< 6, §}, > is an interval valued intuitionistic
fuzzy bi-ideal of R. Then by previous lemma, §p is two-valued. Hence B is a
bi-ideal of R. 0

Theorem 3.1. Let R be a Boolean like semi ring and { A;};c 4 is a family of interval
valued intuitionistic fuzzy bi-ideals of R, then NA; is an interval valued intuition-
istic fuzzy bi-ideals of R, where NA; = {Afia,, V7a,} and

Nia(x) = inf{jia,(x)/i €A, x € R}
Vs, (x) = sup{ya,(z)/i €V, v € R}

Proof. Let x,y,z € R. We have:

inf{iia,(x —y)/i € Nz,y € R}
inf{ia, (@) AN pia,(y)/i € N,y € R}
{{inf(pa,(x)) Ninf(pa,(y)}/i € Nzy € R}

(1) Afia(z —y)

AV

{H{inf(pa,(2))/i € Nw e Ry AMinf(pa(y)/i € Ny € RY}
= {NAa(2) A Aa ()}

(17) Afia,(xyz) = inf{ia,(zyz)/i € Nz,z € R}
> inf{pa,(x) Afia,(2)/i € Nz, 2 € R}
= {inf(pa,(z)) Ninf(pa,(2)}/i € N,z € R}
= {{inf(pa(x))/i e N e Ry AMinf(pa(2)/i € Az € R}}
= AN () AN (2)}
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(i) V7, (z —y) =

(1) VAa,(ryz) =

sup{ya,(x —y)/i €V z,y € R}

sup{ya,(x) V7a,(y)/i € V x,y € R}

{{sup(ya,(x)) V sup(ya,(y)} /i €V z,y € R}
{{sup(7a,(x))/i € Vx € R} V{sup(Ja,(y)/i € Vy € R}}
{VA4,(2) VVy4, (1)}

sup{ya,(zyz)/i € V z,z € R}
sup{ya,(x) Vya,(2)/i € V x,z € R}
{v(9a,(2)) V sup(ya,(2)} /i € V 2,z € R}
{{sup(7a,(2)) /i € V x € R}V {sup(Ya,(2)/i € V 2 € R}}
{V7a:(2) VVA4,(2)}

U

Theorem 3.2. Let A be an interval valued intuitionistic fuzzy bi-ideal of Boolean
like semi ring R, then A’ is also an interval valued intuitionistic fuzzy bi-ideal of

R.

Proof. Let z,y,z € R.

(4)

(iid)

falx—y) = 1—jia(r—y)
> 1 —{pa(@) A faly)}
= {1 - pa(@)} A {1 —fa(y)}
= {Fa(@) AL (y)}

fy(zyz) = 1— pa(zyz)
> 1—{pa(z) A paz)}
= {1—pa(@)} A1 = pua(2)}
= {4 () AL (2)}

Yalr —y) = 1—7alz —y)

> 1 —{yalx) Vyay)}

= {1 -7a(@)}Vv{l-7a(y)}
{Va(@) v Aa(y)}
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(iv)  Falzyz) = 1—7alzyz)
1—{7a(2) V7a(2)}
= {1=7a@)} V{1 —7a(2)}
{Ya(x) v ¥a(2)}

Vv

g

Theorem 3.3. Let R be a Boolean like semi ring. An interval valued intuitionistic
fuzzy set A of R is an interval valued intuitionistic fuzzy bi-ideal of R iff the level
sets U(jia;t) = {x € R/jia >t} and L(ya;t) = {x € R/7a < t} are a bi-ideals of
R.

Proof. Let A be an interval valued intuitionistic fuzzy bi-ideal of R. Then:

D pa(r —y) > {pa(x) A paly)}
Let z,y € U(fia;t) = fia(z) > t, jaly) >t
palz —y) > {aalx) A paly)} >t
sx—y € U(fia;t)
(i) fa(ryz) > {fa(x) A fa2)}
Letz,y,z € Uluast) = palx) 2 ¢, pa(y) = ¢, fialz) = ¢
fia(zyz) = {pa(x) A fia(2)} = t
coxyz € U(fia;t)

According to (i) and (ii), we conclude U (ji4;t) is a bi-ideal of R.

(i) Ya(r —y) < {yalz) Vyaly)}
Let 2,y € L(Ya;t) = Ja(z) > t, a(y) >t
Yalz —y) < {Ja(@) Vialy)} <t
Sr—y € L(ya;t)
(iv) Yalzyz) < {Yalz) V7a(2)}
Let z,y,z € L(7a;t) = Ja(z) <t, Jaly) <t, ya(z) <t
Ya(zyz) < {ya(z) vV ya(2)} <t
Soxyz € L(Fast)

According to (iii) and (iv) we conclude that L(74;t) is a bi-ideal of R.

Conversely, If U(jia;t) is a bi-ideal of R. Let t = {fia(z) A fia(y)}-
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Now, z,y € U(fia;t) = = —y € U(fia;t)

v

= fia(r —y) t
= fa(r —y) > {pa(z) Apaly)}

If L(y4;t) is a bi-ideal of R, let t = {J4(z) V 7a(y)}.
Then z,y € L(Yast) = x —y € L(Ya;t)

4
\fl
=
|
.
IA

t
= Jalz —y) < {7al@) Vyaly)}
Define t = {jia(x) A fia(2)}. Let z,y, 2z € U(jia;t) = (xyz) € U(fia;t)

= fa((ryz)) >t
= fa(ryz) > {pa(x) A paly)}

Define t = {7a(z) Vya(y)}. Let x,y, 2 € L(Ya;t) = (2zyz) € L(7Ya;t)

IN

= Ya(zyz)

t
= Jalzyz) < {Jalx) V3a(2)}
.. A is an i.v intuitionistic fuzzy bi-ideal of R. g

Theorem 3.4. If A is an interval valued intuitionistic fuzzy bi-ideal of Boolean
like semi-ring R, then the Boolean like semi ring homomorphic pre-image of an

interval valued intuitionistic fuzzy bi-ideal is again a interval valued intuitionistic
fuzzy bi-ideal.

Proof Let f : R — R’ be a Boolean like semi ring homomorphism and A is an
interval valued intuitionistic fuzzy bi-ideal of R.
Then the pre-image of i under f is denoted with f~!(A) and is defined by

N (7ia(2)) = a(f () and £ (7a(x)) = FA(f(x)), for all & € R.

(4) FHBalz —y) = malf(z—y))
= palf(x) = f(y))

LY,
—~
~ =
(S
- —
—

= :3
G
& N~—
= >
> =
<~ =
|~
=~
T £
= =
s

=
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(i) fH(Ra(zyz)) = palf(ayz))

> {pa(f(z)) Apa(f(2)}

= {f N (pa(@) A f N (ma(2))}
(111) fAale —y) = Falflz—y))

= Ja(f(z) = f(y))

> {7a(f(x)) vyalf(y)}

f
{71 (a(@) v £ (3a())}

() [ (Aalzyz)) = Falf(ayz)

> {7l

= {f(9a

Hence f~1(A) is an interval valued intuitionistic fuzzy bi-ideal of R. O

Theorem 3.5. Let R be a Boolean like semi-ring and < [ia,74 > be an interval
valued intuitionistic fuzzy bi-ideal of R. Then the sets Rjiy = {v € R/jia(x) =
fi4(0)} and Rya = {x € R/7a(x) = 74(0)} are interval valued intuitionistic fuzzy
bi-ideals of R.

Proof. Let < jis,74 > be an interval valued intuitionistic fuzzy bi-ideal of R. Let
x,y,z € Riia = fia(x) = [1a(0), fia(y) = f1a(0) and fia(z) = 14(0). Then

(@) malr—y) = {fa
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Let z,y, 2z € Rya, Ya(r) = 74(0), Ya(y) = 74(0) and Y4(z) = 74(0). Then

(441) Yalz —y) < {yalz) VAyaly)}
= {74(0) V74(0)}
= 7a(0)

ST —Y € Rya

(iv) Ja(ryz) < {7a(z)VHya(2)}
= {74(0) vV 74(0)}
= 74(0)
Soxyz € Rya
O
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