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RESULTS CONNECTING DOMINATION, STEINER AND STEINER
DOMINATION NUMBER OF GRAPHS

K. RAMALAKSHMI! AND K. PALANI

ABSTRACT. In this paper, relation between domination number, steiner number
and steiner domination number is studied in detail.

1. INTRODUCTION

The concept of domination in graphs was introduced by Ore and Berge [4].
Let G = (V, E) denotes a finite undirected simple graph with vertex set V' and
edge set £. A subset D of VV(G) is a dominating set of G if every vertexin V — D
is adjacent to at least one vertex in D. The minimum cardinality of a dominating
set of G is called the domination number of GG and is denoted by ~(G).

The concept of Steiner number of a graph was introduced by G. Chatrand and
P. Zhang [1]. For a nonempty set W of vertices in a connected graph G, the
Steiner distance d(W) of W is the minimum size of a connected subgraph of ¢
containing WW. Necessarily each such subgraph is a tree and is called a Steiner
tree with respect to W or a Steiner WW-tree. The set of all vertices of G that lie
in some Steiner W-tree is denoted by S(W). If S(W) = V, then W is called a
Steiner set for GG. A Steiner set with minimum cardinality is the Steiner number
of G and is denoted by (G).

The concept of Steiner domination number of a graph was introduced by J.
John et al., [3]. For a connected graph G, a set of vertices W in G is called
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a Steiner dominating set if IV is both a Steiner set and a dominating set. The
minimum cardinality of a Steiner dominating set of G is its Steiner domination
number and is denoted by ~,(G). A steiner dominating set of cardinality 74(G)
is said to be a ~,-set.

Theorem 1.1. [2] The domination number of some standard graphs are given as
follows:

Theorem 1.2. [5]

4 .
=14+2 ifn>b;
75<Pn): I_g] . _
2 ifn=23o0r4.

Observation 1.1. [3] If G is a connected graph of order p, then
2 <maz{s(G),7(G)} < 7(G) <p.
Theorem 1.3. [1] Every end vertex of GG belongs to every steiner set of G.

Theorem 1.4. [3] Every extreme vertex of G belongs to every steiner dominating
set of G.

2. MAIN RESULTS

In this paper, we find graphs for which all the three parameters: domination
number, steiner number and steiner domination number are equal. The relation
between the three parameters is discussed in detail. For any two positive inte-
gers a and b, relation between the above three parameters is discussed in detail
when ¢ < b and a > b. In these cases, existence of such a graph is explained
and proved. The case in which no graph exists is also discussed and the reason
is given. Also, we prove for any given set of three positive integers a,b and ¢
with a,b > 2, and maz{a,b} < ¢ < a + b, there exists a graph G such that
v(G) = a, s(G) =band (G) = c.
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Lemma 2.1. Given a positive integer k > 2, there exists a graph G with
NG) = 5(G) =%(G) = k.

Proof. Consider the path P;. Name the initial and end vertices of P, as uy and
ugz respectively. Attach k — 2 uy — us paths of length four and name the middle
vertices of the & — 2 paths as wy, wy, ..., wy_s. Then, we get the following graph.

FIGURE 1

Clearly, {ug, w1, ws, ..., wx_2,us} is one of the minimum dominating sets of G.
It is also a minimum steiner set and a minimum steiner dominating set of G and
s0 v(G) = s(G) = v5(G) = k. O

Lemma 2.2. Given two positive integers a and b with a < b, there exists a connected
graph G such that v(G) = a and v5(G) = s(G) = b.

Proof.

(i) Leta =1 and a < b. The star graph K, satisfies the required condition.
(ii) Let @ = 2 and a < b. Let s and ¢ be two positive integers such that
s+t = b. Consider the edge wv. Join s pendant vertices v, vo, ..., vs tO
u and also ¢ pendant vertices wy, ws, ..., w; to v. The resulting graph is

given in Figure 2 which is a bistar.
Here, {u,v} is a minimum dominating set of G and so v(G) = 2. Fur-
ther, {vq, vy, ..., Vs, w1, W, ..., w, } is the unique minimum steiner set and
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unique minimum steiner dominating set of G. Hence, ,(G) = s(G) =
s+t=0b.

lJ‘T

FIGURE 2

(iii) Let @ > 2 and a < b. Let P, : (uy,us,...,u,). Choose positive integers
S1, 82, ..., S such that s; + sy --- + s, = b. Join sy, so, ..., S, pendant ver-
tices respectively to the vertices u,, us, ..., u, of P,. The resulting graph
appears as in Figure 3.

yy o o Uia 111 U{a_1)2

U{a—1)s, ,

Uy

Ulsy W73 L Ugs, TaZ g1l

FIGURE 3

Clearly, uy,us, ..., u, is @ minimum dominating set of G and so v(G) =
a. AlSO, {11, W12, covy Uisy, U1y ovy Udsyy ony Ugl, Ug2, -, Ugs, | 1S the unique min-
imum steiner set and the unique minimum steiner dominating set of G.
Hence, v,(G) = s(G) = b.
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4

Remark 2.1. From Observation 1.1, we observe the following result. Given two
positive integers a,b with b > 2 and a > b, there exists no graph with v(G) = a
and v5(G) = s(G) = b.

Lemma 2.3. Given two positive integers a,b with 2 < b < a, there exists a graph
with s(G) = b and v5(G) = v(G) = a.

Proof.

Case (i): b= 2. P3, 5 satisfies the required condition since:
(1) The set of end vertices of P3,_, is the unique minimum steiner set of
Ps, 5 and so s(P3,_o) =2 =0.
(2) By Theorem 1.1, v(Ps,—2) = [2%2] = a.
(3) Further, 3a — 2 > 5 as a > 2. Therefore:

(3a—2)—4

Y(Psa—2) = | 5 1+2
3a—6
= 2
g
= a—2+2
= Q.

Case (ii): b > 2. Let Ps,_opr1 = (v1, V2, ..., Usq—2p1+1)- ASa > b, 3a —2b+ 1 > b. Let
G be a graph in Figure 4 which is obtained by attaching b — 1 pendant
vertices wy, wo, ..., wy_1 respectively to vy, vg, ..., v,_1 of the path Ps, 9y, 1.
Therefore, {w, ws, ..., wp_1, V34—2v+1} 1S @ minimum steiner set of G and
so s(G) = b. The set S = {vy, vy, ...,vp_1 } together with any minimum
dominating set of the path P’ = {vy,1, Ups2, ..., V34_2v11} dominating set
of G.

Number of vertices is

P = 3a—2b+1-b
= 3(a—0b)+ 1.
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Therefore,

1G) = b—1+7(F)

_ b_1+(w1

= b-1+a—-b+1=a.

A g2 . #WB_y

FIGURE 4

Further, {wy, ws, ..., wp_1, V3,241 } along with any minimum steiner dom-
inating set of path P” = {wy, vy11, ..., V34_2—1} forms a minimum steiner
dominating set of G.

Number of vertices in P” =3a —2b—1— (b— 1) = 3(a — b). Therefore,

’VS(G) = b+Vs(P”)

_ by [3(a3— b)1

= b+ (a—0b) =a.

g

Remark 2.2. As in Remark 2.1, for any two positive integers a, b with a < b, there
exists no connected graph G with s(G) = b and v(G) = v,(G) = a.

Theorem 2.1. For three positive integers a, b and ¢ with a,b > 2 and max{a, b} <
¢ < a+ b, there exists a graph G with v(G) = a, s(G) = b and ~,(G) = c.
Proof. Let a,b and c be three positive integers satisfying the given condition.

Case 1: ¢ = max{a,b}.
If a = b, then the result follows from Lemma 2.1.
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If a < b, then the result follows from Lemma 2.2.
If a > b, then the result follows from Lemma 2.3.

Case 2: ¢ > max{a,b}.
Subcase 2a: Suppose @ = b. Then,a+1 < c < a+0b < 2a. Let r = ¢ — a. Then,

1<r<a.
Suppose 1 < r < a. Consider the graph G in Figure 5:
V(G) = {v1,09, ..., Vg, W1, W, .oy Wa, Ti1, Tio : 1 < @ < r} and
EG) = {vw;:1<i<a}lU{rprp:1<i<r}U{wz;:1<i<r}
Wzpwipr : 1 <i<r}U{wwiy:r+1<i<a-—1}.
It is easy to observe that {w;,ws,...,w,} and {vy,vs,...,v,} are the
unique minimum dominating set and unique minimum steiner set of

G, respectively.
Therefore, v(G) = s(G) = a.
Further, {vy,vs,..., V4, 211, Z21, ..., 1} iS one of the minimum steiner

dominating set of G and so 75(G) =a+7r =c.
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FIGURE 5

Suppose r = a.
Considering the graph as in Figure 6:

V(G) = {v1,v2, ..., Vg, W1, Wy «ooy Wa, Tit, Tiz, Yi1, Yiz 1 <@ < a— 1} and
EG) = {vw:1<i<a}U{razp,ynypn:1<i<a-—1}U
{wizin, wiyin 1 < i <a— 1} U{zpwi, yowip 1 <i<a—1}
As, {wq,ws, ...,w, } and {vy, v, ...,v,} are the unique minimum domi-
nating set and unique minimum steiner set of G, v(G) = s(G) = a.



2638 K. RAMALAKSHMI AND K. PALANI

Further, {vy, v, ..., 04, w1, wo, ..., w,} is the unique minimum steiner
dominating set of G.
Therefore, 7,(G) =2a =a+a=a+r=c,asr =c—a.

'y Il

FIGURE 6

Subcase 2b: Suppose a # b. Then, a,b and ¢ are distinct. Let r = a + b — c. As,
c<a-+b, r>0.
Suppose r > 0. Let P be a path (uo, u1,u3,—r)). Let s and ¢ be positive
integers such that s +¢t =b — (r — 1).
Add s and t pendant vertices vy, vs, ..., v, and wy, ws, ..., w; respectively
to the vertices uy and us(,—,) of the path and add » — 1 paths of length 4
from wug to us, say

(UO, L1, T2, $3U2)> (U0> Ty, L5, Te, Uz), (Uo, T3(r—2)+1) T3(r—2)+2, L3(r—2), U2)

The resulting graph is given in Figure 7.

Let D; be any minimum dominating set of P containing the end ver-
tices uy and us(,—,y and let D be any minimum dominating set of P. The
number of vertices of the path P = 3(a —r) + 1 = 1(mod 3). Hence,
Di] = D] = (P) = [%241] —q — 4 1,

It is easy to see that D; NS, where Sy = {1, 25, ..., Z3(,—2)42} forms a
minimum dominating set of GG. Therefore,

YG) = a—r+1+|S]
= a—-r+1+r—1

= Q.
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FIGURE 7

Further, Sy = S U {vy,vg, ..., v5, wy, we, ..., w; } iS @ minimum steiner set

of Gandso s(G)=s+t+r—1=b—(r—1)+(r—1)=b.

Also, S, together with any minimum dominating set of the path (u, us, ...., ug(a—r)-1)
forms a minimum steiner dominating set of GG. Therefore,

@) = b0l

= bt+(a—r)=c,asa+b—c=r.
Let = 0. Then, ¢ = a + b. Considering the graph G in Figure 8:
= {1, v, V3@ f U {1, 2o, 91, Y2} U {u, ua, ooy U, Wi, W, -, wi )
and
= {viu; 1 <i <spU{vgoypw; 1 1 <i <t} U

{vivig1 1 1 <i < 3(a— 1)} U{vizy, 2129, 2204} U

{U3(a—1)—2y17 Y1Y2, Y2U3(a—1)+1}, where s +¢ =1b.

FIGURE 8
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Let S be a minimum dominating set of the path (v, vs, ..., U3(a—1), V3(a—1)+1)
containing the end vertices. S is also a minimum dominating set of G
and so v(G) = |S|. Further, 3(a — 1) + 1 = 1(mod 3). Therefore,

1(G) = |95]
_ (3(a—31)+11
= a—1+1=a.

The set of end vertices of G forms a minimum steiner set of G and so
s(G)=s+t=0.

As the set of all end vertices together with {v:, vy, v7, V3(a—1)41} forms
a minimum steiner dominating set of G, v,(G) =b+a = c.

Hence, it is proved that for three positive integers a, b and ¢ with
a,b > 2 and max{a,b} < ¢ < a+ b, there exists a graph G with v(G) =
a, s(G) =band v(G) = c.
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