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STRONG EFFICIENT EDGE BONDAGE NUMBER OF SOME GRAPHS
M. ANNAPOOPATHI! AND N. MEENA

ABSTRACT. Let G = (V, E) be a simple graph. A subset S of E(G) is a strong
(weak) efficient edge dominating set of G if |[Ns[e] € S| =1 forall e € E(G)
(|INwle] € S| = 1 for all e € E(G)) where Ns(e) = {f/f € E(G) and
degf > dege} (Nw(e) = {f/f € E(G) and degf < dege}) and
Nsle] = Ns(e) U{e}(Nwle] = Nw(e) U {e}). The minimum cardinality of a
strong efficient edge dominating set of G (weak efficient edge dominating set
of G3) is called a strong efficient edge domination number of G and is denoted
by v (G) (7 we(G)). In this paper, the strong efficient edge bondage number
of some graphs is determined.

1. INTRODUCTION

Throughout this paper, only finite, undirected and simple graphs are consid-
ered. Two volumes on domination have been published by Haynes, Hedetniemi
and Slater in [9,10]. Edge dominating sets were studied by Mitchell and Hedet-
niemi in [12]. A set I’ of edges in a graph G is called an edge dominating set
of G if every edge in £ — S is adjacent to at least one edge in F. The edge
domination number +/(G) of a graph G is the minimum cardinality of an edge
dominating set of G. The degree of an edge was introduced by Kulli in [8]. The
concept of efficient domination was introduced by Bange et al. in [4,5]. The
concept of strong domination graphs was introduced by Kumar and Pushpalatha
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in [13] and efficient edge domination were studied by C. L. Lu et al. in [11]. A
subset D of E(G) is called an efficient edge dominating set if every edge in E(G)
is dominated by exactly one edge in D. The cardinality of the minimum efficient
edge dominating set is called the efficient edge domination number of G. The
strong efficient edge domination was introduced by M. Annapoopathi and N.
Meena, [1]. The edge bondage number ¥'(G) of a graph GG was introduced by
V.R.Kulli in [7]. In this paper, the strong efficient edge bondage number of some
graphs is determined.

The following results are from [1-3,6].

Definition 1.1. Let G = (V, E) be a simple graph. A subset S of E(G) is a strong
(weak) efficient edge dominating set of G if Nsle] NS = 1 for all e € E(G)
[Nwle]nS = 1foralle € E (G)| where Ny (e) ={ f/f € E(G) and degf > dege}
(Ny(e) =A{f/f € E(G) and degf < dege}) and N[e] = NseU{e} Nwle] = N,eU
{e}.

The minimum cardinality of a strong efficient edge dominating set of G (weak

efficient edge dominating set of (7) is called a strong(weak) efficient edge dom-
ination number of G and is denoted by /.. (G) (Y. (G))-

Definition 1.2. The helm H,, is the graph obtained from the cycle C,, with n spokes
by adding a pendant edge at each vertex on the cycle’s rim.

Definition 1.3. A flower F,, is constructed from a helm H,, by joining each vertex
of degree one to the centre.

Definition 1.4. A fan S,, is constructed from the path P, ., by adding a pendant
vertex and by joining each vertices of the path P, ., by new edges.

Observation 1. 7/, (G) < /.. (G).

Definition 1.5. Let G = (V, E) be a simple graph. Let E (G) = {e1, e, €3,€4,...€, }.
An edge e; is said to be full degree edge if and only if deg e; = n — 1.

Observation 2. ', (G) = 1 if and only if G has a full degree edge.
Observation 3. </, (K;,)=1, n>1land v, (D,s) =1, n>1

Observation 4. +/,, (C'3,) = n, VYn € N.
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Observation 5. (3,1, C3,.2 do not have efficient edge dominating sets, they do
not have strong efficient edge dominating sets.

nifm=3n+1n>1
Observation 6. For any path P, ¥',.( P ) =< n+1, ifm =3n,n>2
n+1,ifm=3n+2,n>1

Observation 7. Let W,,, be a wheel graph. Then W,, has a strong efficient edge
dominating set if and only if m = 3n and ~',, (W3,) =n, n > 2.

Observation 8. Let H, = W, o K, be the helm graph. Then ~',,(Hm) = 2n,
n > 2,m = 3n.

Observation 9. A flower graph F,, has a strong efficient edge dominating set if
and only if m = 3n,n > 1. Then v/, (F3,) = 2n,n > 2.

2. STRONG EFFICIENT EDGE BONDAGE NUMBER OF SOME GRAPHS

Definition 2.1. The strong efficient edge bondage number b,..(G) of a graph with-
out isolated vertices is the minimum cardinality among all sets of edges X C E
such that G — X has no isolated vertices +..(G — X ) > 7..(G).

Example 1. Consider the following graph G The set {e4,e7} is the unique strong

31

FIGURE 1

efficient edge dominating set of G. Therefore 7. (G) = 2.

Let X = {es,e5}. Then G — X = Py and 7., (G — X) = ~..(Ps) = 3. Therefore
V(G — X) >+ (G). Hence by..(G) < 2. Suppose any edge is removed from G, it
is verified that 7., (G — e;) < 7..(G). Hence bs..(G) > 2. Therefore bs..(G) = 2.
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Theorem 2.1. Let G = P,,. Then by.(G) = 1,m > 4.

Proof. Case 1: Let G = P3,,n > 4. Let V(G) = {v;/1 < i < 3n}. Lete; =
vvi41,1 < i < 3n — 1. Then E(G) = {e;/1 < i < 3n — 1} and |E(G)| =
3n—1,n > 4. LetX = {e}. Then G — X = Py U Ps,_¢. Therefore v, (G — X) =
Vee(Bo) + Vee(Pan-6) = Vee(Fo) + Vee(P3n-2)) =3+ n—1=n+2n > 4. Since
Yee(Psp) =n+1,7..(G — X) > .. (G). Hence bs.(G) = 1,n > 4.

Case 2: Let G = Py, 1,n > 1. Let V(G) = {v;/1 < i < 3n+1}. Lete; =
vvi+1,1 < i < 3n. Then E(G) = {e;/1 < i < 3n} and |E(G)| = 3n,n > 1.
Let X = {ez}. Then G — X = P, U P3,_1. Therefore v/, (G — X) = ~..(P) +
Vee(Pan-1) = Vee(P2) + Vee(P3n-1)42) = 1+n—14+1=mn+1n > 1. Since
Vse(Pant1) = 1, 75 (G — X) > 7, (G). Hence by (G) = 1,n > 1.

Case 3: Let G = Pj,i0,n > 2. Let V(G) = {v;/1 < i < 3n+ 2}. Lete; =
vviy1, 1 < i < 3n+ 1. Then E(G) = {e;/1 < i < 3n+ 1} and |E(G)| =
3n+1,n > 1. Let X = {ey}. Then G — X = P, U P,. Therefore +. (G — X)
Voe(P2) + Vee(Pan) = 1 +2,n > 2. Since v, (Pynt2) = n+ 1,7, (G — X) > 7, (G
Hence by (G) = 1,n > 2.

.

D\_/

Remark 2.1. An edge in P, or P; is removed, isolated vertex exists. Hence bge.(Ps)
and bs..(Ps) does not exist.

Remark 2.2. Let G = P;. Let V(G) = {v;/1 <i < 5}. Let ¢; = v;v;41,1 <1 < 4.
Then E(G) = {e;/1 <i <4} and Let X = {es}. Then G — X = P, U P;. Therefore
Vee(G=X) = 7o (P2) +75(P3) = 141 = 2. Since 7, (P5) = 2,7,.(G=X) = 7,.(G).
Hence bs..(G) does not exists.

Remark 2.3. Let G = F;. Let V(G) = {v;/1 < i < 6}. Let ; = v;v;41,1 < i < 5.
Then E(G) = {e;/1 <i <5} and Let X = {ea,e4}. Then G — X = 3P,. Therefore
Voe(G = X) = 37,.(P») = 3. Since 7, (F%) = 3, 7,(G — X) = 7,.(G). Hence bsee(G)
does not exists.

Remark 2.4. Let G = Py. Let V(G) = {v;/1 <i < 9}. Let e; = vv;41,1 <1 < 8.
Then E(G) = {e;/1 <i <8} and Let X = {eg}. Then G — X = PsU P3. Therefore
(G = X) = 39, (Py) +7(Py) = 3+ 1 = 4. Since 7o (Py) = 4,7,,(G — X) =
v..(G). Hence bs..(G) does not exists.

Theorem 2.2. Let G = Cs,,n > 2. Then by.(G) = 1,n > 2.
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Proof Let G = C5,,n > 2. Let V(G) = {v;/1 < i < 3n}. Let ¢; = vv41,1 <
i < 3n—1,e3, = v3,v;. Then E(G) = {e;/1 < i < 3n} and |E(G)| = 3n,n >
2. Let X = {¢;},1 < i < 3n. Then G — X = (3, — X = P5,. Therefore
(G = X) = Au(P) =+ L > 2. Since 7Ly (Can) = m, 7L (G — X) > 71 (G).
Hence by..(G) = 1,n > 2. O

Remark 2.5. Let G = 03. Let V(G) = {Uz/l <1< 3} Then E(G) = {61,62763}
and Let X = {e;}. Then G — X = Ps. Therefore . (G — X) = 7. .(P;) = 1 Since
Y (C3) = 1,7 (G — X) =~ (G). Hence bs..(G) does not exists.

Theorem 2.3. Let G = W3,,n > 2. Then bs..(G) = 1,n > 2.

Proof. Let G = Ws,,n > 2. Let V(G) = {v,v;/1 < i < 3n—1}. Lete, =
v, 1 <1 <3n-—1,f =vvg1,1 <i<3n—2,f3,_1 = v3,_1v;. Then E(G) =
{e;, fi/1 < i <3n—1}and |[E(G)| =6n—2,n > 2. Let X = {fi}. InG —
X, Degey = deges = 3n — 1,dege; = 3n,3 < i < 3n — 1,degfs = degfzn_1 =
3,degf; = 4,3 < i < 3n — 2. The edges ¢;,3 < i < 3n — 1 have maximum
degree. To dominate them, any one e¢; is considered. Without loss of generality,
let it be the edge e4. Then it strongly efficiently dominates all ¢;, f5, f;. Also the
edges fa, f6, fo,-- -, f3n_3, fan_1 Delong to strong efficient edge dominating set.
Therefore total number of elements in the strong efficient edge dominating set is
n+1,n > 2. Hence 7., (G—X) < n+1,n > 2. Also no set with less than n+1 edge
is a strong efficient edge dominating set of G. Therefore 7. (G—X) > n+1,n >
2. Hence 7,,(G — X) =n+1,n > 2. Since 7., (W3,) = n,7..(G — X) > 7. (G).
Hence by..(G) = 1,n > 2. O

Theorem 2.4. Let G = D, ,, 1,5 > 1. Then by.(G) = 1,7,5 > 1.

Proof. Let G = D, 5,7, > 1. V(G) = {u,v,u;,v;/1 <i<r,1<j<s}, EG) =
{uv, uu;, vv;/1 <i <r,1 <j<s} Let X = {uv}. Then G — X = K;,rU K, s.
Therefore 7,.(G — X) = 7..(K1,) + 7. (Kis) = 1+1 = 2,r,s > 1. Since
Yee(Dys) = 1,71 (G — X) > +..(G). Hence by.(G) = 1,7, > 1. O

Theorem 2.5. Let H,, be the helm graph and let G = H,,,m = 3n,n > 2. Then
bsee(G) = 3,n > 2.

Proof Let G = Hj,,n > 2. Let V(G) = {v,v;,u;/1 <1 <3n—1}. Lete; = vy;, 1 <
1 <3n—1, fi = vwip1,1 <0 <3n—2, f3, 1 = v3n_1v1, 9 = uvi, 1 <0 < 3n — 1
Then E(G) = {e;, fi,9:/1 < i < 3n—1} and |E(G)| = 9n — 3,n > 2. Let
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Si = {ei, fixa, fixs, -, fisn—as Git1s Gieas - - - Gigan—2, L < @ < 3n — 11is the strong
efficient edge dominating set of G and |S| = 2n,n > 2. Hence 7. (Hs,) =
2n,n > 2. Let X = {f1, fo, f3}. In G — X, Degey = deges = 3n — 1,dege; =
degey = 3n,dege; =3n+ 1,5 <1 < 3n—1,degfy = degfs,_1 = 5,degf; = 6,5 <
i <3n—2,degg, = deggs = 1,degg, = deggy = 2,degg; = 3,5 < i < 3n—1. All¢}s
are adjacent with each other. The edges ¢;,5 < i < 3n—1 have maximum degree.
To dominate them, any one ¢; is considered. Without loss of generality, let it be
the edge e;. Then it strongly efficiently dominates all ¢; and the edges f;, f5. Also
the edges f7, fi0, f13,- - - fan—2 and g1, 92, 93, 94, Y6, 99, - - - » G3n_3 belongs to strong
efficient edge dominating set. Therefore total number of elements in the strong
efficient edge dominating set is 2n+ 1,n > 2. Hence 7. (G— X) <2n+1,n > 2.
Therefore bg..(G) < 3,n > 2.

Case(i): Let one edge be removed from G. Let X = {e;},1 < i < 3n—1or
X ={fi},1 <i<3n—1. Then G — X has strong efficient edge dominating sets
Sj, 1 <j<3n—1,i# j. Hence 7, (G — X) = 7.(G).

Case (ii): Two edges are removed from G. Let X = {e;,¢;},1 <i,j <3n—1
or X ={e, fi},1<i,j<3n—1lorX ={f,/;},]1 <ij<3n—-1lorX =
{ei, fit, 1 < i,j <3n—1or X = {e;, fir1,1 < i,7 < 3n—1. Then G — X
has strong efficient edge dominating sets S, 1 < k < 3n — 1,k # i,j. Hence
7 (G — X) = ~..(G). From the cases (i) and (ii) bs..(G) > 3. Hence by (G) =
3,n > 2. O

Theorem 2.6. Let F,, be a flower graph and let G = F3,,n > 2. Then bs..(G) =
3,n > 2.

Proof Let G = F3,,n > 2. Let V(G) = {v,v;,u;/1 <i < 3n—1}. Lete; = vy;, 1 <
1 <3n—1,fi =vvip1, 1 << 3n—2, f3,1 = U101, G = wivs, by = vy, 1 <0 <
3n — 1. Then E(G) = {ei, fi,gi,hi/1 <1 <3n—1} and |E(G)| = 12n — 4,n > 2.
Let X = {fi,f2, fs3}. In G — X, Degey = deges = 6n — 2,dege; = degey
6n — 1,dege; = 6n,5 < i < 3n — 1,degfs = degfsn—1 = 5,degf; = 6,5 < i <
3n—2,deggs = deggs = 2,degg, = deggy = 3,degg; = 4,5 <i <3n—1. Alle}s are
adjacent with each other. The edges ¢;,5 < i < 3n—1 have maximum degree. To

dominate them, any one e¢; is considered. Without loss of generality, let it be the
edge e5. Then it strongly efficiently dominates all e;&allh; and the edges fy, f5.

Also the edges f77 flOy f137 s 7f3n—2 and 91,92, 93,945 96,99, - - -, §3n—3 belongs to
strong efficient edge dominating set. Therefore total number of elements in
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the strong efficient edge dominating set is 2n + 1,n > 2. Hence v..(G — X) <
2n 4+ 1,n > 2. Therefore by..(G) < 3,n > 2.

Case(i): Let one edge be removed from G. Let X = {e;},1 <7 < 3n—1or
X ={fi},1 <i<3n—1. Then G — X has strong efficient edge dominating sets
$;,1 < j <3n—1,i # j. Hence v.,(G — X) = ,(G).

Case (ii): Two edges are removed from G. Let X = {e;,e;},1 <i,j <3n—1
or X ={e;, ;1,1 <i,j<3n—1lorX ={fi,f;}, 1 <ij<3n—1lorX =
{ei, 3,1 <ij<3n—1lorX = {e; fi_1,1 <i,j <3n—1. Then G — X
has strong efficient edge dominating sets Sx,1 < k£ < 3n — 1,k # i,j. Hence
7 (G — X) = ~..(G). From the cases (i) and (ii) bs..(G) > 3. Hence by..(G) =
3,n>2. 0

Theorem 2.7. Let G = F,, be the fan graph. Then
n+1, ifm=3nn>1

Yol Fn)=48n+2 ifm=3n+1n>1
n+1, ifm=3n+2n>1

Proof case (1): Let m = 3n and G = F3, = P31 + Ky,n > 1. Let V(G) =
{u,v;/1 < i < 3n+1}. Lete; = w1 <@ < 3n+1,f; = vv4,1 < j <
3n, E(G) = {ei, fj/1 < i <3n+1,1 <j <3n}. |V(G) =3n+2,|EG)| =
6n+1,n > 1. Degu = 3n+1,degv, = degus,+1 = 2,degv; = 3,2 < i < 3n,dege; =
degesny1 = 3n+1,dege; = 3n+2,2 < i < 3n,degf, = degfs, = 3,degf; = 4,2 <
j < 3n—1. Then S; = {es, fu, f1,-- -, fan},S2 = {es, f1, f5o- -y fan_1},53 =
{es, fo, fro- s fan}, Sa = {€sn, f1, f3, f6, - - -, fan_3} are some strong efficient edge
dominating sets of G and |S;| = n+1,1 < i < 4. Therefore v/, (G) < n+1,n > 1.
Also no set with less than n + 1 edge is a strong efficient edge dominating set of
G. Therefore 7.,(G) > n+1,n > 1. Hence 7., (G) =n+1,n > 1.

case (2): Let m = 3n+ 1and G = F3,41 = P30 + Ki,n > 1. Let V(G)

{u,v;/1 < i < 3n+2}. Lete, = uy;,1 < i < 3n+2,f = vv4,1 <j<
In+1L,EG)={e, [;/1<i<3n+2,1<j<3n+1} V(G)=3n+3,E(G) =
6n +2,n > 1. Degu = 3n + 2,degv; = degus,io = 2,degv; = 3,2 < 1 <

3n + 1,dege; = deges,io = 3n + 2,dege; = 3n+ 3,2 < i < 3n+ 1,degf;
deg fans1 = 3,degf; = 4,2 < j < 3n. Therefore S = {es, f1, f5, fs,-- -+ fant1}
the unique strong efficient edge dominating sets of G and |S| = n + 2,n > 1.
Hence +..(G) =n+2,n > 1.

case (3): Let m = 3n+2and G = F3,,0 = P33+ K1,n > 1. Let V(G) =

—

S



2670 M. ANNAPOOPATHI AND N. MEENA

{u,v;/1 <i < 3n+3} Lete; = uy;,1 < i < 3n+3,f = vv,1 <j
In+2,E(G) ={e;, fj/1<i<3n+3,1<j<3n+2}. V(G)=3n+4EG) =
6n + 3,n > 1. Degu = 3n + 3,degv; = dequs,is = 2,degv; = 3,2 < 1 <
3n + 2,degey = deges,iz3 = 3n + 3,dege; = 3n+ 4,2 < i < 3n+ 2,degf; =
deg fanta = 3,degf; = 4,2 < j < 3n+ 1. Therefore S = {es, f4, f7, fr0,-- -, fant1}
is the unique strong efficient edge dominating sets of G and |S| =n+1,n > 1.
Hence 7., (G) =n+1,n > 1.

IN

Theorem 2.8. Let G = F,, be the fan graph. Then

1,m=3n,n2>2 m=3n+2,n>1
bsee(G): .
3m=3n+1,n2>3

Proof Case (1): Let m = 3n and G = Fj,,n > 2. Let V(G) = {v,v;/1 <
i <3n+1}. Lete; = vu;,1 < i <3n+1,f =vvj,1 <j<3nEG) =
{ei, fi/1 <i<3n+1,1<j<3n}and |[E(G)| =6n+1,n > 2. Let X = {fo}.
In G — X,degv = 3n + 1,degu; = degvy = degus = dequs,i1 = 2,degu; =
3,4 < 1 < 3n,degey = deges = deges = degesp1 = 3n + 1,dege; = 3n +
2,4 < i < 3n,degfi = 2,degfs = degfsn+1 = 3,degf; = 4,4 < i < 3n. The
edges ¢;,4 < ¢ < 3n have maximum degree. To dominate them, any one e; is
considered. Without loss of generality, let it be the edge e¢;. Then it strongly
efficiently dominates all ¢; and f4, f5. The sub graph induced by the remaining
edges = 2P, U Ps,,_y = 2P, U P3(n —2) + 2 = G’ and 7._(G’) = n + 1. Therefore
these n+1 edges together with e; form a strong efficient edge dominating set for
G — X. Hence 7., (G—X) <n+2,n > 2. Also no set with less than n + 2 edge is
a strong efficient edge dominating set of G. Therefore 7. (G—X) > n+2,n > 2.
Hence v, (G — X) =n+2,n > 2. Since v, (F3,) =n+ 1,7..(G — X) > 7, (G).
Hence by..(G) = 1,n > 2.

Case (2): Letm =3n+1and G = F3,,1,n > 3. Let V(G) = {v,v;/1 <i < 3n+
2} Lete; =vv;, 1 <i<3n+2,f; =vvj41,1 <j<3n+1EG)={e, fj/1 <
i <3n+21<j<3n+1}and |E(G)| = 6n+3,n> 3. Let X = {fy, fu. fs}-
In G — X,dege; =3n+ 2,1 <i<7,deges,io =3n+2,dege; = 3n+ 3,8 <1 <
3n+1,degf, = degfs = degfs = 2,degfr; = degfsny1 = 3,degf; = 4,8 < i < 3n.
The edges ¢;,8 < i < 3n have maximum degree. To dominate them, any one ¢;
is considered. Without loss of generality, let it be the edge ey. Then it strongly
efficiently dominates all ¢; and fg, fo. The sub graph induced by the remaining
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edges = 4P, U P3,_g = 2P2U Py(,_3) = G’ and ,,(G’) = n + 2. Therefore these
n + 2 edges together with eg form a strong efficient edge dominating set for
G — X. Hence v, (G—X) <n+3,n > 3. Also no set with less than n + 3 edges is
a strong efficient edge dominating set of G. Therefore 7. (G—X) > n+3,n > 3.
Hence 7., (G — X) =n+3,n > 3. Since 7. (F3n41) =n+2,7..(G—X) > .. (G).
Hence b..(G) = 3,n > 3.

Case (3): Let m = 3n+2and G = Fj,49,n > 1. Let V(G) = {v,v;/1 < i <
3n+ 3} Lete, = vu,1 < i <3n+3,f =vv41,1l <j<3n+2EQG) =
{e f;/1<i<3n+3,1<j<3n+2}and|E(G)| =6n+5n>1. Let X = {f,}.
In G — X,degv = 3n + 3,degv, = deguy = degus = dequs,3 = 2,degu; = 3,4 <
1 < 3n + 2,dege; = degey = deges = degesni3 = 3n + 3,dege; = 3n + 4,4 <
i < 3n+2,degfr = 2,degfs = degfsniz = 3,degf; = 4,4 < i < 3n+ 2. The
edges ¢;,4 < i < 3n + 2 have maximum degree. To dominate them, any one e;
is considered. Without loss of generality, let it be the edge e¢,. Then it strongly
efficiently dominates all e; and f3, f;. The sub graph induced by the remaining
edges = P,UPs, 3 = P,UP3,_1) = G'and v, (G") = n+ 1. Therefore these n+1
edges together with e, form a strong efficient edge dominating set for G — X.
Hence 7..(G — X) < n+2,n > 1. Also no set with less than n + 2 edges is a4
strong efficient edge dominating set of GG. Therefore 7. (G — X) > n+2,n > 1.
Hence 7., (G— X) =n+2,n > 2. Since v, (F3ni2) = n+ 1, 7. (G = X) > 7L (G).
Hence by..(G) = 1,n > 1. O

3. CONCLUSION

In this paper, the strong efficient edge bondage number of some standard
graphs is determined.
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