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CONSTRUCTION OF COLOR GRAPHS

G. PRINCESS RATHINABAI1 AND G. JEYAKUMAR

ABSTRACT. To study and to propose methods to classify the nature of problems
in biological tissues, particularly in cancer tissues of humans, the affected tis-
sues have to be converted into graphs called color graphs. Construction of color
graphs itself is a very challenging problem. In this paper, we study the exist-
ing method of constructing color graphs and introduce a new and novel form
of constructing color graphs which has several advantages over the existing
method.

1. INTRODUCTION

A graph G is an ordered pair (V (G), E(G)) where V (G) is a non empty set and
E(G) is a collection of unordered pairs of distinct elements of V (G). Elements
of V (G) are called vertices or nodes and that of E(G) are called edges. If e =

(u, v) ∈ E(G), we say that the edge e joins the vertices u and v and denote the
edge e by uv.

Graph theory plays a vital role in the study of biological structures since their
characteristics are studied by converting them in to a mathematical object. For
example, Protein-Protein Interaction Networks [12], Regulatory Networks, Sig-
nal Transduction Networks, Metabolic and Biochemical Networks, etc., are some
biological networks modeled and studied in the light of Graph Theory.
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Apart from these, several graphs have been generated in order to quantify the
tissue images. These graphs are widely responsible in encoding cancer tissue
images and cancer grading [4]. The graphs for tissue images are constructed
mainly through the location of cells (or cell clusters) [4] and tissue compo-
nents [8, 9]. Some of these graphs are constructed for tissues that belong to
brain tumor (glioma) [5, 6] and colon cancer [9] classes. Since graphs are effi-
cient tools in defining the binary relationship between nodes, these graphs are
significant tools in quantifying the tissue images through connectivity informa-
tion [4]. Cell graphs [5], Augmented cell graphs (ACG) [6] and color graphs [9]
are some of the graphs generated to represent a tissue image.

Cell-graphs are graphs in which cells or cell-clusters of a tissue image are
nodes and edges are defined between pair of nodes under some biological foun-
dation [4]. Using the technique of cell-graph, the tissues are classified as can-
cerous, healthy and inflamed tissues with accuracy [6]. The tissue images are
classified using some topological properties like average degree, average clus-
tering coefficient, average eccentricity, ratio of the giant connected component,
percentage of end nodes, percentage of isolated nodes, spectral radius and eigen
exponent [6, 7]. Similar to cell graph, ACG is an alternative computational
method in which the nodes are cell clusters and edges are defined between pair
of nodes under certain probability. Here, the nodes and edges are assigned
weights to obtain more information on the topology of tissues. Average degree,
eccentricity, average node weight, edge weight, graph spectrum, etc., are some
topological properties involved in identifying the nature of the tissue images.
These cell graph construction depends on the location of cells (or clusters). Nu-
merous cell-graph construction methods are explained in [3]. Graphs for tissue
images can also be generated based on its components. For example, in the
construction of color graphs [9], the centroids of the tissue components are as-
sumed as nodes and edges are established using Delaunay triangulation [9].
Assignment of colors to these edges depends on the end points. For colon tissue
images, this technique has been introduced and resulted in an ample accuracy
in the differentiation of tissue images. The color graph technique is explained
in the following section in detail. An attributed graph [10] G = {V,E, µ},
where V is a set of nodes, E ⊆ V × V is a set of edges, and µ : V → A,
where, A is a set of attributes, is a mapping that maps each node vi ∈ V into
an attribute label αi ∈ A, is designed to represent a tissue image based on the
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location of tissue components. The attributed graphs are used to represent the
normal gland structure of a tissue image which in turn compared with query
graphs [10] to classify the tissue images. Graphs also been modeled for seg-
menting histopathological images through which the spatial relations of tissue
components are quantified [1]. Another graph called "object graph" [7] in which
the tissue image is decomposed into set of object that represents the tissue com-
ponents, is modeled to view the gland structures. Among these numerous graph
models, this paper prioritize the color graph technique.

2. COLOR GRAPHS

Several approaches are used to quantify a tissue image based on the spatial
location of cell nuclei [9] but characterizing a tissue image using its different
components gives better insight in cancer study. For colon adenocarcinomatous
tissue image, the color graphs [9] are constructed considering the different tis-
sue components like nucleus, stroma and lumina. The initial step of color graph
construction is "identification of nodes". Here the nodes correspond to nuclear,
stromal and luminal tissue components. Due to the complex nature of tissue
images, the exact boundary of these components cannot be determined. So the
boundaries are approximated and the tissue components are identified as cir-
cular primitives with three color groups using "k - means clustering algorithm".
The central point of these circular components are considered as nodes. Nuclear,
stromal and luminal are the three types of circular primitives used to represent
a tissue image in this approach. The colors purple, pink and white correspond
to nuclear, stromal and luminal components respectively [9]. Edge Assignment
is the next step of this construction. This is done by implementing the notion
of Delaunay triangulation on central points (nodes) and the edges are colored
considering the end points. Luminal - Luminal edge, Stromal - Stromal edge,
Nuclear - Nuclear edge, Luminal - Stromal edge, Luminal - Nuclear edge and
Stromal - Nuclear edge are the six possible edge combinations and hence six dif-
ferent colors are used to color these edges. Average degree, average clustering
coefficient and diameter are some graph properties used to quantify the tissue
images. In this paper, we propose some mathematical constraints to construct
the color graph.
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3. CONSTRUCTION OF COLOR GRAPHS

For the construction of color graph, we assume there are k - different com-
ponents of a tissue. The two steps involved in the color graph construction
are "Node Identification" and Edge Assignment. For identification of nodes,
we follow the exact method given in [9]. Let the k - different components be
s1, s2, . . . , sk. For each component si there corresponds a set of nodes n where
1 ≤ i ≤ k and let n = n1, n2, . . . , nk, the total number of nodes.

For a node u, we can assign its neighbor in any one of the following three
methods.

Closed Disc Neighbors (CDN): Fix a real number r > 0. If the distance
between a node v and u is less than or equal to r, we declare u and v are
adjacent. (i.e)., N(u) = {v d(u, v) ≤ r}.

The graph thus constructed is denoted by G.
Mutually Visible Neighbors (MVN): If a node v is visible from u, then we

declare that u and v are adjacent and this graph is denoted by GM .
Relatively Prime Neighbors (RPN): Two nodes u = (a, b) and v = (m,n),

where a, b,m and n denote the integral part of the pixel values so that a, b,m
and n are integers, are mutually visible if and only if (a − m) and (b − n) are
relatively prime [13] and this graph is denoted by GR.

We observe that in the CDN approach, for sufficiently small r > 0, the re-
sulting graph is a null graph and for sufficiently large r, the resulting graph is
complete. These extreme cases are ignored. The challenge is to find a suitable
r which gives a graph G that fits for cancer grading. The graph G may be dense
or sparse depending on the value of r.

In the MVN approach, edges are established between pair of nodes if one is
visible from the other. Due to the complexity nature of tissue images, the graph
GM obtained through this approach is definitely not complete. Thus in this
case, the resulting graph can be taken into account for cancer study. Inthe RPN
approach, two nodes u = (a, b) and v = (m,n) are adjacent if and only if (a−m)

and (b− n) are relatively prime. Note that the graph GR obtained through RPN
method is a subgraph of the graph GM constructed through MVN method. Also
in the CDN method, finding a suitable r is itself a great task.

Moreover, the assignment of edges in the existing color graph method has
been done through the Delaunay triangulation technique. Due to the planarity
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property of Delaunay triangulation the information on the relation between pair
of nodes are obtained scarcely whereas in the MVN method it is entirely ac-
quired. Thus we deduce that the graph GM obtained through MVN approach
is more suitable to comprehend the nature of a tissue and the MVN method is
optimal to study the tissue images.

Assignment of colors to edges: Once the edges of the graph is established,
the next step is to color the edges. This is done based on the tissue components.
Since the adjacency is possible between homogeneous and heterogeneous com-

ponents, the number of colors required to color the edges is
k(k + 1)

2
, we denote

this number by 2. The colors that indicate the components of the nodes of the
edges are pre-fixed and they are assigned to the edges accordingly.

4. METRICS FOR COLOR GRAPH

We define the metrics for color graph in two ways:

I Ignoring the colors of the edges
II Considering the colors of the edges.

4.1. I. Metrics - ignoring the colors of the edges.

(1) Average Degree: The degree [11] of a node u in a graph G, denoted du,
is the number of lines (edges) incident with u. The average degree of a
graph G is computed over the degree of all nodes.

(2) Average eccentricity: The eccentricity [11] of a node u in a connected
graph G is max d(u, v),∀u ∈ V (G), where d(u, v) is the distance between
u and v. The average eccentricity of a graph G is computed over the
eccentricity of all nodes. Also the maximum eccentricity of the nodes is
the diameter d(G) of a graph and the minimum eccentricity of the nodes
is the radius r(G).

4.2. II. Metrics - considering the colors of the edges: Edges of graphs give
the binary relationship between pairs of nodes. In the color graph technique, the
edges define the relationship between various components of tissues. In other
words, assignment of color edges among different components conveys how the
components are clustered within them. Here we define average degree, average
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color intensity and average eccentricity with respect to π colors to grasp the
distribution of color edges in a color graph.

(1) Average Degree: For a single node, there are π different degrees since
there are edges of π colors which may incident with a node u, we define
the degree of a node u with respect to the color i as dui = Number of
edges of color i that incident with u. We observe that du =

∑π
i=1 dui. In

this way, for the π colors the node degrees are calculated. Taking the
average of node degrees with respect to each color, we get π average
degrees.

(2) Average Color Intensity: The color intensity C
(i)
u of the node u with

respect to the color i where C(i)
u = Ei

u

du
denotes the number of existing

edges of color i incident with u and du is the number of neighbors of the
node u. Taking the average of the color intensity of each color, gives a
set of π - average color intensities for a color graph. For each node u we
thus obtain the color intensity vector C(i)

u = {C(1)
u , C

(2)
u , . . . , C

(π)
u } of π -

tuples. Further, we observe that
∑π

i=1C
(i)
u = 1 . The presence of 0 in

the jth co-ordinate indicates the non occurrence of jth color edges at the
vertex u. Further the linear combination,

∑
duCu is a vector of π- tuples

whose jth co-ordinate represents the number of edges of color j. Also
1
π

∑
uCu is a π - tuple vector whose jth co-ordinate is the probability of

a randomly selected edge of the color graph is of color j.
(3) Average eccentricity: For a color i, consider the subgraph H induced by

the edges of color i. The eccentricity of a node u in H, denoted by eui, is
the max d(u, v),∀v ∈ V (H). Taking the average of the eccentricities with
respect to π, we get π average eccentricities. The maximum eccentricity
of the nodes of H with respect to the color i is the diameter Di(G) of the
color graph and the minimum eccentricity of the nodes ofH with respect
to the color i is the radius ri(G) of the color graph. Also we observe
that the computation of eccentricity, radius and diameter is possible only
whenH is connected and thus if the underlying subgraphH is connected
for all colors, the eccentricity vector, the diameter vector and the radius
vector can be computed.

The metrics thus defined, set a stage to classify the tissue images through the
notion of color graphs.
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The following are some parameters that can be studied through the color
graph technique:

1. Maximum number of colors represented [2] at a vertex.
2. Minimum number of colors represented at a vertex.
3. Number of colors represented in every node. Such colors convey the

relations between the corresponding components.
4. Dominance of certain color indicates that the corresponding components

are the major factors in the behavior of a tissue.
5. Absence of certain colors gives the inferior governance of those compo-

nents throughout the tissue.
6. Cycles of edges of same color, indicates a particular set of nodes nj for

some j, describe the close bond of the respective component.
7. Paths of edges of same color gives the connectivity information of the

respective component.
8. Number of cliques of same / different color.
9. Number of trees of same / different color.

10. Number of Kn’s of same / different color.
11. Number of K1,n’s of same / different color.
12. Ratio of the total number of dominating color edges to the total number

of edges of a color graph may help to fix a threshold in cancer grading.

These parameters will serve as an immense assistance in the field of Oncology
to understand the organization of the components of the tissues.

5. CONCLUSION

In this paper, we proposed few methods to construct color graphs and some
metrics to understand the nature of tissues. Also some parameters are suggested
that can be used in cancer detection. The distribution of the π - different metrics
that are derived for color graphs of various tissues can be done as a future
research work.
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