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TRI g FUNCTION
J. CARLIN! AND M. MUTHUKUMARI

ABSTRACT. In this paper we study the properties of tri 8 continuous and define
tri § open map, tri 5 closed map and tri 5 homeomorphism.

1. INTRODUCTION

M.E.Abd El-Monsef introduced a generalization of open set in topological
space called /5 open set in topological space called 5 open set. The generalized
open sets and generalized continuity is analyzed in [2] and [3], respectively. A
subset A of a topological space is called § open if A C cl(int(clA)). Lellis Thiva-
gar extended this concept to bitopological spaces. In [1], the authors considered
« open sets and « continuous functions. Palaniammal in his PhD thesis, [4], ex-
tended this concept to tri topological spaces. Palaniammal and others defined
the concept tri 5 continuous function.

2. TRI S FUNCTION

Definition 2.1. Let X be a non empty set and Ty, T, and T3 be three topologies on
X. X together with three topologies is called a tri topological space. It is denoted
b.y (X7 Tla T2a TS)
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Example 1. Let X = {a,b,c,d}, Ty = {0, X}, To = P(X), T3 = {0,{a}, X} Then
(X, T, Ty, T3) is a tri topological space.

Definition 2.2. Let (X,T),75,T3) be a tri topological space. Let A C X. A'is
called a tri (5 open set if A C TiclTyintTsclA.

Example 2. Let X = {1,2,3}, Ty = {0, {1}, X}, T» = {0,{2}, X}, T5 = P(X)
Then tri 3 open sets are {0, {2},{2,3}, X }.

Definition 2.3. Let (X,71,75,T3) be a tri topological space. Let A C X. A'is
called a tri (3 closed set if A is tri 3 open.

Example 3. Let X = {1,2,3}, Ty = {0, {1}, X}, T» = {0,{2}, X}, T5 = P(X)
Then tri (3 closed sets are {0, {1},{1,3}, X }.

Result 1. (1) Arbitrary union of tri 3 open sets is tri [ open.
(2) Arbitrary intersection of tri [3 closed sets is tri (3 closed.
(3) 0 and X are always both tri 3 open and tri /3 closed.

Definition 2.4. Let (X, Ty, Ty, T3) and (Y, T}, T,, T;) be two tri topological spaces.
A function f from X to Y, is called a tri 3 continuous function if f~Y(V) is tri (3
open set in X, for every tri 5 open set V in Y.

Example 4. Let (X,Ty,T»,T3) and (Y, Ty, T,,Ty) be two tri topological spaces,
where X = {1,2,3}, Y = {a,b,c}, Ty = {0,{1}, X}, T, = {0,{a},Y}, Tr =
{0.{1},{1.3}, X}, To = {0, {a}, {a,0}, Y}, Ty = {0, {1}, {1,2}, X},

T, = {0,{a},{b},Y}. Tri B open sets in X are {0,{1},{1,2},{1,3}, X}, tri 3
open sets in Y are {0,{a},{a,b},{a,c},Y}. Let f : X — Y be a function such
that: f(1) = a, f(2) = b, f(3) = c. Therefore, f is a tri 5 continuous function.

Example 5. Let (X,Ty,T»,T3) and (Y, T}, T,,Ty) be two tri topological spaces,
where X = {1,2,3}, Y = {a,b,c}, Ty = {0,{1}, X}, T} = {0,{a},Y}, Ty =
{0,{1},{1,3}, X}, T2I ={0,{a},{a, 0}, Y}, T3 = {0, {1}, {1,2}, X},

Ty = {0, {a}, {b},Y}. Tri 3 open sets in X are {0, {1}, {1,2},{1,3}, X} Tri 3 open
sets in Y are {0, {a},{a,b},{a,c},Y}. Let fi : X — Y be a function such that:
fi(1) = b, f1(2) = ¢, f1(3) = a. Therefore, f, is not tri  continuous function.

Definition 2.5. Let X and Y be two tri topological spaces. A function f from X
to Y is said to be tri [ continuous at a point a € X if for every tri [ open set V
containing f(a), there exists a tri 3 open set U containing a such that f(U) C V.
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Theorem 2.1. f is a tri § continuous iff f is a tri § continuous at each point
r e X.

Proof. Suppose f is tri 5 continuous. We prove that f is tri 8 continuous at each
point z € X.

Let f : X — Y be a tri 8 continuous function.

Take any a € X. Let V' be a tri 5 open set containing f(a).

Since f~!(V) is tri 3 open set containing a.

LetU = f~1(V).

Then f(U) C V = there exists a tri 5 open set U containing a and f(U) C V.
Hence, f is tri § continuous at a.

Conversely, suppose that f is tri 5 continuous at each point of X.

Let V be a tri 3 open set of Y. If f~}(V) = () then it is tri 3 open set.

Take any a € f~1(V), f is tri 8 continuous at a. Hence there exists U,, tri 5 open
set containing a and f(U,) C V.

Let U = U{U,la € f~1(V)

We claim that: U = f~}(V)

ae f{(V)=U,CcU=acUxeU= xe€U,forsomea= f(r) eV
=z € f~}(V) Hence, U = f~1(V).

Each U, is tri § open. Hence U is tri $ open.

= f~1(V)is tri § open in X.

Hence, f is tri § continuous function. O

Theorem 2.2. Let (X, Ty, Ty, T3) and (Y, T}, T,, Ty) be two tri topological spaces.
Then f is a tri 3 continuous function iff f~' (V) is tri 3 closed in X for every tri 3
closed Vin'Y.

Proof. Let f: X — Y is tri § continuous function.

Let V be any tri (5 closed in Y.

= V¢istri f openin Y

= f~1(V¢)is tri 8 open in X

= [f~1(V)]¢ is tri 8 open in X

= f~1(V)is tri § closed in X.

Hence, f~'(V) is tri 3 closed in X. Whenever, V is tri § closed in Y.
Conversely,

suppose f~(V) is tri 3 closed in X.

Whenever Vis tri 8 closed in Y.
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V is tri f open setin Y.

= V¢is tri 5 closed in Y

= f~1(V*)is tri  closed in X

= [f~Y(V)]¢is tri B closed in X

= f~%(V)is tri 3 open in X.

Hence, f is tri 8 continuous function. 0

Definition 2.6. Let (X, Ty, Ty, T3) and (Y, T}, T,, T3) be two tri topological spaces.
A function f from X to Y is called tri 3 open map if f(V') is tri B open in Y for
every tri 3 open set V in X.

Example 6. In example 4, f is tri  open map also.

Definition 2.7. Let (X, Ty, Ty, T3) and (Y, T}, T,, T;) be two tri topological spaces.
Let f from X to Y be a mapping. f is called tri /3 closed map if f(V') is tri 5 closed
in'Y for every tri (3 closed set F'in X.

Example 7. Let (X,T\,T»,T3) and (Y, T}, T,,Ty) be two tri topological spaces,
where X = {1,2,3}, Y = {a,b,c}, T\ = {0,{1},X}, T} = {0,{a},Y}, T» =
{0,413 {13}, X, T = {0, {a}, {a, b}, Y}, T = {0 {1}, {1.2}, X},

T?/) = {(2)7 {a}, {b}. Y}

Tri 3 closed sets in X are {0,{2},{3},{2,3}, X'}

Tri 3 closed sets in Y are {0, {b},{c}, {b,c},Y}.

Let f : X — Y be a function such that

f) =a,f(2) =b,f(3) = c

Therefore, f is a closed map.

Result 2. Let X & Y be a two tri topological spaces. Let f : X — Y be a mapping.
Then f is tri 3 continuous function iff f~':Y — X is tri 3 open map.

Definition 2.8. Let (X, Ty, Ty, T3) and (Y, T}, T,, Ty) be two topological spaces. Let
f from X to 'Y be a mapping. f is called a tri § homeomorphism. If
i) f is a bijection;
ii) fis atri f continuous;
iii) f~'is tri B continuous.
Example 8. The function f defined in the example 4 is

i) f is a bijection;
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ii) f is tri g continuous;
iii) f~'is tri 8 continuous. Therefore, f is a tri 3 homeomorphism.
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