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ON GENERALIZED RIGHT PERMUTABLE ['-NEAR SUBTRACTION
SEMIGROUPS

P. MEENAKSHI! AND N. MEENAKUMARI

ABSTRACT. In analogy with the concept of generalized right permutable T'-
near-rings, we introduce the notion of generalized right permutable I'-near
subtraction semigroups. We show that any right permutable I'-near subtrac-
tion semigroup is a generalized right permutable I'-near subtraction semigroup.
Also we study various properties of generalized right permutable I'-near sub-
traction semigroups. Throughout this paper by X, we mean a I'-near subtrac-
tion semigroup.

1. INTRODUCTION

' -near subtraction semigroup was introduced by Dr. S. J. Alandkar [1]. For
basic terminology in near subtraction semigroup, we refer to Dheena [2] and
for I'-near subtraction semigroup, we refer to Dr. S. J. Alandkar [1].

M. Kaliselvi, N. Meenakumari and T. Tamizh Chelvam [3] introduced the no-
tion of generalized right permutable I'-near-ring. In this paper we introduce
the notion of generalized right permutable in I"-near subtraction semigroups by
admiring the concepts of generalized right permutable I'-near-ring.

Lcorresponding author

2010 Mathematics Subject Classification. 18B40, 20M75.
Key words and phrases. right permutable, regular, invariant, Boolean, radical, principal X-I"-

subalgebra, regular GRPI'-near subtraction semigroup.
2723



2724 P. MEENAKSHI AND N. MEENAKUMARI
2. PRELIMINARIES

Definition 2.1. A T'-near subtraction semigroup is a triple (X, —,~), forall v € T,
where T' is a non-empty set of binary operators on X, such that (X,—,~) is a
near-subtraction semigroup for all v € T'. In practice, we called simply I'-near-
subtraction semigroup instead of right I'-near- subtraction semigroup. Similarly
we can define a I'-near- subtraction semigroup (left).

Definition 2.2. An element 0 # a € X is called nilpotent if there exists a positive
integer n > 1 such that (ay)"a = 0 for each v € T.

Definition 2.3. X is called reduced if it has no nonzero nilpotent elements.

Proposition 2.1. X has no non-gero nilpotent elements if and only if aya = 0
implies a = 0 for all v € T..

Definition 2.4. An element a € X is called Boolean if aya = a for all v € T.

Definition 2.5. X is said to have strong I F' P if for all ideals I of X and for all
a,b,x € X, ayb € I for all v € T implies ay,xy,b € I for every pair of non-zero
elements 71,7, € I

Definition 2.6. X is said to fulfil the insertion-of-factors property(IFP) provided
that for all a,b,x € X, ayb = 0 for all v € T implies ay,xv:b = 0 for every pair of
non-gero elements vy, v, € I'.

Definition 2.7. X is said to have «xIFP if X has I[FP and xyy = 0 implies
yyr = 0 forevery z,y € X and v € T.

Definition 2.8. Let P be an ideal of X. If P has strong IFP then the ideal P is
called IFP-ideal of X.

Definition 2.9. An ideal P of X is called a completely semi prime if a*(= al'a) C P
implies a € P.

Definition 2.10. A non-empty subset A of X is called a left X — I'-subalgebra
(or simply X-subalgebra) of X if A is a subalgebra of (X,—) and XT'A C A, i.e.
XyAC Aforally eT.

Definition 2.11. A non-empty subset I of X is called:
() aleftideal of X ify—y' € I foreveryy € I,y € X and zyi—xvy(x' —i) € I,
forall z, ' € X andi € I;
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(ii) a right ideal of X ifx —y € [ forevery x € I andy € X and ITX C I;
(iii) an ideal of X if I is both left and right ideal of X.

Definition 2.12. Let X and Y be two I'-Near Subtraction Semigroups. A map
f : X — Y is said to be I'-Near Subtraction Semigroup homomorphism if:

@ fla—0b)=fla)— f(b)
(ii) f(ayb) = f(a)vf(b) foralla, b€ X, v € T.

3. A STUDY ON REGULARITIES IN I'-NEAR SUBTRACTION SEMIGROUPS

Definition 3.1. X is called regular if for each a € X and for every non-zero
elements v € I', a = aybya for some b € X.

Definition 3.2. For A C X, we define the radical v/A of A to be {a € X/d* € A,
for some k > 0}. Obviously A C /A.

Definition 3.3. X is said to be right permutable if a 7 (byc) = a7y (cyb) for all
a,b,c € X and for all vy € T.

Proposition 3.1. Let X be without non-zero nilpotent elements. Then X has IFP.

Proof. If zyy = 0 for x,y € X and v € T, then (yyx)? = yyzyyyr = y7y0 = 0.
This implies that yyx = 0. For every pair of non-zero elements v, 7, € I'and z €
X, (ay1372b)* = (ay1272b) 7 (a71372b) = amazys (bya) azyab = amiy20m27:b =

ay12720 and hence a v,2v,y = 0. Therefore X has IFP. O
Lemma 3.1. If X is a zero-symmetric, then for any ideal I of X, XT'IT'X C I.

Proof. Forany I, z, 2’ € X and vy € I, xyi — xy(z' — i) € I. Substituting 2’ = 0,
we get XI'I C [. Also, ITX C I. Hence XT'IT'X C [. O

Definition 3.4. Let A and B be any two subsets of X. Let v € I, then (A: B)_ =
{z € X/zyB C A}.

Proposition 3.2. Let X be regular, a € X and a = ay,xy,a for v € X and for
every pair of non-zero elements -y, v, € I'. Then for all v € T
(i) aviz, zy2a are idempotent elements in X for every pair of 1, v2 € T;
(i) anzyeX = anX and X~yixy2a = Xea for every pair of non-zero ele-
ments vy, 72 € I



2726 P. MEENAKSHI AND N. MEENAKUMARI

Proof.

6)) (gwga)Q = (xy2a) 71 (xy2a) = 292 (ay12720) = T7Yy2a. Similarly, (cww)Q =
(amz)re(anz) = (anzya) ne = anw.
(i) Trivially Xvea = Xyayi272a € Xy127%a C Xea. Similarly, ay X =
ay1xy071 X C ayxye X C ay; X. Thereforea vz, X = a1 X.
]

Proposition 3.3. Let X be reduced. For any a,b € X, and e an idempotent,
ay1xy26 = ayae1b for every pair of non-zero elements vy, v, € I'.

Proof. Let ¢ be an idempotent in X, a, b € X and v, 7, a pair of non-zero
elements in . Since (a — ayse)y2e = 0, we have (a — ayse) y1by2¢ = 0 so that
ayibyge = aygeyibyse. Since (ey1b — ey byge)ye = 0, we have ey byz(ey1b —
evibyse)ee = 0 so that (eyih — eyibyze)® = 0. Hence eyyb = eyibyee. Thus,
av1xy2e = avy2en1b. 0

Proposition 3.4. Let X be with IFP property. Then (0 : S)p = {z € X/2I'S = {0}}
is an ideal where S is any non-empty subset of X.

Proof. Let = (0: )y ={r € X/2I'S={0}}. Lety e Tandy' € X, (y —y)I'S =
yI'S —y'T'S = {0}. Fori € I and x € X, since X has IFP, iy2I'S = {0} implies
iye € I implies ITX C [. For z,2’ € X and [ € I, (xyi — zy(2' —9))I'S =
xyil'S — zy(a’ — )I'S = zyil'S — xy(2'T'S — il'S) = avil'S — ay(2’T'S — 0) =
xy0 — 270 = {0}. xyi — 2y(a’ — i) € I. Hence [ is a ideal. O

4. GENERALIZED RIGHT PERMUTABLE ['-NEAR SUBTRACTION SEMIGROUPS

Definition 4.1. X is said to be (GRP) generalized right permutable I'-near sub-
traction semigroup if XT'al'b = XT'0l'a for all a, b € X.

Proposition 4.1. Any homomorphic image of a GRP I'-near subtraction semigroup
is again a GRP T'-near subtraction semigroup.

Proof Let f : X — X’ be a homomorphism and X be GRP I'-near subtrac-
tion semigroup. Let X' = f(X). Then X'T'f (a)Tf (b) = f(X)Tf (a)Tf (b) =
f(XTalb) = f(XTbTa) = f(X)Tf (b)Tf (a) = X TF(B)I'f (a). Thus every ho-
momorphic image of a GRP I'-near subtraction semigroup is again a GRP I'-near
subtraction semigroup. O
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Proposition 4.2. Any right permutable I'-near subtraction semigroup X is a GRP

[-near subtraction semigroup.

Proof. Let a, b € X. For y € XI'al'b, we have y = xya~vb for some x € X and
for all v € I'. Since X is right permutable, y = xybya € XT'bl'a. Therefore
XTal'b C XTbI'a. Similarly XT'0I'a C XT'al'b. Hence XT'bI'a = XT'al'b for all a,
b € X. Thus X is a GRP I'-near subtraction semigroup. O

Theorem 4.1. Let X be a GRP I'-near subtraction semigroup. If X is regular, then
we have the following:

(1) For every a € X, there exists x € X, such that a = a*I'z;
(2) X has no non-zero nilpotent elements;
(3) Any two principal X — I'-subalgebra of X commute with each other;

4)
5)

Proof.
(D)

(2)

(3)

4)

al’XTa = al' X for every a € X.
XTa = XTa® foralla € X.

Since X is a regular GRP I'-near subtraction semigroup, a = ayxya €
XTal'a = XTal'z for all v € I'. Therefore a = 2'T'al’x for some 2’ € X.
This gives 2'T'a = 2'T (al'zT'a) = (z'Talx) 'a = al'a = a*. In conclusion,
we have @ = 2'Tal'z = a’T'x.

Let a € X. Suppose al'a(= a?) = 0. By (1) there exists x € X such that
a = a*T'z and therefore a = 0. By Proposition 2.1, X has no non-zero
nilpotent elements.

Let y € XT'al'X. Then y = zI'al'2’ for some z, 2’ € X. Since X is a GRP,
xl'al’s’ = 2T'2'Ta for some = € X. Hence y = a2I'2'Ta = (2I'2")Ta €
XTa. Also XT'a = XTal'zT'a = XTal'(2T'a) C XTal'X. Therefore
XTlal'X = XTa. Let b, ¢ € X. Now XI'bI'XTe = (XTbI'X)I'e =
(XTh)l'c = XT'el'b = (XTe)['b = (XT'eI’'X)I'b = XT'eI’XTh. That is,
XToI'XTe = XT'eI’ XT'b and (3) follows.

Let @ € X. For any y € al'X, there exists z € X, such that y =
al'z = (al't’Ta)l'x = al'(z'T'al’z). Since X is a GRP, z'T'al'x = 2'T'zTa.
Hence y = al'(2'T2la) = al'(2’'Tz)l'a € oI’ XT'a which implies that
al’X C al'XTa. Clearly, aI’ XT'a C aI'X and hence al' XT'a = al' X
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(5) XTa = XT'(al'zT'a) = (XTal'z)l'a = (XTzl'a)l'a = XTzl'(al'a) =
XTal'a® C XTa?. Therefore, XT'a C XTa? and consequently XT'a =
XTa?.

O

Theorem 4.2. Let X be a GRP. If X is Boolean, then the following are true.

(1) XTal’XTb = XTal'b forall a, b € X.

(2) All principal X-T'-subalgebras of X commute with one another.
(3) Every ideal of X is a GRP.

(4) Every X-I'- subalgebra of X is a GRP.

(5) Every X-I'-subalgebra of X is an invariant X- I'- subalgebra of X.

Proof.

(1) Let a, b € X. Since X is Boolean, a = al'a € aI'X, which implies
XT'a € XTal’X. Hence XT'al'b C XTal’XT'b. Then y € XTal'XTb.
Then y = zI'al'2’T'b for some z, ' € X. Since X is a GRP, we get that
zl'al’z’ = 2T'2'Ta. Thus y = (al'2'T'a)l'b = (2'2’)['al'b € XTal'b.

(2) Fora,be X, wehave XI'al' XT'b = XT'al'b = XT'bl'a = XTbI'XTa.

(3) Let I be anyideal of X and a, b € I. Now ITal'b = ITa’T'b = (ITa) ((ITb) C
IT (XTal'b) = IT (XTbl'a) C ITbCa.That is ITal'b C ITbla. Similarly,
we get [T'0I'a C ITal'b and therefore [ is a GRP.

(4) For any X-I'-subalgebra A of X, we have XT'A C A. Let z, y € A. Now,
ATzl'y C XTal'y = XT'yl'z = XTy*Tx = (XTy)Tyl'z C (XTA)Tyl'x C
ATl'yl'z. Similarly we get AI'yI'z C AI'zI'y. Consequently, A is a GRP.

(5) Let A be an X-I"-Subalgebra of X. For z € A(I'X), z = al'x for some a €
A, x € X which implies that z = a*(T'z) = al'al'z = al'zTa. Therefore
z = al’'z'a € XT'A C A and hence A'X C A, i.e. A is an invariant
X-I'-subalgebra.

g

Proposition 4.3. Let X be a Boolean regular GRP and A an X-I'- subalgebra of
X. Then A = \/A where v/A is radical of A.

Proof Let a € v/A. There exists some positive integer k such that a* € A. By (1)
of Theorem 4.1, a = a*T'x for every z € X. Now a = al'al'z = al'(a*Tz)Tz =
a’Ta? = ... = a*T2*~! € ATX C A, by (5) of Theorem 4.1. Therefore VA C
A. Obviously A C VA. O
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Proposition 4.4. Let X be a zero symmetric regular GRP. Then the following are
true.

(1) X has IFP.

(2) Any ideal of X is semi completely prime.

(3) For any ideal I of X, X has the property that for a, b € X, if al'b C I,
then bl'a C 1.

(4) For every ideal I of X, and xy,xq,..x, € X if x1l'xsl".. . Tz, C I, then
< >I<axy>..I'<z,.1>T' <2, >C L

Proof.

(1) It follows from Theorem 4.1 (2) and Proposition 3.4.

(2) Let I be an ideal of X and «®> € I for a € X. By Theorem 4.1 (1),
for @ € X, there exists x € X such that a = a?I'xz. Here we have
a = a’Tz € ITX C I. Therefore I is semi completely prime.

(3) Let I be an ideal of X and aI'db C I for a, b € X. We have (bFa)2 =
(bl'a) T (bl'a) = bI' (al'b) T'a C XTITX. By Lemma 3.1, XT'/T'X C [ and
hence by (2) (bT'a) C I.

(4) Let zI'x,I' .. . T'z,, C I. It can be easily verified that (I : S). is an ideal
for any subset S of X. Since z; € (I : zoI'... .I'z,) we have < 27 >C
(I :aol'...Tx,)p so that < z; > T'zol'...T'z, C I. By (3) we have
zol' .. . Ta,I' <2y >C I. Now 3 € (I : 23I"...T'z, ), which implies that
< w9 > I'([:a3l'...Tx,)r and hence < 29 > I'zg.. . T'z,I' < 2y >C I.
This implies that z3...Tz,[' < 7 > ' < 2, >C [. Continuing this
process, weget<x; >I'<xzo>...I'<z, 1 ><x, >CI.

g

Lemma 4.1. Let X be a zero-symmetric reduced. If X is regular, then every X-I'-
subalgebra of X is an ideal.

Proof. Let a € X. Since X is regular, for each « € X and for every pair of
non-zero elements 1,7, € I', a = ay;by2a for some b € X. By (i) of Proposition
3.2, byea is an idempotent. Let by,a = e. By (ii) of Proposition 3.2, Xvye =
Xybya = Xyqaforall vy, 5 € I'. Therefore, XT'e = XTa. Let S = {z—avye/x €
X,v € I'}. Since (x — zy1e)y1e =0 forall z € X. (x — xy1e) 11 Xy2e = 0. This
implies that X~ye C (0 : S) for all 7, € I' and so XT'e C (0 : §). Now let
y € (0 : 5). Since X is regular, y = yy12y2y for some z € X, 71, 12 € T
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and so yyiz — (y11x) 12e € S. So, we have (yy1z — (y11x) 12¢)72y = 0. Hence
YNy — yn (veeny) = 0, ie. y — yy (v72¢72y) = 0 and by Proposition
3.3, y — yn (272y712¢) = 0 implies y — (y71272y) 1ee = 0 implies y — yy2e = 0.
Hence y = yye € XTe. It follows that (0 : S) = XI'e = XT'a. By Proposition
3.4, we get XT'a is an ideal of X. Now if Y is X-I"-subalgebra of X, then
X =3 .y XT'a. Thus Y is an ideal of X. O
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