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FIXED POINTS THEOREMS OF (x, ;1) RATIONAL CONTRACTIVE
MAPPINGS IN ORDERED COMPLEX VALUED QUASI METRIC SPACES

J. UMA MAHESWARI' AND A. ANBARASAN

ABSTRACT. In this article, we proved so many fixed point results with help
of new notion (k, 1) rational contractive mappings in ordered complex valued
quasi metric spaces and show that the example exist as well as application on
fixed point theorems.

1. INTRODUCTION

The Banach contraction principle is a basic tool for developing the fixed point
results. Many authors contributed for proving fixed point results [1-5]. Doitchi-
nov in [8], Adam et al. in [4], Dung in [10] have introduced fixed point the-
orems existence of complex valued quasi metric spaces. The concept of almost
contraction initiated by Berinide. So many authors generalized that contrac-
tion, [6,7].

Before entering into our main results we shall recall some basic definition and
results which are needful.
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2. PRELIMINARIES

We recollect some basic definitions and notions which is useful for proving
our main results.
Let C be the set of complex numbers and p;, p, € C. Define a partial order <
on C as follows:
p1 < po if and only if Re(p1) < Re(ps),Im(p) < Im(ps).
Consequently, one can infer that p; < p, if one of the following conditions is
satisfied:
() Re(p1) = Re(p2),
(i) Re(p1) < Re(p2),
(iii) Re(p1) < Re(ps), Im
(iv) Re(p1) = Re(pa), Im(p1) = Im(p2).
In particular, we write p; < ps if p; # po and one of (i), (i) and (i) are satisfied
and we write p; < p, if only (éi7) is satisfied. Notice that

1
R 1
R

(@) If 0 < p; < po, then |p1] < |p2l,
(b) If p1 < p, and p, < ps then p; < ps,
(o) Ifa,b € Rand a < bthen ap; < bp, forall p € C.

Definition 2.1. A complex quasi metric on a non-empty set X is a function v, :
X x X — Csuch that for all x,y,z € X:

(1) pl,y) = 0 if and only if x =,
(2) 7ybcp(xﬁy) S ¢cp(x7 Z) + pr(Zu y)

Definition 2.2. Let (X, .,) be a complex quasi metric space

(1) Let {x,} be a cauchy sequence if for every 0 < ¢ € C find a integer N such
that vp(z,, ) < ¢ for every m,n = N.

(2) Let {z,} converges to an element x € X if for every 0 < ¢ € C find a
integer N such that v.,(z,,z) < cfor all n = N.

(3) Suppose that (X,.,) is complete if for every cauchy sequence in X con-
verges to a point in X.

Definition 2.3. The function y : [0,00) — [0, 00) is said to be an altering distance
function if the following conditions are satisfied:

(i) p is continuous and increasing;
(ii) p(a) =0iff a = 0.
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So many authors discussed alerting distance function. Khan et al. in [9]
introduced the concept of altering distance function. Here we introduced new
notion (x, ) rational contractive mappings in ordered complex valued quasi
metric spaces where x and p are the altering distance function.

3. MAIN RESULTS

In this section, we prove our main results.

Definition 3.1. Let (X, <,.,)be an ordered Quasi metric space. Let x and p be
altering distance functions. Then the mapping g : X — X is an (k, u) rational
contraction mapping if there exists M > 0 such that:

(3.1 R(Vep(92, 9y)) < K(R(2,y)) — (R(zx,y)) + Mr(S(z,y))

Vep(T, 97)0Vep(y, 92)  Yep(T, 9Y)Vep(y, 9Y) )
L+ (ep(,y)? " 1+ (2, y) + Yep(y, gy)
Vep(T, 97)Vep (Y, 97) Vep(, gy)Vep(y, g7) )

L+dgp(z,y) 7 14+ dg(,y)
for all comparable x,y € X.

where R(x, y) = maI{Qﬂcp(l‘, y),

and S(x,y) = min{

Theorem 3.1. Let (X, <,1.,) be a partially ordered complex quasi metric spaces
such that the quasi metric is complete. Let g : X — X be a increasing continu-
ous mapping with respect to <. Suppose that g is an (k, j1)- rational contractive
mapping for all comparable x,y € X then g has a fixed point.

Proof. It should be shown that ¢ has a fixed point. Let us consider xybe a point
in X. We define a sequence {z;} in X such that z;,, = gx;.

Since g is a increasing sequence, xy < grg = r1 = g9 < Ty = gT1.

Again x; < x5 and g is a increasing therefore by induction we show that:

o < a1 < ... < x; <41 < ... Consider z; # x;,, for every [ € N . So from the
equation (3.1) we have:

R<wcp<xlaxl+1)) = ’%<wcp(g$lflyg'rl))§

(3.2) k(R(xi—1,71)) — w(R(xy_1,21)) + MR(S(21-1,77)),

IN
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where

Rz 1, 21) = maa{the (11, 1), ‘”w<’f;1(’f;,f;;;3ﬁ”;f;;;§“”,
Yep (T1—1,9T1)Yep (T1,971) }
14+tep (- 1,21) Ftbep (21, gxiz (— Yool )
cp(T1—1,%1)Pep(T1,T)
< max{ep(xi-1, 1), RN
Yep (@1—1,Z141)Yep (T1,T141) } <
1I4+-tpep (x1—1,21) +tep (21,21 4-1)

< maz{te (i1, ), L et ) i)y
Therefore,
(3.3) R(zi_1, z) < max{tep(xi—1, 1), Yep(x1, 191) } -

Since |1 + ¢cp(l‘l—17 ml) + ¢Cp(xl7 xl+1)| > Iwcp(xl—ly xl) + 77Z)cp(xl7 xl+1)| .
Now, let us take,

¢cp($l—17 gﬁl),@bcp(xla gzl—l) ¢cp(xl—1a gxl)wcp(xla gxl—l) }

S(x;_1,x;) = min )
(-1, 21) { 1+ Yop (211, 72) L+ Yep(1-1, 71)

wcp(xl—la xl+1)¢cp($l, xl) @Dcp(-ﬁ—l, xz+1)¢cp($l, 331)
1 +¢cp(xl—17$l) 7 1 +¢Cp(xl—17$l)

From (3.2), (3.3), (3.4) and let x and ;. we obtain,

(3.4 < min{ }=0.

K(Yep(21, T141)) < K(maz{ep(@i—1, 1), Yep(21, Tig1) }) —
—p(mazx{tep (i1, 1), Yep(@r, 151) }) <
< k(maz{ep(T1-1, 21), Yep(T1, T111) })

(3.5) K(Vep(x1, 2141)) < K(maz{tbey (21-1, 21), Yep(T1, T141) })

Suppose mam{¢cp(xl—lu Il)) ¢Cp(xl7 xl+l)} = 77Z)cp<1’l> :El-‘,-l) .
Then (3.5) becomes,

H(wcp(xla lerl)) S ﬁ(mam{wcp(xlfla xl)a 7vbcp(xl: $l+1)}) < H<wcp(«rla 'TlJrl))
which is the contradiction.

Therefore: max{qvbcp(xl—la JZ[), 77Z}cp(xl7 xl-‘rl)} - 77bcz)(~rl—17 xl)' NOVVJ

(B.6)  K(Wep(wr, 2141)) < K(Yep(Tio1, 1)) — p(Vep(T1-1, 1)) < K(Yep(T1-1,21)) ©

Since « is a increasing mapping, therefore{.,(x;, z;41) : { € N U {0}}is an in-
creasing sequence of positive numbers, there exists n > 0 such that
limyso0 Yep(21, 141) = 1. Let | — oo in (3.6), we get k(n) < k(n) — p(n) < k(n).
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Therefore, p(n) = 0. thus n = 0.
Hence we have

(3.7) lim e, (2, 2141) = 0.
l—o0

To show that {z;} is a Cauchy sequence in X, let suppose, {z;} is not a Cauchy
sequence. Then there exists p > 0 and two subsequences {zy(; } and {z;(;} such
that: ¢cp(xk(i)7xl(i)) > p, Z(Z) > ]C(Z) > 7. This shows that @Dcp(l‘k(i)al‘l(i)fl) < p.
Therefore we get,
P < Vep(Trgiy, 2i03))
(1) Th(i)-1) + Vep(Thi)-1, T1(i))
< @/)cp(mk () Th(i)~1) + Vep(Thii)—15 Zagi)—1) + Vep(Tagi) 15 L))
< 2ep(Th(iy, Taii)-1) + Ve (Tae), Tai)-1) + Vep(@1 ,)_1,:1:1@))
< 20ep(Th(iy, Triiy—1) + P + Yep(Tiiy-1, Tii)) -
Let i — oo in the equation (3.7) and we obtain:
o0 Yep(@keays Tigy) = HMy—so0 Yep(Tr(iy—1, T1(s))
= Yep(Tr(i), Tigiy—1)
= wcp(wk(i)—la 1‘1(1)-1)
=p.
From (k, pt) rational contraction mapping we have,

K(Vep(Tr@y, T1s))) K(Vep(gTr(i)—1, 9T15) — 1))

< KRz -1, 116 -1)) = pOR(TkG) -1, L)1)
FME(S (Tr(i)-1, Ti()-1)) »

where

R(wk(i)—h xz(i)—l) = max{(wcp(xk(i)_l, “”l(i)—l)v
Yep (Tr(i)—1:9% k() —1)Vep (Ti(5)—1,:9Tk(5)—1)
1+ (Yep (Th(s) —1:T1(1)—1))° ’
Yep(Th(s)—1,9T1(5) —1)%ep (Ti(i)—1,9%1 () —1) }
T+tpep (Tr(iy—1:T1(5) = 1) FPep (Ti(s) —1:9%1(5)—1)

Vep (T =15 T(i)) Vep (L1 =1, Tha))
1 + (¢cp(xk ; 17:El(') ))2 ’
(38) ¢cp(xk(z) 15 Li4 )wcp(xl (1)—=1, Li(3 )) }
L+ Yep( @)1, Tig)—1) + Vep(Tigi)—1, T1())

= maz{ (Yep(Tr)—1, T1i)—1),
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Vep(Tr(i)—15 9T1(5)—1) Vep(Ti(i)—1, 9Th(i)—1)
1+ wcp(ka 1, Ly(i)-1) ’

Vep(Th(i)—1, 9103 -1)Vep (Tai) - 1,gxk(i)_1)}
1+ wcp(‘rk (i) =15 Ti(i)—1)

S(xr(iy-1, Tiy—1) = min{

Vep(Tr(i) -1, Th(i)) Lep(Tii) -1, Th(i))

L+ Yep(@r(i)—1, Tig)—1) ’
ﬂ@?(xk —1, Ly )¢6p(xl 17xk(i))}
1+ Yep(Thiiy-1, Tuiy-1) '

= min{

3.9

let : — oo in (3.9). Therefore

lim R(2k()-1, Ty(i)-1) = p

1—00

lim S(zr@)—1, TiG)—1) = p-

1—00
Letting ¢ — oo in (3.8) then it becomes: x(p) < k(p) — u(p) < K(p), which is
a contradiction. Hence (x;.; = gx;) is a Cauchy sequence in X. Since X is a
complete space find that v € X such that lim;_,., 2,11 = lim; o, gz; = v.
Let gxr; — gv since g is a continuous.
Therefore by limit uniqueness we find fo =v.
Hence, v is a fixed point of g . O

Without assuming the continuous the theorem 3.1 we have the following fixed
point.

Theorem 3.2. Let (X, <,1.,) be a partially ordered complex quasi metric spaces
such that the quasi metric is complete. Let g : X — X be a increasing mapping
with respect to <. Suppose that g is an (k, p)- rational contractive mapping for all
comparable x,y € X then g has a fixed point.

Proof. The same argument followed from the theorem 3.1, we construct an non-
decreasing sequence {z;} in X such that z; — v for some v € X . It is enough to
show that g has a fixed point. By (k, ;1) rational contraction mapping we have,
(3.10)

(e (111, 90)) = K(Qep(921, 9v)) < K(B(21,0)) = p(R(@r,0)) + Me(S(21,0))
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where
_ Yep (21,9 Pep (v,971)
(@, v) = maz{ve (@, v), S5T0 TCEF
wcp(-rl 7gv)¢cp(vvgv) }
1+¢cp($l:v)+wcp(vvgv)w ( )’l[) ( )
_ cp\T1,T141)Pep \V,T141
— mal’{wcp(l‘l’ U)’ 1+('¢)cp(1'l7”0))2 9
Yep(21,9V)ep (v,.9v) }
1+wCP(xlv’U)+wCP(U7g'U)
S(xl, ’U) _ mm{ wcp<xl7 gl'z)%p(va 917[) : wcp(xla gv)¢cp(v7 gIl> }
1+ ep(y,v) 1+ Yep(zy,v)
(311) _ mm{ wcp(xla $l+1)wcp(1}7 lerl) : wcp<xl7 QU)wcp(U, xl+1> }
1 +wcp(xlav) 1 +wcp($lav)

As | — oo in (3.10) we obtain R(z;,v) — 9e(v, gv) and S(z;,v) — 0. When
[ — oo in (3.11) we obtain k(¢ (v, gv)) < K(Yep(v, gv)) — p(ep(v, gv)) so,
(tep(v, gv)) = 0. Therefore v = gv. Thus v is a fixed point of g. O

Corollary 3.1. Let (X, <,1.,) be a partially ordered complex quasi metric spaces
such that the quasi metric is complete. Let g : X — X be a increasing continuous
mapping with respect to <. Suppose that b € [0,1) and M > 0 such that
Ve, 92)Yep (Y, 9) Ve, 9Y) Ve (Y 9Y)
wlong) < bmestUnle ) T ) T (e, o) + voly )
Vep(, 97)Yep(y, 92) Vep(, 9Y)Pep(y, g) )
L+ Yop(z,y) 7 14 g(z,y)

for all comparable x,y € X then g has a fixed point.

+Mmin{

Proof. From the theorem 3.1 let us consider «(a) = a and u(a) = (1 — b)a for
every a € [0, 0o|. Hence it shows that ¢ has a fixed point. d

Without assuming continuity of ¢ in the corollary 3.1.

Corollary 3.2. Let (X, <,1.,) be a partially ordered complex quasi metric spaces
such that the quasi metric is complete. Let g : X — X be a increasing mapping
with respect to <. Suppose that b € [0,1) and M > 0 such that
Vep(, 92)Yep(y, 9) Vep(®, 9Y) Ve (Y 9Y)
Plorgy) < bmeatUnle ) T e )P T (e, o) + voly, )
Vep(T, 92)Vep(y; 97) Vep(T, 9Y)ep(y, g) )
L+ Yep(z,y) 7 14 g(z,y)

for all comparable x,y € X then g has a fixed point.

+Mmin{
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Proof. 1t follows from the theorem 3.2. Let us consider x(a) = a and
p(a) = (1 —b)a for every a € [0, c0]. Hence it shows that g has a fixed point. [

Example 1. Consider X = {0,1,2,3.....} Define the mapping g : X — X defined
by:

0, x=0.

x—3, x#0.

gr =

0, z€{0,1,2}

r—95, x2>3.
Define 1., : X x X — C such that
0, x =Y.
,lvbcp -
r+2y, T#Y.

Then (k, i) rational contraction mapping has a fixed point.

4. APPLICATIONS

Let ¢ be the set of mapping 1 : [0, 00) — [0, o) satisfying the hypotheses

(i) Every i € ( is a Lebesgue integrable on each compact subset of [0, c0)
(ii) Forallpe (and p > 0

/Opu(e)de > 0.

Let the function « : [0, 00) — [0, 0) be defined by

ww) = | " j(e)de > 0,

is an altering distance function. It is obvious to check the function. Now the
results follows

Corollary 4.1. Let (X, <,%.,) be a partially ordered complex quasi metric spaces
such that the quasi metric is complete. Let g : X — X be a increasing continuous
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mapping with respect to <. Suppose that b € [0,1) and M > 0 such that

¢ep(1791)w6p(y’91) wcp(zygy)wcp(yygw }

Yep(g2,9Y) maz{ep(T,y), 14+ (Yep(z,y))2 2 1+Yep(@,y)+dep(y,9y)
/ pu(e)de < b/ r ’ ’ p(e)de
0

Yep (z, qx)wcp(u gz) Yep(@,9Y)Yep (Y, qx)}

min{ =S " 1tdep(z,
+M/ re v p(e)de

for all comparable x,y € X then g has a fixed point.

Proof. It follows from the corollary 3.1 by taking
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