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0G*S-REGULAR AND 0G*S-NORMAL SPACES
IN TOPOLOGICAL SPACES

L. CHINNAPPARAJ! AND P. SATHISHMOHAN

ABSTRACT. The aim of this paper is to introduce and study the basic properties
of two new classes of spaces, called fg*s-regular and 6g*s-normal spaces.

1. INTRODUCTION

Munshi [7] introduced g-regular and g-normal spaces using g-closed sets in
topological spaces. Noiri and Popa [8] have further investigated the concepts
introduced by Munshi. In 1975 Maheshwari and Prasad [5, 6] introduced and
studied s-regular, s-normal spaces. In 2002 semi-g-regular and semi-g-normal
spaces were introduced and studied by Ganster et al. in [3]. The notion of
f-regular introduced by Kohli and Das [4] and the set fg*s-closed set was in-
troduced by Sathishmohan [9]. The aim of this paper is to introduce and in-
vestigate the notions of fg*s-regularity and 6¢*s-normality utilizing 6¢*s-closed
set.

2. PRELIMINARIES

Throughout this paper the space (X, 7) represents the topological spaces on
which no separation axioms are assumed unless otherwise mentioned. Let A be
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a subset of a space (X, 7) then cl(A), int(A) and A° denote the closure of A,
interior of A and complement of A respectively.

Definition 2.1. A subset A of space (X, 1) is called
(1) semi-closed set, if int(cl(A)) C A, [1];
(2) regular closed set, if A = cl(int(A)), [11].

Definition 2.2. [12], A point z of a space (X, 7) is called 6-adherent point of a
subset A of X if cl(U) N A # ¢, for every open set U containing .

The set of all 6-adherents points of A is called the 0-closure of A and is denoted by
clg(A). A subset A of a space X is called O-closed if and only if A = cly(A). The
complement of a 6-closed set is called 0-open.

Definition 2.3. [2], A point = of a space (X, T) is called semi §-cluster point of A
if AN scl(U) # ¢, for every semi-open set U containing .

The set of all semi O-cluster points of A is called semi 0-closure of A and is denoted by
sclg(A). Hence, a subset A is called semi 0-closed if scly(A) = A. The complement
of a semi O-closed set is called semi §-open set.

Definition 2.4. [9], A subset A of a topological space (X, 7) is called 0-generalized
star semi-closed (briefly 0g*s-closed) if sclo(A) C U whenever A C U and U is
g-open. The complement of 0g*s-closed set is called 6g*s-open.
The family of all 0g*s-open(resp 0g*s-closed) sets of a space X is denoted by 0g*so(X)
(resp. O0g*sc(X)).

The following three definitions are given in [9].
Definition 2.5. A function f : (X,7) — (Y, 0) is called 0g*s-continuous if f~1(V)
is 0g*s-closed set in (X, 7) for every closed set V in (Y, o).
Definition 2.6. A function f : (X,7) — (Y, 0) is called 0g*s-irresolute if f~1(V)
is 0g*s-closed set in (X, T) for every 0g*s-closed set V in (Y, o).
Definition 2.7. A space (X, 1) is called a ¢4,T%-space if every g*s-closed set of

2

(X, ) is a closed set.

Definition 2.8. [10], A space X is said to be almost normal if for each closed set
A and each regular closed set B such that AN B = ¢, there exist disjoint open sets
U and V such that ACUand B C V.
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3. 0g*s-REGULAR SPACES

In this section, we define and study the concepts of f¢*s-regular and we dis-
cuss some of its properties.

Definition 3.1. A topological space X is said to be 6g*s-regular if for every 6g*s-
closed set I’ and a point x ¢ F, there exist disjoint open sets U and V such that
FCUandzxzeV.

Theorem 3.1. Every 6¢g*s-regular space is regular.

Proof. The proof follows from the definition. 0

Theorem 3.2. If X is regular space and ¢,1f-space, then X is 0g*s-regular space.
2

Proof. Let X be a regular space. Let z € X and A be a fg*s-closed set in X such
that = ¢ A. Since X is »,7'}-space, A is a closed set in X. As X is a regular space,
there exist disjoint open sets & and H such that A C G and z € H. Hence X is
a fg*s-regular space. O

Theorem 3.3. Let X be a topological space. Then the following statements are
equivalent.
(i) X is a 0g*s-regular space.
(ii) For each x € X and each 6g*s-open set A of X there exists an open set V'
containing x such that cly(V') C A.

Proof. (i) = (it). Let A be any fg*s-open set of X. Then there exists a #g*s-open
set G such that x € A C X. Since X — G is fg*s-closed and = ¢ X — G, by
hypothesis, there exist open sets U and V' such that X — G C U, z € V and
UNnV=®dandsoV C X —-U.Nowcly(V) Ccly(X-U)=X—-Uand X -G CU
implies X — U C G C A. Therefore cly(V') C A.

(17) = (i). Let F' be a Og*s-closed set and = ¢ F. Then z € X — F is 0g*s-
open and so X — F'is a fg*s-open set containing x. By hypothesis, there exists
an open set V' containing z such that z € X and cly C X — F, which implies
F C X—clp(V). Then X —cly(V) is an open set containing " and VNX —cly(V)=
¢. Therefore X is 6¢*s-regular space. O

Theorem 3.4. A space X is a 0g*s-regular if and only if for each 6g*s-closed set F
of X and each x € X — F', there exist open sets U and V of X such that x € U
and ' CV and clp(U) Nclp(V)= ¢.
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Proof. Necessity: Let F' be a fg*s-closed set of X and = ¢ X. Then there exist
open sets Uy and V such that x € Uy, FF C V and Uy N V= ¢. This implies
Up N clp(V)=¢. Since X is Og*s-regular, there exists open sets G and H of X
such that =z € G, clp(V) C H and G N H=¢. This implies clp(G) N H=¢. Now,
put U = Uy N G, then U and V' are open sets of X such that x € U, F* C V and
clo(U) Nelg(V)=¢.

Sufficiency: If for each 6¢*s-closed set F' of X and each point z € X — F, there
exist open sets G and H such that z € G, FF C H and cly(G) Ncly(H)=¢, then it
implies that z € G, FF C H and G N H = ¢. Hence X is fg*s-regular. O

Theorem 3.5. Every subspace of 0g*s-regular space is 0g*s-regular.

Proof. Let X be a fg*s-regular space and Y be a subspace of X. Let z € Y and
F be a fg*s-closed set in Y such that = ¢ F. Then there is a closed set and so
0g*s-closed set A of X with =Y N A and z ¢ A. Since X is fg*s-regular, there
exist open sets G and H such thatx € G, A C H and GNH = ¢. Note that Y NG
and Y N H are open sets in Y. Also z € G and x € Y which impliesz € Y NG
and A C H. ThisimpliesYNACYNG, F CYNH. Also (YNG)N(YNH) = ¢.
Hence Y is a fg*s-regular space. U

Theorem 3.6. Let X be a topological space. Then the following statements are
equivalent.
(i) X is Og*s-regular space.
(ii) For each point x € X and for each 6g*s-open set U of X, there exists an
open set V of X such that x € V C cly(V) C U.
(iii) For each point x € X and for each 6g*s-open set A not containing x, there
exists an open set V of X such that clo(V) N A = ¢.

Proof. (i) < (i7). Follows from the Theorem 3.5.

(i) — (iii). Let z € X and A be a 0g*s-closed set such that x ¢ A. Then A is a
0g*s-open set such that x € A°. By hypothesis, there exists an open set VV such
that z € cly(V) C AY . Thatisz € V, V C clp(V) and cly(V) C A°. Sox € V
and cly(V) N A = ¢.

(iii) — (i). Let z € X and U be a fg*s-open set in X such that z € X. Then U“
is a #g*s-closed set such that z ¢ U¢. Then by hypothesis, there exists an open
set V containing such that cly(V) N U = ¢. Therefore z € V, clp(V) C U. So
x eV Cclp(V)CU. O
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Theorem 3.7. If f : X — Y is bijective, 6g*s-irresolute and open from 0g*s-
regular space X into a topological space Y, then Y is Og*s-regular.

Proof Let y € Y and F be a fg*s-closed set of Y with y ¢ F. Since f is 0g*s-
irresolute, f~1(F) is Og*s-closed set in X. As f is bijective, let f(z) = y and
r=f"Yy)andz ¢ f~'(F). Again since X is 0g*s-regular space, there exist open
sets U and V such thatz € U and f~'(F) C G and UNV = ¢. Since f is open and
bijective, we have y € f(U), F C f(V)and f(U)Nf(V) = f(UNV) = f(¢) = ¢.
Hence Y is ¢*s-regular space. U

Theorem 3.8. If f : X — Y is one-to-one, 0g*s-closed function from a topological
space X into 0g*s-regular space Y. If X is o,1%-space, then X is §g*s-regular.
2

Proof. Let x € X and F be a fg*s-closed set in X such that = ¢ F. Since X is
gng-space, F is closed in X. Then f(F') is 0g*s-closed set with f(z) ¢ f(F)inY
as f is #g*s-closed. Again Y is fg*s-regular, there exist disjoint open sets U and
V such that f(z) € U and f(F) C V. Therefore x € f~'(U) and F C f~1(V).
Hence X is 0¢*s-regular space. d

4. 0g*s-NORMAL SPACES

In this section, we define and study the concepts of #g*s-normal and we have
discuss some of its properties.

Definition 4.1. A topological space X is said to be 0g*s-normal if for any pair of
disjoint closed sets A and B, there exists disjoint 0g*s-open sets U and V such that
AcU,BcCV.

Theorem 4.1. For a space X the follwing are equivalent:
(i) Xis 0g*s-normal,
(ii) for every pair of open sets U and V whose union is X, there exist 0g*s-closed
sets Aand B suchthat AC U, BC Vand AUB = X,
(iii) for every closed set F and every open set D containing F, there exists a 0g*s-
open set U such that C C U C 0g*scl(U) C D.

Proof. (i) = (ii): Let U and V be a pair of open sets in a fg*s-normal space
X such that X = U U V. Then X\U, X\V are disjoint closed sets. Since X is
0g*s-normal, there exist disjoint f¢*s-open sets U; and V; such that X\U C U;
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and X\V C V;. Let A = X\U;, B = X\Vi. Then A and B are g*s-closed sets
suchthat ACU,BCcVand AUB = X.

(ii)) = (iii): Let C be a closed set and D be an open set containing C. Then
X\C and D are open sets whose union is X. Then by (ii), there exist ¢*s-closed
sets M; and M, such that M; ¢ X\C and My C D and M; U My = X. Then
C C X\M;, X\D C X\M; and (X\M;)N(X\M;) = ¢. Let U = X\M; and V =
X\M,. Then U and V are disjoint #g*s-open sets such that C C U € X\V C D.
As X\V is fg*s-closed set, we have 0g*scl(U) C X\V and C C U C 0g*scl(U) C
D.

(iii) = (i): Let C; and C, be any two disjoint closed sets of X. Put D = X\,
then Cy, N D = ¢. Cy € D where D is an open set. Then by (iii), there exists
a fg*s-open set U of X such that C; C U C 6g*scl(U) C D. It follows that
Cy C X\Og*scl(U) =V, then V is fg*s-open and U NV = ¢. Hence, C; and C,
are separated by ¢*s-open sets U and V. Therefore X is 6¢*s-normal. O

Definition 4.2. A function f : X — Y is called strongly 0g*s-closed if f(U) €
Og*sc(Y') for each U € 0g*sc(X).

Definition 4.3. A function f : X — Y is called strongly 0g*s-open if f(U) €
0g*so(Y') for each U € Og*so(X).

Theorem 4.2. A function f : X — Y is strongly 0g*s-closed if and only if for each
subset B in Y and for each 0g*s-open set U in X containing f~1(B), there exists a
fg*s-open set V containing B such that f~1(V) c U.

Proof. (=) : Suppose that f is strongly ¢*s-closed. Let B be a subset of Y and
U € Og*so(X) containing f~'(B). Put V = Y\ f(X\U), then V is a fg*s-open
set of Y such that B C V and f~(V) C U.

(<) : Let K be any 6g*s-closed set of X. Then f~'(Y\f(K)) ¢ X\K and
X\K € fg*so(X). There exists a fg*s-open set V of Y such that Y\ f(K) C V
and f~!(V) C X\K. Therefore, we have f(K) D Y\V and K C f~1(Y\V).
Hence, we obtain f(K) = Y\V and f(K) is #g*s-closed in Y. This shows that f
is strongly 6¢*s-closed. O

Theorem 4.3. If f : X — Y is a strongly 0g*s-closed continuous function from a
Og*s-normal space X onto a space Y , then Y is 0g*s-normal.

Proof. Let K and K, be disjoint closed sets in Y. Then f~!(K,) and f~'(K,) are
closed sets. Since X is fg*s-normal, then there exist disjoint #g*s-open sets U and
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V such that f~'(K;) C U and f~'(K3) C V. By Theorem 4.2 there exist fg*s-
open sets A and B such that K; € A, K, C B, f~'(A) c U and f~}(B) C V.
Also, A and B are disjoint. Thus, Y is #g*s-normal. O

Definition 4.4. A function f : X — Y is said to be almost 0g*s-irresolute if
for each x in X and each 0g*s-neighborhood V of f(x), 0g*s-cl(f~*(V)) is a 0g*s-
neighborhood of x.

Lemma 4.1. Let f : X — Y be a function. Then f is almost 0g*s-irresolute if and
only if f~1(V) C Og*s—int(0g*scl(f~(V))) for every V € Og*so(Y).

Theorem 4.4. A function f : X — Y is almost Og*s-irresolute if and only if
f(0g*scl(U)) C Og*scl(f(U)) for every U € 0g*so(X).

Proof. (=) : Let U € 0g*so(X). Suppose y ¢ Og*scl(f(U)). Then there exists
V € 0g*so(Y,y) such that V N f(U) = ¢. Hence f~(V)NU = ¢. Since U €
0g*so(X), we have Og*s-int(0g*scl(f~(V))) N Og*scl(U) = ¢. Then by lemma
4.1, f~1(V)Nég*scl(U) = ¢ and hence V N f(0g*scl(U)) = ¢. This implies that
y & F(0gscl(U)).
(<) If V € 0g*so(Y), then M = X\Og*scl(f~1(V)) € 0g*so(X). By hypothe-
sis, f(0g*scl(M)) C Og*scl(f(M)) and hence
X\Og*sint(0g*scl(f~H(V))) = 0g*scl(M)
C fH(Og scl(f(M))) C f~(Ogscl(f(X\fH(V))))
C [ (09" scl(Y\V)) = fTH(Y\V) = X\ (V).

)
Therefore, f~1(V) C Og*sint(0g*scl(f~'(V'))). By Lemma 4.1, f is almost 0g*s-
irresolute. d

Theorem 4.5. If f : X — Y is a strongly fg*s-open continuous almost 6g*s-
irresolute function from a 0g*s-normal space X onto a space Y , then Y is 0g*s-
normal.

Proof. Let A be a closed subset of Y and B be an open set containing A. Then
by continuity of f, f~(A) is closed and f~!'(B) is an open set of X such that
fYA) c f7YB). As X is fg*s-normal, there exists a fg*s-open set U in X
such that f~'(A C U C fg*scl(U) C f~'(B) by Theorem 4.1 Then, f(f'(A)) C
fU) C f(Og*scl(U)) C f(f~Y(B)). Since f is strongly g*s-open almost 6g*s-
irresolute surjection, we obtain A C f(U) C fg*scl(f(U)) C B. Then again by
Theorem 4.1 the space Y is #g*s-normal. O
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Theorem 4.6. If X is Normal space and 4,1 -space, then X is 0¢*s-Normal space.

Proof. Let A and B be two disjoint 0g*s-closed sets in X. Since X is »,7'f-space,
A and B are disjoint closed sets in X. Again X is Normal space, there “exists a
pair of disjoint open sets G and H such that A C G and B C H. Hence X is
0g*s-Normal space. O

Theorem 4.7. If f : X — Y is bijective, open, 0g*s-irresolute function from 0g*s-
Normal space X into a topological space Y, then Y is 0g*s-normal.

Proof. Let A and B disjoint fg*s-closed sets in Y. Then f~!(A) and f~!(B) are
disjoint Ag*s-closed sets in X as f is f¢g*s-irresolute. Since X is fg*s-Normal,
there exist disjoint open sets G and H in X such that f~'(4) C G and f~!(B) C
H. Again since f is bijective and open, f(G) and f(H) are disjoint open sets in
Y such that A C f(G) and B C f(H). Hence Y is fg*s-Normal. O
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