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7G*3-CONTINUOUS FUNCTIONS
R. VANI! AND A. DEVIKA

ABSTRACT. The purpose of this paper is to introduce a new class of functions,
namely, = generalized star 3 continuous functions and = generalized star (3
irresolute functions. Also, some of the characterization and basic properties of
7 generalized star 8 continuous functions are brought out.

1. INTRODUCTION

Levine [7] introduced the notion of generalized closed sets in 1970. Zait-
sev [11] defined the concept of 7-closed sets in topological spaces. Abd El-
Monsef [1] introduced the notions of [-continuous functions in topological
spaces. Dontchev [5] defined the concept of wg-closed sets in topological space
and Tahiliani [8] study the concept of 7¢g/3-closed sets in topological spaces.
Veerakumar [10] introduced g*-closed sets. Devika and Vani has introduced the
mg*B-closed sets and studied some of its relations with the existing sets. In this
paper, we define and study mwg*/-continuous functions and prove some theo-
rems which satisfies the definition. The basic definitions are recalled from the
papers [1-11].
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2. mg*-CONTINUOUS FUNCTIONS

In this section, the notion of 7 generalized star § continuous functions and
7 generalized star (3 irresolute functions are studied and the pasting lemma for
wg* P - closed maps is also proved.

Definition 2.1. A function f from a topological space (X, 7) into a topological
space (Y, o) is called 7 generalized star 3 continuous (wg* 3- continuous) if f ~1(V)
is a mg* (- closed set in (X, 1) for every closed set Vin (Y, o).

Remark 2.1. If 7.5 = 7 in X, then continuity and wg* - continuity coincide.

Theorem 2.1. If a function f : (X,7) — (Y, 0) is r-continuous, then it is wg* (-
continuous.

Proof. Let f : X — Y be r-continuous. Let F' be any closed set in Y. Then the
inverse image f~'(F) is r-closed set in X. Since for every r-closed set is 7g*3 -
closed, f~!(F) is mg* 3 - closed set in X. Therefore f is mg*3- continuous. O

Remark 2.2. The converse of the above theorem need not be true as seen from the
following example.

Example 1. Let X =Y = {a,b,c} with 7 = {0, {c}, {b,c}, {a,c}, X} and o = {0,
{b}, {a,b}, {a,c}, Y}. Let f : X — Y be the identity function, then f is ng*[ -
continuous but not continuous and r-continuous. Since for the closed set {a,c} in
Y, f'({a,c}) = {a,c}, it is mg*B-closed but not r-closed set in (X, T).

Theorem 2.2. For the function f : (X,7) — (Y, 0), the following hold:
() If f is wg*-continuous function, then f is g-continuous.
(ii) If f is wg*B-continuous function, then f is rg-continuous.
(iii) If f is wg*B-continuous function, then f is gs-continuous.
@iv) If f is wg* p-continuous function, then f is gp-continuous.
(v) If f is mg* 5-continuous function, then f is gsp-continuous.
(vi) If f is mg* 5-continuous function, then f is gpr-continuous.

Proof. (i) Let U be closed set in Y. Since f is a mg* - continuous function,
f~YU) is mg*- closed in X. Since every mg*[-closed set is g-closed,
f7Y(U) is g-closed in X. Hence f is g-continuous.

(ii) The proof for (ii) to (vi) is similar as (i).
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Remark 2.3. The converse of the above theorem need not be true as seen from the
following examples.

Example 2. Let X =Y = {a,b,c} with 7 = {0, {c}, X} and o = {0, {b}, Y}.
Let f : X — Y be the identity function, then f is g- continuous but not wg*[-
continuous. Since for the closed set {a,c} inY, f~'({a,c}) = {a,c} is g-closed set
but not wg*f-closed set in (X, 7).

Example 3. Let X =Y = {a,b,c} with 7 = {0, {c}, X} and o = {0, {a}, Y}.
Let f : X — Y be the identity function, then f is gs-continuous, rg-continuous,
gp-continuous, gsp-continuous, gpr-continuous but not wg*3 - continuous. Since
for the closed set {b,c} in Y, f~1({b,c}) = {b, c} is gs-closed, rg- closed, gp-closed,
gsp-closed, gpr-closed but not wg*-closed in (X, 7).

Theorem 2.3. Let f : (X,7) — (Y, 0) be the function from a topological space X
into a topological space Y. If f : X — Y is wg* 5-continuous, then f(mwg*cl(A)) C
cl(f(A)) for every subset A of X.

Proof. Since f(A) C cl(f(A)), A C f~(cl(f(A))). Since cl(f(A)) is a closed set in
Y and f is mg*3-continuous, f~!(cl(f(A))) is a mg*-closed set in X containing
A. Hence mg*Bcl(A) C f~(cl(f(A))). Therefore f(rg*Bcl(A)) C cl(f(A)). O

Lemma 2.1. For any x € X, x € wg*f-cl(A) if and only if V N A # 0, for every
wg*3-open set V containing X.

Theorem 2.4. Let A be a subset of a topological space X. Then x € wg*Scl(A) if
and only if for any ng*3-open set U containing x, ANU # ().

Proof. Let x € wg*cl(A) and suppose that, there is a 7¢*S-open set U in X such
that x € U and ANU = (. Then A C U° which is wg*(-closed in X. Hence
wg* Bcl(A) C wg*Bel(U°) = U°. Since x € U, x ¢ U¢, therefore x ¢ wg*fcl(A),
which is a contradiction.

Conversely, suppose that, for any w¢*/3-open set U containing =z, AN U ¢ ().
To prove that = € mg*5cl(A). Suppose that x ¢ wg*[Gcl(A), then there is a mg* 5-
closed set F' in X such that z ¢ F and A C F. Since = ¢ F, it implies that x
€ F© which is mg*3-open in X. Since A C F, it implies that A N F* = (), which
is a contradiction. Thus = € wg*fcl(A). d

Theorem 2.5. Let f : (X,7) — (Y, 0) be a function from a topological space X
into a topological space Y. Then the following statements are equivalent:
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(i) For each point = in X and each open set Vin Y with f(x) € V, there is a
wg*B-open set U in X such that x €U and f(U) C V.
(ii) For each subset A of X, f(mg*Bcl(A)) C cl(f(A)).
(iii) For each subset B of Y, wg*Bcl(f~1(B)) C f~'(cl(B)).

Proof. (i) = (ii) Suppose that (i) holds and let y € f(wg*-cl(A)) and let V be
any neighbourhood of Y. Since y € f(7wg*5 — cl(A)), there exists = € wg*[-cl(A)
such that f(z) = Y. Since f(z) € V, by (i) there exists a 7g*(-open set U in
X such that x € U and f(U) C V. Since z € f(wg*$-cl(A)), by Theorem 2.4,
UN A # (. Therefore we have Y = f(x) € cl(f((A)). Hence f(mwg*3 — cl(A)) C
Cl(f(A)).

(ii)=-(i) Suppose that (ii) holds and let x € X and V be any open set in Y
containing f(z). Let A = f~1(V°), this implies that z ¢ A. Since f(rg*3-cl(A))
C d(f(A)) C Ve, mg*B-cl(A) C f~1(V°) = A. Since x ¢ A, z ¢ g*3-cl(A) and
by Theorem 2.4 there exists a mg*3-open set U containing x such that UNA = (),
that is, U C A° and hence f(U) C f(A°) C V.

(ii) = (iii) Suppose that (ii) holds and Let B be any subset of Y. Replacing A
by f~(B) in (ii), we get f(rg*8 — cl(f~'(B))) C cl(f(f~*(B))) C cl(B). Hence
7" — cl(f(B)) € f(cl(B)).

(iii) = (ii) Suppose that (iii) holds, let B = f(A) where A is a subset of
X. Then we get from (iii) mg*Bcl(A) C ng*B — cl(f~H(f(A)) C fH(cl(f(A))).
Therefore f(mg*8 — cl(A)) C cl(f(A)). O

Theorem 2.6. Let f : (X, 7) — (Y, 0) be a function. Then the following statements
are equivalent:

(1) f is wg* B-continuous.
(ii) The inverse image of each open set in Y is wg*3-open in X.

Proof. (i)=-(ii) Assume that f : X — Y is mg*3-continuous. Let GG be an open set
in Y. Then G¢is closed in Y. Since f is wg*3-continuous, f~!(G¢) is mg* 3-closed
in X. But f~1(G°) = X — f~1(G). Thus f~'(G) is mg*S-open in X.

(ii)= (i) Assume that the inverse image of each open set in Y is 7¢*3 - open in
X. Let F be any closed setin Y. Then F¢isopenin X. But f~!(F°) = X—f~1(F)
is mg*3 - open in X and so f~!(F) is mg*B-closed in X. Therefore f is wg*f3 -
continuous. 0
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Theorem 2.7. If a function f : (X,7) — (Y, 0) is mg*f-continuous, then f(mwg* (-
cl(A)) C cl(f(A)) for every subset A of X.

Proof Let f : X — Y be mg*f-continuous. Let A C X. Then cl(f(A)) is closed
in Y. Since f is mg*3-continuous, f~!(cl(f(A))) is mg*5-closed in X and

A C f7Hf(A) C f7Hcl(f(A))) implies wg*B — cl(A) C f~'(cl(f(A))). Hence
f(mg™B = cl(A)) C cl(f(A)). .

Theorem 2.8. Let f : (X,7) — (Y, 0) be a function. Let (X, 7) and (Y, o) be any
two spaces such that 7,45 is a topology on X. Then the following statements are
equivalent:

(i) For every subset A of X, f(mg*3-cl(A)) C cl(f(A)) holds.
(i) f: (X, Tngp) — (Y, 0) is continuous.

Proof Suppose (i) holds. Let A be closed set in Y. By hypothesis f(mwg* /-
c(f71(A))) C d(f(f7H(A))) C cl(A) = 4, ie, mg"B — cl(fH(A)) € fH(A).
Also f~1(A) C ng*B — cl(f~'(A)). Hence, mg*8 — cl(f~'(A)) = f~'(A). This
implies (f~'(A))¢ € Trg+5. Thus f~1(A) is closed in (X, 7x,3) and so f is contin-
uous. This proves (ii).

Suppose (ii) holds. For every subset A of X, cl(f(A)) is closed in Y. Since
[ (X, Trge5) — (Y, 0) is continuous, f~!(cl(A)) is closed in (X, 7,+5), that im-
plies Theorem 2.3 7g*3- cl (f~'(cl(f(A)))) = f(cl(f(A))). Now we have,
A C f7Yf(A) C fYcl(f(A))) and by Lemma 2.1, wg*Bcl(A) C mwg*[ —
cl(f~H(cl(f(A))) = [7H(cl(f(A)). Therefore f(mg*§ — cl(A)) C cl(f(A)). 0

Theorem 2.9. Let f : (X,7) — (Y,0) is a mg*f - continuous function and ¢ :
(Y,o0) = (Z,n) is a continuous function. Then go f : (X,7) — (Z,n) is 7g*f -
continuous.

Proof. Let g be a continuous function and V be any open set in Z, then f~1(V) is
open in Y. Since f is mg*/3 - continuous, f~'(g7(V)) = (go f)"Y(V) is mg*B -
open in X. Hence g o f is wg*/3 - continuous. U

Now we generalize the pasting lemma for w¢* - continuous maps.

Theorem 2.10. Let X = AU B be a topological space with topology T and Y be a
topological space with topology o. Let f : (A,7/A) — (Y,o0)and g : (B,7/B) —
(Y,o) be mg*f3 - continuous maps such that f(x) = g(x) for every x € AN B.
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Suppose that A and B are g-open and wg* 3 - closed sets in X. Then the combination
a: (X,7) = (Y,0)is mg*f - continuous.

Proof. Let F' be any closed set in Y. Clearly o ' (F) = fY(F)Ug ' (F)=CUD
where C'= f~}(F) and D = g '(F). But C'is 7g*3 - closed in A and A is 7g*3
- closed in X and so C is mg*/3 - closed in X. Since we have proved that if
BCACX, Biswg*-closedin A and A is 7g*( - closed in X then B is wg*( -
closed in X. Also C'U D is mg*3 - closed in X. Therefore a!(F) is 7g*3 - closed
in X. Hence « is wg*3-continuous. O

3. mg*[-IRRESOLUTE FUNCTIONS

Definition 3.1. A function f : (X,7) — (Y,0) is said to be wg*[5 - irresolute, if
Y V) is mg* B - open set in (X, 7) for every wg*3 - open set Vin (Y, o).

Theorem 3.1. Let f : (X,7) — (Y,0)and g : (Y,0) — (Z,n) be any two functions.
Let h =gof : (X, 1) — (Z,n). Then:
(i) his wg*( - continuous if f is wg* [ - irresolute and gis wg*[3 - continuous.
(ii) his wg* S - continuous if g is continuous and f is wg*3 - continuous.

Proof. Let V be a closed set in Z.
(i) Suppose f is mg* 3 - irresolute and g is mg* 3 - continuous, ¢ (V) is 7g*3
- closed in Y. Since f is mg*3 - irresolute, the Definition 3.1 implies that
g Y(V)) is mg* B - closed in X. This proves (i).
(ii) Let g be continuous and f be 7g*/3 - continuous. Then ¢~*(V) is closed
in Y. Since f is 7¢g* - continuous, using the Definition 3.1 f~'(¢~*(V))
is mg* 3 - closed in X. This proves (ii).

g

Theorem 3.2. Let f : (X,7) —» (Y,o)and g : (Y,0) — (Z,n) are mg*[ - irresolute
functions, then go f : (X, 7)(Z,n) is mg* B-irresolute.

Proof. Let g be a wg*3 - irresolute function and V' be any w¢g* - open set in Z,
then ¢g~'(V) is mg*3 - open set in Y. Since f is wg*§3 - irresolute, f~'(¢g~*(V)) =
(go f)~%(V) is mg*/3 - open in X. Hence g o f is mg* 3 - irresolute. O
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Theorem 3.3. Let X, Y and Z be any topological spaces. For any mg*s-irresolute
map f : X — Y and any wg*s-continuous map g : Y — Z, the composition

gof : X — Y is mg*s-continuous.
Proof. It follows from the definitions. O
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