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TETRA DUAL MAGIC GRAPHS
H. VELWET GETZIMAH'! AND K. PALANI

ABSTRACT. A Tetra Dual Magic graph is a dual graph for which the primal
graph is a Magic Pyramidal graph. A Magic Pyramidal graph is said to be a
Tetra Dual Magic graph if the magic constants are all tetrahedral numbers.
These graphs are got from either a Vertex Magic Pyramidal graph or an Edge
Magic Pyramidal graph by replacement of the magic pyramidal constants by
tetra magic constants. In this paper we prove that all Paths, Stars, Complete
bipartite graphs are Tetra Dual Magic graphs and investigate the behaviour of
a Peterson graph to be a Tetra Dual Magic graph.

1. INTRODUCTION

A labeling of a graph is an assignment of integers as labels to the vertices
or edges or to both the vertices and edges of a graph. Rosa introduced graph
labeling in 1967 and the concept of Magic labeling in graphs was first introduced
by Sedlacek. Sedlacek defined a Magic labeling as a function f from the set of
edges of a graph G into non-negative real numbers so that the sums of the labels
of the edges incident at any vertex in G is constant for all v € V.

The concept of Magic Pyramidal graphs was introduced in our research work
with pyramidal numbers as magic constants, see [1-6]. If a graph satisfies both
vertex magic pyramidal labeling and edge magic pyramidal labeling then it is
termed as a Magic Pyramidal graph.
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In this paper we introduce Tetra Dual Magic graphs for which the primal
graph is a Magic Pyramidal graph and analyse the range of the Tetra vertex
magic constants 7, and Tetra edge magic constants 7, in relation with the range
of the vertex magic constants \; and the edge magic constants ;. respectively.
Also we prove that some classes of graphs satisfy Tetra Dual Magic labeling and
investigate classes of Non-Tetra Dual Magic graphs.

2. TETRA DUAL MAGIC GRAPHS

Definition 2.1. A Triangular number is a number got by adding all positive in-

tegers less than or equal to a given positive integer n. If n'" Triangular number
1

is denoted by T, then T, = M

diagonal of Pascal’s Triangle. They are 1,3,6,10,15,21, ...

. Triangular numbers are found in the third

Definition 2.2. Tetrahedral numbers are the sum of Consecutive triangular num-
bers. They are found in the fourth diagonal of Pascal’s Triangle. These numbers are

1,4,10,20, 35, ... The n'" tetrahedral number is denoted by the notation t,, where
_n(n+1)(n+2)

" 6

Remark 2.1. The Pyramidal numbers or Square Pyramidal numbers are the sums

of consecutive pairs of tetrahedral numbers. They are 1, 5, 14, 30, 55, ... . If p, is
n(n+1)(2n+ 1)

G .
Remark 2.2. The following is Pascal’s Triangle in which the third and fourth rows

contain respectively the triangular and tetrahedral numbers.

the n'* pyramidal number then p,, =

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1

1 8 28 5 70 56 28 8 1

1 9 36 84 126 126 84 36 9 1

1 10 45 120 210 252 210 120 45 10 1
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Definition 2.3. Let G = (V, E) be a graph with |V| = p vertices and |E| = q
edges. The Vertex Magic Pyramidal labeling of G is a one-to-one function f from
V(G) U E(G) onto the integers {1,2,3,...,p,} with the property that there is a
constant Ay such that f(u) + Y f(uv) = A\; where the sum runs over all vertices v
adjacent to u and wv is the edge joining the vertices u and v and the constant Ay
must be a Pyramidal number.

Here p, denotes the ¢'" Pyramidal number. The constant ) is called the Vertex
Magic constant of the given graph. A graph G which satisfies the above labeling
is called a Vertex Magic Pyramidal graph.

Definition 2.4. The Edge Magic Pyramidal labeling of a Graph G is defined as a
one-to-one function f from V(G) U E(G) onto the integers {1, 2,3, ..., p,} with the
property that there is a constant g such that f(u) + f(v) + f(uv) = py where
wv € E(G) and the constant iy must be a Pyramidal number.

Here p, denotes the ¢, Pyramidal number. The constant s is called the Edge
Magic constant of the given graph. A graph G which satisfies the above labeling
is called an Edge Magic Pyramidal graph.

Definition 2.5. If a graph G admits both Vertex Magic Pyramidal labeling and
Edge Magic Pyramidal labeling then it is termed as a Magic Pyramidal graph.

Definition 2.6. A Tetra Dual Vertex Magic labeling for a graph G is a dual labeling
derived from a Vertex Magic Pyramidal graph by replacing the vertex magic con-
stant \; with the tetra vertex magic constant T, and the ¢'"* Pyramidal number p,
with the ¢'" tetrahedral number t,. Similarly a Tetra Dual Edge Magic labeling is
derived from a Edge Magic Pyramidal graph by replacing the edge magic constant
(s with the tetra edge magic constant T, and the ¢'" Pyramidal number p, with the
q¢'" tetrahedral number t,.

If a Magic pyramidal graph admits both Tetra Dual Vertex Magic labeling and
Tetra Dual Edge Magic labeling then it is termed as a Tetra Dual Magic graph.
Here the tetra vertex magic constants 7, and the tetra edge magic constants 7,
are the tetrahedral numbers.

Theorem 2.1. All Paths P, are Tetra Dual Magic graphs for n > 4 where the tetra

. 5n — 1
vertex magic constants T, range from {HT} <T, <t,iford <n<9and
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Sn+7
2
from 3n < T, <t, , where t,_, is the (n — 1) tetrahedral number.

] < T, <t,_1foralln > 10 and the tetra edge magic constants T, range

Proof. Let the Path P, be a Vertex Magic Pyramidal graph with n vertices vy, vs, ..., v,,.
Lete;, © = 1 ton — 1 be the edges of the Path.
Case 1. nisodd, n > 5.
Define f : VUFE — {1,2,3, ..., t,} as follows:
f(v1) =T, — 1 where T, is the tetra vertex magic constant.
flo,_1)—2 for2<i<n-—1
flu) = ( 14) -
T,—(i—1) fori=1
fle;)) = iforl<i<n-—1

Case 2. n is even, n > 4.
Define f(v,) = T, — 2 where T, is the tetra vertex magic constant.
fviz) =1 fori=2
flv;) = fvis1) —2 for3<i<n-—1
T, —1i fori=n
1+ 1 fori=1
fle:) = i—1 fori=2
| fleiza+2) for3<i<n-—1
Hence all Paths P, satisfy Tetra Dual Vertex Magic labeling for n > 4.
Now, let the Path P, be an Edge Magic Pyramidal graph. We discuss
this for any n > 4.
Case 3. For any n > 4, define f : VUE — {1,2,3,...,,} as follows:

flo)) = ifor1<i<n

B T.—3  fori=1
fle) = {f(ei_l)—Q for2<i<n-—-1

Hence all Paths P, satisfy Tetra Dual Edge Magic labeling for n > 4. Therefore
all Paths P, are Tetra Dual Magic graphs for n > 4. O

Example 1.

Theorem 2.2. All Complete bipartite graphs K,,,, are Tetra Dual Magic graphs
where the tetra vertex magic constants T, range from t,,,3 < T, < t,,, for m #
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FIGURE 1. Primal graph: Vertex Magic Pyramidal labeling of
Pro(Ay = 91 = pg).

4 10
1,443,6,5,8,7,10,

oo 0 0 o

33 32 30 28 26 24 22 20 18 25
FIGURE 2. Dual graph: Tetra Dual Vertex Magic labeling of
P10<Tv — 35 = t5)

n,m >nand t,.3 < T, < ty, for m # n, n > m. For m = n, T, range from
tmsa < Ty < pmn and the tetra edge magic constants T, range from t,, 4 < T, <
tm24; for m = n where i takes the values 0,2,4,6,... for each m ranging from
2,3,4,... and for m # n, T, approximately varies from t,,. 4 < T. < tmnimen
where t,, is the n'"* tetrahedral number.

Proof. Case 1. Let the Complete bipartite graph G = K,,, be a Vertex Magic

Pyramidal graph. Let G = (V(G), E(G)). Then V can be partitioned
into two subsets V; and V5 such that every line joins a point of V; to a
point of V5. Let vy, vy, ..., v,, be the vertices of V; and uy, us, ..., u,, be the
vertices of V5. Let ey, es, ..., €,,, De the edges of K, ,,. Therefore we have
V =V, UV,. Let |V1(G)| = m and |V5(G)| = n.

Hence |V (G)| = m + n, |E(G)| = mn.

Define f : V(G) U E(G) — {1,2,3, ..., t,} as follows:

fler) = m+n
fles) = fleir)+1 for2<i<mn
f(U1) = T, _Zf(ei)
i=1
fv)) = floi)—n? Vo, eVi2<i<m
fluy) = Tv—Zf(ei) wherei=1,n+1,2n+1,3n+1...
flu;)) = fluiz) —m, Yu; € Vo, 2<i<n

Hence all Complete bipartite graphs K,,, satisfy Tetra Dual Vertex
Magic labeling.
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Case 2. Let the Complete bipartite graph K,,, be an Edge Magic Pyramidal
graph.
Define f : V(G) U E(G) — {1,2,3, ..., t,} as follows:
T,
fo) = [7}
fw) = fvic1) —(n+2) for2<i<m, Yv, eV}

f(v1) =1 if T.is odd

Define f(u1) = { flor) =2 if T, is even
flw) = fluiq) =1 for2<i<n, Yu; € Vs

f(ei) 1+ 1 for1<i<mnandi#n+1,2n+1,3n+1,...
€i) = .
flei)+3 fori=n+12n+1,3n+1,..

Hence all Complete bipartite graphs K, ,, satisfy Tetra Dual Edge Magic label-
ing. Therefore all graphs K,,,, are Tetra Dual Magic graphs for any m, n. O

Example 2.

FIGURE 3. Primal graph: Vertex Magic Pyramidal labeling of
Kys(\p = 140).

Theorem 2.3. All Stars K, are Tetra Dual Magic graphs for n > 3 where the
tetra vertex magic constants T, range from @ < T, < t, and the tetra edge
magic constants T, range from 2n + 3 < T, < t, where t, is the n'" tetrahedral
number.
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182 166 150 134

164 160 156 152

FIGURE 4. Dual graph: Tetra Dual Vertex Magic labeling of
K4’4(T,U == 220 - th)-

Proof. Case 1. Let the Star K ,, be a Vertex Magic Pyramidal graph. Let v, be the
root vertex of the Star K, ,. Let v;, i = 1 to n be the pendent vertices
and e;, i = 1 to n be the edges.

Define f : VUFE — {1,2,3, ..., t,} as follows:
Define f(v,) =1, — 1,

fv)) = flvic)—1for1<i<n
fle)) = iforl1<i<n

flwo) = ﬂ—Zf(en

Hence all Stars K ,, satisfy Tetra Dual Vertex Magic labeling for n > 3.
Case 2. Let the Star K, ,, be an Edge Magic Pyramidal graph.

Define f : VUE — {1,2,3, ..., t,} as follows:

Define f(vy) =1

flnn) = T.,—3
fv)) = flvis)—1for2<i<n
fle)) = i+1for1<i<n

Hence all Stars K, satisfy Tetra Dual Edge Magic labeling for n > 3. There-
fore all Stars K, are Tetra Dual Magic graphs for n > 3. g

The following is an example:



2444 H. V. GETZIMAH AND K. PALANI

1

2

9
Voe 7\ 8

201 200 199198 197196 195 194

FIGURE 5. Primal graph: Edge Magic Pyramidal labeling of
Kig(py = 204).

117 116 115 114 113 112 111 110

FIGURE 6. Dual graph: Tetra Dual Edge Magic labeling of
K15(T, = 120 = t3).

3. NON - TETRA DUAL MAGIC GRAPHS

Graphs which do not satisfy Tetra Dual Magic labeling are termed as Non -
Tetra Dual Magic graphs. Such graphs may not satisfy either the condition of
Tetra Dual Vertex magic labeling or the condition of Tetra Dual Edge Magic la-
beling. The Peterson graph has 10 vertices, 15 edges and the degree of each
vertex is three with two cycles and the graph is a Magic Pyramidal graph. As
every edge in a graph is incident with two vertices the condition of Tetra Dual
Edge magic labeling is satisfied in Peterson graph but it does not satisfy Tetra
Dual Vertex magic labeling. Hence the Peterson graph is a Non - Tetra Dual
Magic graph. If a graph has at least three cycles with at least four vertices of
degree three then the graph fails to be a Tetra Magic Dual graph. The Hamilton-
ian graph Dodecahedron, the Sunflower graphs, all triangular crocodiles with
at least four cycles, all Wheel graphs W,,, n > 5, Closed helms, Mongolian tent,
Book graphs are all Non - Tetra Dual Magic graphs.

4. CONCLUSION

This work has brought into focus both pyramidal numbers and tetrahedral
numbers. As the difference between the i** Pyramidal number p; and the ‘"
tetrahedral number ¢; is sufficiently large for i > 7, the range of the magic
constants does not coincide for certain graphs. The complete bipartite X,
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takes a particular range for its magic constants when it is considered as a Magic
Pyramidal graph but it takes a different range while it behaves as a Tetra Dual
Magic graph although the condition of duality is satisfied. All Cycles C,, are
Magic Pyramidal graphs and also they satisfy the condition of Tetra Dual Magic
labeling. Hence it is interesting to investigate Magic Pyramidal graphs satisfying
the condition of Tetra Dual Magic labeling.

REFERENCES

[1] J. A. GALLIAN: A Dynamic Survey Of Graph Labeling, The Electronic Journal Of Combi-
natorics, 2014.

[2] Y. LIN, M. MILLER: Vertex magic total labelings of complete graphs, Bull. Inst. Combin.
Appl., 33 (2001), 68-76.

[3] B. M. STEWART: Magic graphs, Canadian J. Math., 18 (1966), 1031-1059.

[4] H. V. GETZIMAH, K. PALANI: Magic and Partially Magic Pyramidal Graphs, Journal of
Emerging Technologies and Innovative Research, 5 (11) (2018), 627-632.

[5] W. D. WALLIS, T. E. BASKORO, M. M. SLAMIN: Edge Magic Total Labelings, The Aus-
tralasian Journal of Combinatorics, 22 (2000), 177-190.

[6] W. D. WALLIS: Magic graphs, Birkhauser, Boston, 2001.

DEPARTMENT OF MATHEMATICS

POPE’Ss COLLEGE (AUTONOMOUS)
SAWYERPURAM-628251, THOOTHUKUDI.
E-mail address: velget@gmail.com.

DEPARTMENT OF MATHEMATICS

A.P.C. MAHALAXMI COLLEGE FOR WOMEN
THOOTHUKUDI-628002

E-mail address: kpapc@gmail.com



