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MEAN LABELING FOR STAR AND PATH GRAPH
K. VISWANATHAN, V. SWATHY, V. MAHESHWARI, AND V. BALAJI!

ABSTRACT. In this paper, we proved that for o < 3, the graph K; o, A Ps is a
mean graph if & < 6; 8 > 1 and not a mean graph if « > 9; 5 > 1.

1. INTRODUCTION

Somasundaram and Ponraj [8] have introduced the notion of mean
labelings of graphs. A graph G with p nodes and ¢ links is called a mean graph
if there is an one to one function ¢ from the nodes of G to {0,1,2,---¢} such
that when each link Ay is labeled with M if o(\) + ¢(u) is even, and
w if o(\) + ¢(p) is odd, then the resulting link labels {1,2,---¢} are
distinct. In [1], [2], [8], [9], [10], [11], [4], and [5] they proved the following
graphs are mean graphs: Ps; Cg; Ko o3 Ko+ mKy; K, +2K,; C, U Pg; P, x Pg;
P, x Cg; Cy ©® Ky; Pg ® Ky, triangular snakes, quadrilateral snakes, K, if and
only if o < 3; K, if and only if o < 3, bistars B, (o« > ) if and only if
a < [ + 2, the subdivision graph of the star K, , if and only if o < 4. In [3],
they proved that two star K , A K s is a mean graph if and only if |a — 5] < 4.
In [6], they proved that if « < § < v, then the three star K, , A K15 A K,
is a mean graph if and only if o + § —8 <y < a+  + 4 when a > 9 and
b+1<~v<a+pf+4whenl < a <9. In [7], they have proved that the four
star Ky 5, A K1 g, AN K1 gy A K14, , 1 < g2 < g3 < g4 is @ mean graph if and only
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if 1. g1 € [93,91 + 92 + g3 + 5] if g1 <9 and

2.94€ (93,95 + T U g1+ 92+ 93— 11,91 + g2 + g3 + 5] if g1 > 9.
By refering these results we got motivated and worked on Mean labeling for star
and path graphs.

Definition 1.1. A wedge is a link which is used for connecting two components
of a graph. It is denoted as A, A(GA) < A(G). where \ denotes the number of
components of graph.

Definition 1.2. A graph G with p nodes and q links is called a mean graph if there
is an one to one function ¢ from the nodes of G to {0,1,2,---q} such that when
each link Ay is labeled with M if p(A) + (p) is even, and W)*QM if
©(A) + ¢(u) is odd, then the resulting link labels {1,2, - - ¢} are distinct.

2. MAIN RESULTS
Theorem 2.1. For o < f3, the graph K, , A Ps is mean graph if « < 6 and § > 1.

Proof. Let the graph G = Ky, A Ps. Let o < . Let {p} U {p;:1<i<a};
{r; : 1 < j < B} be the nodes of G. Then We have,
V(G) ={ptU{pi: 1 <i<ajU{m;:1<j<p}
and
E(G)={ppi: 1 <i<a}lU{rjrjs1:1<j<pB—1}U{p;k;: for someiand j}.

Then G has oo+ 5+ 1 nodes and o+ 3 links. Node and link labeling of G is given
by the function ¢ anf ¢* respectively, where, ¢ : V(G) — {0,1,2,---¢ = a + [}
and ¢*: E(G) — {1,2,---qg=a+ [}. Now we have to prove that G is mean
graph if « <6 and g > 1.

Case 1 When o = 1,2,3 and > 1. The node labeling of G:
e(p)=q—1; ¢(p) = q;
e(p2) = q—2; p(ps) = p(p2) — 1

and

o(kj)=j—1 for 1 <j<g.
The link labeling of G: ¢*(pp1) = ¢; ¢*(pp2) = q¢ — 1; ¥*(pp3) = ¢ — 2 and
0 (kjkj) =gfor1 <j<pg—1
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The wedge p,rs is ¢*(ks_1kp) + 1. Hence all the node and link labels are
distinct. Therefore G is mean graph when o« = 1,2,3 and 5 > 1.

Case 2 When o = 4 and 8 > 1. The node labeling of G:
e(p) =a—Lplp) =q¢ v(p2) =q—2;
w(ps) = (p2) — 15 @(pa) = p(p3) — 2;
p(rj) =j—1for1 <j <p—1and p(kg) = p(kp1) + 2.
The link labeling of G: ¢*(pp1) = q; ¢*(ppi) = ¢*(ppi—1) — 1 for i = 2,3,4 and
©*(kjkj1) = jfor 1 <j < B — 1. The wedge psrs is p*(kp_1ks) + 1.

Hence all the node and link labels are distinct. Therefore G is mean graph
when o =4 and 8 > 1.

Case 3 When o = 5 and 8 > 1. The node labeling of G:
o(p) =q—1;0(p1) = ¢ @(p2) = q—2;¢(ps) = v(p2) — 1;
w(pi) = p(pi-1) =2 for i =4,5; (k;) =j—1 for 1<j<3-2
and
¢(kj) = p(kj_1) +2 for j=p-1,8
The link labeling of G:
©"(pp1) = q; ¥ (ppi) = ¢"(ppi—1) — 1 for i=2,3,4,5;

" (kjrjy1) =g for 1 <7< B —2; and " (kp_1kp) = @"(Kp—2kip—1) + 2.
The wedge psrs_1 iS ©*(kg_2ks-1) + 1.
Hence all the node and link labels are distinct. Therefore G is mean graph
when o =5 and 8 > 1.

Case 4 When o = 6 and 8 > 1. The node labeling of G:
p(p) =q—1L0(p) =q @(p2) = q—2; v(ps) = (p2) — 1;
w(pi) = p(pi-1) — 2 for i =4,5; p(ps) = p(ps) — 4;
p(rj) =j—1 for 1 <j<B—50¢(ksa)=p(kp-s) +2;
p(kj)=j for j=p-3,8-2
and
SO(’%J) - Sp(ffj_1> + 2 for j - ﬁ - 17ﬁ
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The link labeling of G:
" (pp1) = ¢ ¢ (ppi) = ¢"(ppi—1) — 1 for 1 =2,3,4,5;
©*(pps) = ©"(pps) = 2; " (ki) = J for 1 <j < —6;
@ (kp-skip-1) = 0" (Kp-6rp—s5) + 1; ¢*(Kp-arp-3) = " (Kp-skp-a) + 2;

@*(Kjkj1) = " (Kj1k;) +1 for j=5-3,6-2
and ¢*(kg_1k3) = ¢*(kg_2kp-1) + 2. The wedge perpg_4 is ¢*(kp_skp—4) + 1.
Hence all the node and link labels are distinct. Therefore G is mean graph
when o = 6 and § > 1. Hence, For a < 3, the graph K , A Ps is mean graph if
a < 6. O

Remark 2.1. For the graphs K, 7 A P3 and K3 A\ P, 3 > 1 the labeling exists if
a < (8 but we are not able to generalise it.

FIGURE 1. K7 A Pys

Theorem 2.2. For a < f3, the graph K, , N\ P3 is not a mean graph if o > 9 and
5> 1.

Proof. Let G = K; , A P3. Let o < 5. Now we have to prove that G is not a mean
graph if « > 9 and 5 > 1. Suppose G is a mean graph for > 9 and § > 1. Let
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FIGURE 2. K3 A Py

us now consider the case when o« = 9 and § = 9 then G has 19 nodes and 18
links. we define,

V(G)={p}U{pi:1<i<a=9}U{k;:1<j<pB=9}

and
BEG)={ppi:1<i<a=9U{kjrj:1<j<pB—1=8}.

Suppose G is a mean graph and let p = 19 and ¢ = 18. Then there is an one to
one function ¢ from the nodes of G to {0, 1,2, - - - ¢} such that when each link A\u
is labeled with M if o(\) + () is even, and M‘g(“)ﬂ) if o(A) + ()
is odd, then the resulting link labels {1,2,---¢} are distinct. Let us first label
nodes of K , such that its links are labeled as {10, 11,12, - - - 18}. The possibility
of the link label 18 are 17 and 18. Therefore 18 should be the label of the graph
G. Let it be ¢(p) = 18. The possibilities for ¢(p;), for 1 < ¢ < 9 for obtaining
the link labels {10, 11,12, ---18} are 17, (16 or 15), (14 or 13), (12 0r 11 ), (10
or9), (8 or 7), (6 or 5), (4 or 3), (2 or 1) which implies ¢(p;) = 17. Now we
label the nodes of P, such that its links are among {1, 3,4,5,6,7,8,9} and 2 be
the wedge label.

Case 1: The possibilities to get link label 1 are (0 and 1) or (0 and 2). Let
©(k2) = 0 then, ¢(py) should be either 1 or 2. Suppose ¢(pg) = 1 then 2 should
be the label of any one of the nodes of Py. Let p(k3) = 2 then ¢*(kok3) = 1.

Case 2: consider ¢(ps) should be either 3 or 4. If p(ps) = 3 then 4 will be the
label of any one of the nodes of P. If we assume ¢(k4) = 4 then ¢*(k3r4) = 3.
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Case 3: Let us fix ¢(p7) should be either 5 or 6. In case ¢(p;) = 5 then 6 should
be the label of any one of the nodes of Py. Let ¢(k5) = 6 then ¢*(k4r5) = 5.

Case 4: Let us set ¢(pg) should be either 7 or 8. Suppose ¢(ps) = 7 then 8 must
be the label of any of the nodes of P. Let ¢(kg) = 8 then ¢*(kskg) = 7.
Case 5: consider ¢(ps5) should be either 9 or 10. If p(ps) = 9 then 10 should be

the label of any of the nodes of Py. Assume ¢(r7) = 10 then ¢*(kgr7) = 9.

Case 6: Let us set ¢(p4) should be either 11 or 12. In case ¢(p;) = 11 then
12 must be the label of any of the nodes of Py. Now Consider ¢(xg) = 12 then
¢©*(krks) = 11 (which is not possible). Therefore, p(krs) # 12. Let p(k1) = 12
then ¢*(k1k2) = 6.

Case 7: Let us fix ¢(p3) should be either 13 or 14. Suppose ¢(p3) = 13 then 14
should be the label of any of the nodes of Py. Let us assume that ¢(kg) = 14
then ¢*(k7ks) = 12 (which is not possible). Therefore, p(ks) # 14. suppose
¢(kg) = 13 then ¢*(k7ks) = 12 (which is not possible). Therefore, p(kg) # 13.
since ¢(py) should be either 14 or 15. If we assume ¢ (ks) = 14 then p*(k7kg) =
13 (which is not possible). Therefore, p(rs) # 14. suppose p(kg) = 15 then
©*(k7kg) = 13 (which is not possible). Therefore, p(kg) # 15. The remaining
possible link labels are {4,8} which is not possible when ¢(x;) = 13 or 14 or
15 or 16. Therefore, G is not a mean graph when o = § = 9. Similarly we can
prove for all other cases. Therefore, G is not a mean graph when o > 9 and
p > 1for a < . Therefore, K; , A Ps is not a mean graph if « > 9 and 5 > 1
for o < . O

3. CONCLUSION

In this paper we proved that for o < 3, the graph K, A Ps is a mean graph
if « < 6; § > 1 and not a mean graph if « > 9; § > 1. In future, we planned to
work on Mean labeling for two star and a path graph.
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