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ENHANCED DELAY DEPENDENT STABILITY CRITERIA
FOR NEURAL NETWORKS WITH TIME VARYING DELAY

R. JEETENDRA! AND G. UMA

ABSTRACT. This paper is concerned with stability analysis of neural networks
with time varying delay in a given range. The relationship between time vary-
ing delay and its lower and upper bounds are taken into consideration while
calculating upper bound of the Lyapunov functional derivative. By constructing
more general type of Lyapunov functional and employing integral limits con-
taining the lower and upper bound of time delay on activation function, some
new less conservative stability criteria are developed in terms of Linear matrix
inequality. Finally two numerical examples are used to show the effectiveness
and less conservatism of the proposed theorem.

1. INTRODUCTION

Neural networks have found applications in many fields such as as signal
processing, image decryption, pattern recognition, associative memories, fixed-
point computations, optimization, feedback control, medical diagnosis, and fi-
nancial applications [1]. Time-delays will be often the source of instability. So,
the stability analysis of neural networks with time varying delays has drawn
considerable attention. According to the information on delays the stability cri-
teria can be classified as delay dependent or delay independent. Since delay
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independent stability criteria tends to more conservative than the delay depen-
dent many efforts have been paid to derive delay-dependent stability criteria
for neural networks with time-delays. For the delay-dependent stability criteria
of neural networks with time delays, the main purpose is to obtain a maximum
value of the admissible delay such that the concerned systems are asymptotically
stable.

One of the important methods to analyze the stability of Neural network is
Lyapunov krasovskii method. So for most of the derived results have been based
on the Lyapunov stability theory. There are mainly two ways to reduce the
conservatism of the derived stability criteria through the Lyapunov approach.
The first is based on constructing suitable Lyapunov functionals, and the other
is on estimating the derivatives of the Lyapunov functionals as tight as possi-
ble [11-14]. For the later one, researchers have mainly focused on developing
new techniques such as free-weighting matrices techniques [6], Park’s inequal-
ity [16], multiple integral approach [17], model transformation [18], convex
combination technique [19], reciprocally convex optimization and delay par-
titioning approach [3, 9, 15]. This paper investigates the stability analysis of
neural network with constructing new Lyapunov functional which contains in-
formation on the lower bound of delay /#; and upper bound h,. Some new delay
dependent stability criteria derived in terms of linear matrix inequality. The
newly derived criteria gives less conservatism, finally two numerical examples
are given to demonstrate the effectiveness of the proposed method.

Notations:

In this paper, R denotes the n-dimensional Euclidean space and R"*™ is the set
of real Matrices. X>0 denotes that the matrix X is a real positive semi definite
matrix. * in a matrix represents the elements below the main diagonal of a
symmetric matrix. SymX = X + X7 . The superscript "T” denotes the transpose
of the matrix. diag{. ..} denotes the block diagonal matrix.

2. PROBLEM FORMULATION

Consider the following neural network with an interval time varying delay:

2.1 & (t) = —Ax(t) + Bif (z (1)) + Baf (x (t = h (1)),
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where

e () =la1 (1), 22 (1) .o O] f (@) = [f (@1 (), F (22 (1), f (2 (0]

represents the neuron state vector and neuron activation function respectively.
A = diag(ay, as,....a,) and By, Boe R"*™ are the known interconnection weight
matrices and the time delay h(t) is a continuous differentiable function satis-
fying hy < h(t) < hy, h(t) < u where hy, hy and u are known constants. The
neuron activation function is assumed to be bounded and satisfy the following

assumption.

Assumption 2.1: The activation function f; (.), i=1, 2,....n is continuous and
satisfies the condition

(2.2) l; < fi(s1) = fi(s2) < U Vs #£sy,i=1,2,...,n,

81— 82
where [; and [;' are constants.

Lemma 2.1. : (Auxillary function based integral inequality [4]) Let x be a differ-
entiable signal in [a,b] — R™ for a positive definite matrix R R"*" , the following
inequality holds:

b
(b—a) / i"(s)Ri(s)ds > x1 Rx1 + X3 Bx2 + X3 Rxs,

where 1, x2 and x5 are defined as

x1 = x(b) —xz(a), x2=x(b)+x(a)— 5 E - / x(s)ds

and

6 b 12 b b
X3 = X1+ m i .Z‘(S)dS - m/; /u x(s)dsdu
Theorem 2.1. For given scalars hy , hy and p the system (2.1) is asymptotically
stable if there exists positive definite symmetric matrices P ¢ R"*", E,F,Ge R*"*"
Ry, Ry ¢ R™" and diagonal matrices H;, U;, \ie R"*"(i = 1,2,3,4) such that the
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following LMI hold:
(2.3)
_H'l,l H'I,E H'I,B 0 1_[1 £ H‘l,ﬁ 1_I'l 7 0 1_J'l,9 0 0 1_1'1,12 0
- ]'_'[2,2 ]'_'[2,3 0 ]'_'[2 L ]'_'[2,6 ]'_'[2 i3 0 ]'_‘[2,9 ]'_'[2,10 ]'_'[2,12 0
® * Iy Ih, Th; IhLy ThL, Ihy 0 1Ly, Ik, 0 5
o o =+ IL, 0 0 IL; Iz O 0 Iy 0 ILy
o *« 0 IL, I, I,, 0 O O 0 0 0
# % % 0 % I, IL, 0 0 0 0 0 0
# # e #* * e HJ,? 1‘]’18 0 0 0 0 0
=l 0 % & o9 0w L, ¢ 0 0 0 0
*# % 0 0 0 0 ©0 0 I, 0 0 T, ©
0 % % 0 0 0 0 0 0 Iy O 0 0
o 0 % % 0 0 0 0 o0 o0 I, 0 I,
*# % 0 0 0 0 0 0 * 0 0 I, O
0 0 % % 0 0 0 0 0 0 * 0 I,
| 0 e # 0 0 0 0 0 0 * 0 0 0
where

[, =sym{—PA+ Ly (A + A3+ X5) A= Ly (A2 + A+ As) A} + B
+ AT (W3Ry + h,Ry) A — Ly, (Hy + Uy + Uy) L,—9R,

[1,,=3R1 — LpUiLy — (LoUi L) Tl 5 = —LUsLy — (LinUsLy)"

[15 = PBi+ Eia — Lin(M 4 X3+ Xs) Br + Lp(Aa + Aa 4 X6) By
—AT(W2Ry + h3yRy) By + Ly (Hy + Uy + Uy) + L,(Hy + Uy + Uy)
—(AMF A3+ XN)A+ A+ A+ Ng)A

[lig = —LmUs — LUy

1,7 = PBo— L (A + A3 + Xs) Ba + Ly, (Aa + As + \g) By
—AT (h2Ry + h3,Ry) By — L, Uy — L,Uy;

Hl,g = —24Ry; H1,12 = 60Ry;

H272 = I — By —9R — 9Ry — SymA{ Ly (Hy + Uy + Uz) Ly };

H2’3 = 3Ry + L, UL, + (L, Us L) H2’5 = —L,Uy — L,Uy;

[l = Fr2 — Era + Ly (Ha + Uy + Us) + Ly(Hy + Uy + Us);

[[or = —LmUs — LyUs; 1o = 36Ry; [Ty = —24Ry;

H2,12 = —60Ry; [[5,4 = 60Ry;

[I55= 00— p) (G — Fu) = 18Ry — Sym{ Ly, (Hs + Uy + Us + Us) L }

]_[374 = 3Ry — L,,UsL, — (LngLp)T; H375 = —L,Uy — L,Uy;

<0
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[Is6 = —LnUz — L,Us;

[[s7 = (1= p)(Gia— Fia) + Lyn(H3 + Us + Us + Uy) + Ly (Hz + Uz + Uz + Uy);

[Iss = —LnUs — LyUs; TT;10 = 36Ro; T15.0, = —24Rs; [15,5 = 60Ry;

[I314 = —60Ry; [[,4 = —Guu —9Ry — Sym { Ly, (Hs + Us)};

H4,7 = —L,Us — L,Us; H478 = —Gio+ Ly(Hy + Us) + L,(Hy + Us)

H4,11 = 36Ry; H4,13 = —60Ry;

[I55 = Sym{Bi(A1 + A3+ As5) — Bi(A2 + Ay + As) — (H1 + Us + Us) }
+B{ (W Ry + hiyRa) By + Eao;

H576 =2Uy;

[I57 = Ba(A + A3 + As) — Ba(Aa + As + o) + BY (i Ry + hiyRa) By + 2Uy;

H6,6 = [y — By — Hy — HQT - U, — UlT — Uy — UzT; Hﬁ,? = 2Uy;

[I;7= BI(hiRy + hiyRo) By — Sym(Hs + Us + Us + Uy) + (1 — p) (Gaz — Faa);

[I75 =2Us [1gs = —Sym(Hs + Us) — Gao; g9 = —192Ry; [ [ 1, = 360Ry;

[Ti010 = —192Ry; [11914 = 360Rs; [1111, = —192Ry; [}, 15 = 360Ry;

11210 = —T20R3; T 1545 = —T20Ry; [[1414 = —T20Ry;

where hlg = h2 — hl, iLQ = hg — h(t), iLl = h(t) — hl.
Proof. Consider the following Lyapunov Krasovskii Functional
V(t) = Vi(t) + Va(t) + Va(t) + Va(d),
where
VA(t) = 7 (t) Pa(t)
Va(t) = 250, { i Ji O (ls) = 1 )ds o+ dan O () = 1 )ds |
w250 L S i) = 1)ds A fi M (fils) — 1)ds
+2zz 1 {Asn ) — 07 s + N [T () — 17 s

ft 1 (8)En(s ds—l—j; h(t n"(s)Fn(s ds—I—f rO (s)Gn(s)ds
Where

U(t) = col[z(t), flz(®) )
Vi(t hlft h f T(s)Ryi(s)dsdu + hio ft lfu iT(s) Ry (s)dsdu.

Calculatlng the time derivative of V(t) along the given system yields
24 W)= 2xT(t)P [—Ax(t) + Bif (x(t)) + Baf (x(t — h(t)))]

(2.5)
[ OILpy( A2 + As+ A6) = Lin(M1 4 Az + As)]i(t)]
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Va(t) = 0" () En(t) +n"(t = ha)(F = E)n(t — ha) =7 (t — h)

(2.6)
Gt — ha) + (1 =k ()n" (t = h(t))(G — F)n(t — h(t))
. t
Va(t) = W27 () Ry (t) — ha / T (s) Ra (s)ds+
2.7) o
1
12,57 (6) o (£) — hus / 7 (5) Roit () ds
t—ho
By utilizing the lemma 2.1 to the above integrals we have
(t) '
x(t—h
—hy [, @7 (s)Rai(s)ds < — g l)
iy Jiony
ft h f dsdu
9R;, —3Ry 12R; —5Ry (1)
—1 t—nh
2.8) IR, 8R, 5R xg 1)
x 48R, —15R, = m
* * * 5R, ft hlf dsdu
Observe that
t—hy t—h(t)
—hlg/ 7 (s) Ry (s)ds < —h12/ i (s) Ry (s)ds
t—ho t—ho
t—hq
s / 7 (5) Roi () ds.
t—hi(t)
Since hiy > he — h(t) and by Lemma 2.1,
z(t — h(t))
B t— h(t . - z(t — hy)
hlgf; ho RQI( )dS S hg tt }Z()JZ(S)dS
h
h2 t g () ft ® (s)dsdu
9R, —3R, 12R, —HR, z(t — h(t))
« 9R, —18R, O5R 2(t — hy)
(2.9) ? ’ ’ 3R g
% 48R, —15R, = Jin, x(s)ds
s ¢ * 5Ry % tt hh; ) fu_ M0 2(s)dsdu
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In the same manners one infers that

ot — hy) !
z(t — h(?))
—hiy [} 37 () Raii(5)ds < — h
12f 2d(s)ds < /121 tt h(t)x<5)d3
t—h1 t—h1
% t_h(ti [ a(s)dsdu
9R, —3R, 12R, —5R, z(t — ha)
(210) * 9R2 —18R2 5R2 B (t I ())
« % 48R, —15R, = Jing ©(s)ds
* * * SR, }% ti:éi fi "M 2 (s)dsdu
1

By the assumption of activation function (2.2) we have
i(8) : 2{Lina(s) — f(a ()] Hil f(x(s)) = Lpa(s)] = 0
ui(S1, 82) 1 2[Lm(x(s1) — @(s2)) = (f(w(s1)) — f(a(s2)))]"
Uil(f(2(s1)) = f(x(s2))) — Lp(2(s1) — 2(s2))] = 0,
where H; = diag|an;, agi, ..., i > 0,U; = diagluyg, ug;, . .., uni] > 0,4 =1,2,3,4.
Then the following inequalities hold

(2.11) al(t)+a2(t—h1)+a3(t—h(t))+a4(t—h2) >0

(2.12) wy(t,t—hy) +us(t —ha,t —h(t)) +us(t —h(t),t —hg) +us(t,t —h(t)) >0

combining the equations (2.4)-(2.12) we get V(t) < &7(t) [[ £(t), where [] is
defined in (2.3) and
(1) = [7(t), 2" (t — ha), 2" (t — h(t), 2" (t — ha),

£ (ol - ) I

1 [t
T s)ds, — / / s)dsdu,
t— h2 t—hy Ju
/ s)dsdu, = / / (s)dsdu].
t—ho t h

Thus, if H < 0, the system (2.1) is asymptot1ca11y stable. This completes the
proof. O

(2 (1)), S (e - hl))
i
o

3. NUMERICAL EXAMPLES

This section provides two numerical examples to show that the proposed re-
sults are less conservative than some existing ones.
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Example 1. Consider the system &(t) = —Ax(t) + B1f(x(t)) + Bof (z(t — h(t))),

where
1 — . — .
0 B, = 1 05 B, = 2 0.5
01 0.5 —1.5 0.5 —2
Neuron activation function are assumed to satisfy with L,, = diag(0,0) L, =
diag(0.4,0.8). The maximum delay bounds for guaranteeing the asymptotic sta-

bility of the given system with various h, and p are listed in Tablel including the
results of [7], [8] and our method.

A=

Example 2. Consider the system i(t) = —Axz(t) + By f(z(t)) + Baf (x(t — h(t))),

where
1 1 B, — 0.88 1
-1 -1 1 1

Neuron activation function are assumed to satisfy with L,, = diag(0,0) L, =
diag(0.4,0.8). It is seen from Table 2 that the results obtained by our method are
less conservative than those of [2] ,[5] and [8].

2 0
0 2

A= B, =

TABLE 1. Upper bounds h, for various h; and pu

h, Methods n=08 n=09 Unknown
0.3 [7] 0.8262 0.8215 0.8183
[8] 1.1217 0.9984 0.9037
Theorem 2.1 1.1368 1.1304 1.1281
0.73 [7] 0.9669 0.9625 0.9392
[8] 1.2213 1.1021 1.0102
Theorem 2.1 1.3319 1.3202 1.1532
1 [7] 1.1152 1.1108 1.1075
[8] 1.3432 1.2238 1.1318
Theorem 2.1 1.5816 1.3301 1.5181
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TABLE 2. Upper bounds h, for various h; and pu

hy Methods nL=038 n=09 Unknown u

0 [2] 1.2281 0.8639 0.8298
[5] 1.6831 1.1493 | -
[8] 1.6831 1.1494 1.0880
Theorem 2.1 2.0509 1.1615 1.1605

1 [8] 2.5967 2.0443 1.9621
Theorem 2.1 2.7987 2.1321 2.1223

100 [8] 101.5946 101.0443 100.9621
Theorem 2.1 101.7987 101.1321 101.1223

4. CONCLUSION

This paper investigates stability problem of neural networks with time vary-
ing delay in a given range. By constructing more general type of Lyapunov
functional and employing integral limits containing the lower and upper bound
of delay on activation function some new less conservative stability criteria are
developed in terms of Linear matrix inequality. Finally two numerical examples
are given to show the effectiveness of the proposed theorem.

5. ACKNOWLEDGMENTS

This research work was supported by Kongu Engineering College, Perundurai,
Erode funded by University Grants Commission under the scheme Minor Re-
search Project (UGC/MRP) sanctioned No.F. MRP-7073/16 (SERO/UGC).

REFERENCES

[1] S. HAYKIN: Neural Networks: A Comprehensive Foundation, Englewood Cliffs, NJ, USA:
Prentice-Hall, 1998.

[2] C. Hua, C. LONG, X. GUAN: New results on stability analysis of neural networks with
time-varying delays, Physics Letters A, 352 (2006), 335-340.



3448

[3]

[4]

[5]

(6]

[7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

R. JEETENDRA AND G. UMA

J. TIAN, S. ZHONG: Improved delay-dependent stability criterion for neural networks
with time-varying delay, Applied Mathematics and Computation, 217(24) (2011), 10278-
10288.

W. J. LIN, Y. HE, C. ZHANG, M. WU: Stability Analysis of Neural Networks with Time-
Varying Delay: Enhanced Stability Criteria and Conservatism Comparisons, Communications
in Nonlinear Science and Numerical Simulation, 54 (2018), 118-135.

Y. HE, G. P. Liu, D. REES: New Delay-Dependent Stability Criteria for Neural Networks
With Time-Varying Delay, IEEE Transactions on Neural Networks, 18(1) (2007), 310-314.
Y. HE, G. P. Liu, D. REES, M. WU: Stability analysis for neural networks with time-
varying interval delay, IEEE Transactions on Neural Networks, 18(6) (2007), 1850-1854.
J. Qiu, H. YANG, J. ZHANG, Z. GAO: New robust stability criteria for uncertain neural
networks with interval time-varying delays, Chaos, Solitons and Fractals, 39(2) (2009),
579-585,

O. M. KwoN, J. H. PARK, S. M. LEE: On robust stability for uncertain neural networks
with interval time-varying delays, IET Control Theory and Applications, 2(7) (2008), 625-
634.

P. L. L1U: Further results on robust delay-range-dependent stability criteria for uncertain
neural networks with interval time-varying delay, International Journal of Control, Automa-
tion and Systems, 13 (2015), 1140-1149.

T. L1, L. GUo, C. Y. SUN: Further result on asymptotic stability criterion of neural networks
with time-varying delays, Neurocomputing, 71(1-3) (2007), 439-447.

O. M. KwoN, M. J. PARK, S. M. LEE, J. H. PARK, E. J. CHA: Stability for neural
networks with time-varying delays via some new approaches, IEEE Transactions on Neural
Networks Learn Syst., 24(2) (2013), 181-193.

O. M. KwoN, J. H. PARK, S. M. LEE, E. J. CHA: New augmented Lyapunov-Krasovskii
functional approach to stability analysis of neural networks with time-varying delays, Non-
linear Dyn., 76(1) (2014), 221-236.

C. Hua , Y. WANG, S. WU: Stability analysis of neural networks with time-varying delay
using new augmented Lyapunov-Krasovskii functional, Neurocomputing, 332 (2019), 1-9.
A. SEURET, F. GOUAISBAUT: Hierarchy of LMI conditions for the stability analysis of time-
delay systems, Systems and Control Letter, 81 (2015), 1-7.

H. B. ZENG, Y. HE, M. WU, S. P. XI1AO: Stability analysis of generalized neural networks
with time-varying delays via a new integral inequality, Neurocomputing, 161 (2015), 148-
154.

C. K. ZHANG, Y. HE, L. JIANG, W. J. LIN, M. WU: Delay-dependent stability analysis
of neural networks with time-varying delay: A generalized free-weighting-matrix approach,
Applied Mathematics and Computation, 294 (2017), 102-120.



ENHANCED DELAY DEPENDENT STABILITY CRITERIA... 3449

[17] O. M. KwWON, M. J. PARKA, J. H. PARK, S. M. LEE, E. J. CHA: On stability analysis
for neural networks with interval time-varying delays via some new augmented Lyapunov-
Krasovskii functional, Communications in Nonlinear Science and Numerical Simulation,
19(9) (2014), 3184-3201.

[18] L. Guo, X. HE, J. HE: New delay-decomposing approaches to stability criteria for delayed
neural networks, Neurocomputing, 189 (2016), 123-129.

[19] P. PARK, J. W. KoO: Stability and robust stability for systems with a time-varying delay,
Automatica, 43(10) (2007) 1855-1858.

DEPARTMENT OF MATHEMATICS, KONGU ENGINEERING COLLEGE
PERUNDURAI, ERODE
E-mail address: jee4maths@gmail.com

DEPARTMENT OF MATHEMATICS, ANNA UNIVERSITY
UCE, DINDIGUL
E-mail address: umageeth760gmail.com



