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ABSTRACT. The generalized hierarchical product of graphs was introduced by
L. Barriére et al., which is a generalization of both hierarchical product and
the Cartesian product of graphs. In this study, “forgotten topological index" or
F-index of generalized hierarchical product of N-graphs is obtained and hence
from the derived results, some results are deduced as special cases.

1. INTRODUCTION

All graphs considered in this paper are simple and undirected. Let G be a
simple connected graph with vertex set V(G) and edge set E(G). The degree
of a vertex v € V(@) denoted by d(v) is the number of vertices adjacent with
v. A graph can be considered as a mathematical model and a topological index
is a numeric value obtained from a graph mathematically which characterize
its topology. The study of topological indices was started in 1972 [1] by the
Zagreb mathematical chemistry group and successfully used in QSPR and QSAR
studies. The first and second Zagreb indices were were introduced in [1] and
are respectively defined as
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The second Zagreb index is defined as,

My(G)= Y dud,.
weE(G)

In the same paper, another topological index was defined and named as forgot-
ten topological index or F-index in [2] and is defined as

F(G)= > d= > [d+d)]

VeV (G) weE(G)

There are various study of this index in recent time. The present author com-
puted some exact expressions of F-index of different graph operations in [3].
Also F-index of different transformation graphs [4], derived graphs [5], lexico-
graphic product graphs [6] were derived. In 2009, Barriére et al. [7] introduced
a new product graph, known as hierarchical product of graphs and also gener-
alized this product latter in [8] and named as generalized hierarchical product.
Different results on several topological indices under generalized hierarchical
product are investigated in [9-13]. In this paper the generalized hierarchical
product is extended for more than two graphs, say N-graph with respect to the
F-index and hence its particular cases are considered.

2. PRELIMINARIES

Let G; = (V;, E;) be N simple connected graphs with vertex set V; and edge set
E;, fori=1,2,...N.LetU;, i = 1,2,..., N — 1 be the non empty vertex subsets,
so that U; C V. The generalized hierarchical product of N graph is the graph
Hy denoted by

Hy =Gn(Un) M Gn_1(Un-1) M. MG (Uy) NG (Uh)

with vertex set Viy x Vy_1 X ...... x V5 x Vi and the edge adjacencies are defined

as follows:

( .
TN...T3T2x1 if Y1 ~ 21 € Gy,

TN....T3Y2T1 Zf Yo ~ To € Go and xq1 € Ul,

YN....Z3Tox1 if yy ~ oy € Gy and x; € U;, 1 =1,2,...., N — 1.

Now from the above definition, we get the following two extreme cases:
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(1) If all the subsets U;, (i = 1,2,.....N — 1) are singletons then the resulting
graph is the (standard) hierarchical product, which was introduced in
[1].

(2) If the subsets U; = V; for all i = 1,2,....N — 1, then the graph obtained
is the Cartesian product of the N-graphs GG;. The degrees of the vertices
of Hy are illustrated in the following Lemma.

Lemma 2.1. The degree of a vertex x = (Tn, TN_1,.----.- , o, x1) € V(Hy) is given
by
d(l’) = d(ml) —+ XU1 (Il)d(xz) 4+ + [XUl ($1)-'-~XUN,1(«TN—I)]d<«TN) s

where Xy, denote the characteristic function on the set U; which is 1 on U; and 0
out side U,.

3. MAIN RESULTS

In this section, we study F-index of the generalized hierarchical product of
the N-graphs from definition. It is obvious that the Cartesian product and hi-
erarchical product or cluster product graphs are special cases of generalized
hierarchical product of graphs. In the following theorem we obtain the F-index
of the generalized hierarchical product of N-graphs.

Theorem 3.1. Let Hy = Gy M Gy_1(Uy_1) M....M G(Uy), then

Sor [T T W+ o3 (% b 3 |E\H|Uk

j=1 k=i+1 i=1 uel; j=i+1
N N-1 N
[T Vb3 +3D 1> dw{ ) Mi(Gy) H\Uk! H Vi)}
r=j+1 i=1 uel; j=i+1 r=j+1

Proof. We have prove the above results for N = 2 as follows:

F(GiNGy(U)) = |UIF(G1)+ [Vi[F(G2) +3Mi(G1) ) day (v)

velU

3.1) +6|E1| Y da, (v)?

velU

Again, since the generalized hierarchical product is associative, that is

GyMGn_1(Uy_1)M....G(Uy) = (Gy M. MGy (Us)) MG (Uy)
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we have, using Lemma 2. 1 and equation (3.1), and by inductive argument

F(HN+1) = F(GN+1 |_|HN(UN X UN_1 X oo X Ul))

N
= |[VanlF(Hy) + F(Gya) [ [ U+ 61 EGra)| ) 6(uw)?
i=1 UE(UN yeeeney uy)
+3M1(Gny1) Z 6(u)
u:(uN ...... )EUN><UN 1X.....xUqp
= |VN+1|Z H|U| H V|
i=1 K=i+1
O o Z rE|H|UK| 1T v
=1 uel; r=j+1
N-1 j—1
+3Z{Z 5(“)(2 M (G H |Uk| H V:D}
=1 wueU; j=i+1 r=j+1
N N
F(Gy [ [ 10 +3M(Grin)[D A H U1 > 6w}
i=1 i=1 j=1,j#i uel;
N N
+6|E(Grn)D_{ [T 101D o(w)?
i=1 j=1j#i uel;
N i—1
= Wwal)_F@) ][Il H [Vie| + F( GN+1H|U|
=1 j=1 K=i+1
N-1 j—1
+3[Vval D ) 5(U)(Z M\(G H Uk H VD}
i=1 wueU; j=i+1 r=j+1

MU (Gre)D L T 1U31) 6(w)

i=1 j=1,j#i uel;

6V | 3L 6w Z \E!H\UK\ T v

i=1 wel; r=j+1
N N
Ry | EAD SRR
i=1 j=1,j7#i ueU;

N+1

— S EE T T vl

i=1 j=1 K=i+1



F-INDEX OF GENERALIZED HIERARCHICAL PRODUCT OF N-GRAPHS 3619

N N+1 N+1
+3> 1> sw){ ) (Mi(G; H Ukl TT V:h}
i=1 uelU; j=i+1 r=j+1
N
+6> D 6(u)? Z |E\HIUK| H V:D}
i=1 uel; Jj=i+1 r=j+1
which is the desired result. O

3.1. Cartesian Product. The Cartesian product of GG; and G5, denoted by
G © G, is the graph with vertex set 1} x V4 and any two vertices (u,,v,) and
(uq,vs) are adjacent if and only if [u, = u, and v,v, € E(G2)] or [v, = v, and
upug, € E(G1)]. We know that the the Cartesian product is a special case of
generalized hierarchical product of graphs, U; = V;. Note that, the Cartesian
product is both commutative and associative. Now from Theorem 3.1, consider-
ing U; =V, for i = 1,2, ..., N, the Cartesian product of N-graphs can be obtained
as follows:

Corollary 3.1. Let G; = (V;, E;) be graphs for 1 <i < N, then

- 2]
+6]V|

Z V} ,

|5,/ B, |E \
P> Vil )

N

F(Gyo..0oG) = Z

p,q,r=1

V| = HIN: L |Vil.  The above result and its special cases are already derived by
the present author in [3]. In particular, if G1,G,,...,GxN be 1,71, ..., rn-Tegular
graphs, respectively then

F(Gi0Gy0...0GY) = |VI||Vi]..|Vi|(ry 4+ 19 4 .. 4+ 71)?,

where |V;| is the number of vertices of G; (1 < i < N). Again in particular, if
G =Gy=..=Gy=Gand G" = Go G o ...o G (n-times), then from above
result, we get

F(G™) = |[V|".N®r?,

where G is a r-regular graph.
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3.2. The hierarchical product of graphs. Let G; = (V;, E;) be N graphs with
each vertex set V;, 1 < ¢ < N having a distinguished or root vertex, labelled
zero. The hierarchical product

is the graph with vertices N-tuples x y......zox1, z; € V; and edges defined by the
adjacencies:

TN...x3T2y1 if y1 ~ 11 € Gy,
TN....T3Y2Xq Zf Yo ~ To € GQ and Ty = 0,

IN..... 3T ~ ITN....YsTolq ’Lf Y3 ~ T3 € Gg and 1 = T = O,

| YN T3 ifyvy~xzy €EGyandry =x9=..=zy =0.
Let G1, Goy wevuen. , G be connected rooted graphs with root vertices r1, rg,......,7,
respectively. Let |V, ;| = H |Vk|and also if G = G,,1G,,—1 M...... MG2 MG, then,

K=1

da(r) = dg,(r1) + dg,(12) + oeene.. + dg, (). Let U; = {Z,} are singletons for
1 <i < N, then from Theorem 3.1, the hierarchical product of N-graphs can be
obtained as follows.

Corollary 3.2. Let G; = (V;, E;) be graphs for 1 <i < N, then

F(GyM..NGy) = ZF H |Vk|+6z (2) {Z (|E;| H V,])

k=i+1 =141 r=j+1
+3 Z (M(Gy) H VDY)
j=1+1 r=j+1

In particular, if Gy, Gy, ..., G be 1,19, ..., ry-regular graphs, respectively, then
from above result we get

N-1
F(GyM...MGY) ZHTS\V]—H%Z ZHrrJka

=1 j=i i=1 j=i+1k=j

+3NZ1 > Hn '[Vil.

1=1 j=1+1 k=j
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4. CONCLUSION

In this paper, F-index of generalized hierarchical product of N-graphs is com-
puted. From the derived results, F-index of the Cartesian product and hierar-
chical product of graphs is derived. Using that expressions, F-index of Cartesian
product and hierarchical product of regular graphs is obtained. For further work,
this study can be extended for another degree based indices.
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