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THE HYPER-ZAGREB INDEX OF SOME COMPLEMENT GRAPHS

MOHAMMED SAAD ALSHARAFI!, MAHIOUB MOHAMMED SHUBATAH,
AND ABDU QAID ALAMERI

ABSTRACT. In this study, the Hyper-Zagreb index for some complement graphs
operations has been computed, that have been applied to compute the Hyper-
Zagreb index for complement molecular graph of a nanotorus and titania nan-
otubes.

1. INTRODUCTION

Mathematical chemistry is a branch of theoretical chemistry in which we use
mathematical methods to analyze and predict the chemical structure. Chemical
graph theory is a branch of mathematical chemistry where we use tools from
graph theory to mathematically model the chemical phenomenon. This theory
plays an important role in Function in the Chemical Sciences [9]. Throughout
this paper, we consider a finite connected graph G that has no loops or multiple
edges with vertex and edge sets V(G), and E(G), respectively. For a graph G,
the degree of a vertex u is the number of edges incident to u, denoted by dg(u).
The complement of GG, denoted by G , is a simple graph on the same set of
vertices V(G) in which two vertices v and v are adjacent, i.e., connected by

an edge wv, if and only if they are not adjacent in G. Hence, uv € E(G), if
and only if uv ¢ E(G). Obviously E(G) U E(G) = E(K,), and m = |E(G)| =
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() — m, the degree of a vertex u in G, is the number of edges incident to u,
denoted by d5(u) = n—1—0d¢(u) [11]. The first and second Zagreb indices have
been introduced by Gutman and Trinajestic in 1972 [10]. They are respectively

defined as:

Mi(G) = ) 6*w) = Y Be(w+da)l,  M(G)= Y dalu)da(v),
veV(Q) weE(G) weFE(G)

In 2013, G.H. Shirdel, H. Rezapour and A.M. Sayadi [5] iintroduced distance-

based of Zagreb indices named Hyper-Zagreb index which is defined as:

HMG) = Y (Galu) + de(w)’
weE(G)

Furtula and Gutman in 2015 introduced forgotten index (F-index) [4] which
defined as:

F(G)= > (6°(u) +66°(v)).

weE(G)
In 2020, computed exact formulas for the Y-index of some graph operations by
A. Alameri et al [1]. They defined a new distance-based of forgotten indices
named Yemen-index (Y-index) defined as:

Y(@)= ) dew)= ) [0&(u) + 6(v)].

ueV(G) weF(G)

2. PRELIMINARIES

In this section we give some basic and preliminary concepts which we shall
use later.

Lemma 2.1. [2] Let G; and G, be two connected graphs with |V (G1)| = ny,
\V(G2)| = no, |E(G1)| = my, and |E(G3)| = ma. Then
(D) [V(Gi x Go)| = [V(G1 V Ga)| = [V(Gi o Go)| = [V(G1 ® Go)| =
V(G % Go)| = |V(G1 & Gs)| = |V(G1 + G2)| = nina,
(2) |E(Gh x Go)| = ming + nymse, |E(G1 x Ga)| = ming + nymg + 2myma ,
|E(Gy + G2)| = my +my +ning,  |E(G1 0 Gy)| = miny?® + many,
|E(G1V Ga)| = ming? + mani? — 2myms, |E(G ® Gy)| = 2myma,
|E(G1 ® Gy)| = mino? + mani® — 4myms.
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Corollary 2.1. [10] The first Zagreb index of some well-known graphs: For path
graph P, and cycle graph C,,, with n. : n > 3 vertices :

Corollary 2.2. [3,5] The Hyper-Zagreb index of some well-known graphs: For
path P, and cycle graphs C,,, with n,m > 3 vertices:

HM(C,) = 16n, HM(P,) = 16n—30, M(P, x Cy,) = 128nm — 150m.
Theorem 2.1. [6] Let GG be a simple graph on n vertices and m edges. Then:

M(G) = n(n—1)*=4m(n—1)+ M (G),
HM(G) = 2n(n—1)°—=12m(n —1)* +4m> + (5n — 6)M,(G) — HM(G).

3. MAIN RESULTS

In this section, we study the Hyper-Zagreb index of various complement graph
binary operations such as Cartesian product G; x G5, composition G, o G5, dis-
junction G, V G5, symmetric difference G| ® G5, join G, + G, tensor product
G, ® Gy, and strong product G * Gy, of graphs. We use the notation V(G;) for
the vertex set, F(G;) for the edge set, n; for the number of vertices and m;, m;
for the number of edges of the graph G;, G; respectively. All graphs here offer

are simple graphs.

Proposition 3.1. The Hyper-Zagreb index of the complement of (G ® G) is given
by:
HM(G, @ Go)

= 2niny(ning — 1) — 24mymsy(ning — 1)? + 16mim;

+ (57?,1712 — 6)M1(G1)M1(G2) — F(Gl)F(Gg) + QMQ(GI)MQ(GQ)
Proof. By using Theorem 2.1 we have:

HM (G, ® Gs)
=2|V(G1 @ Gy)|(IV(G1 ® Gy)| = 1)° = 12| E(G @ G)|([V(G1 © Gy)| — 1)
A B(Gy ® Go)2 + (5|V(Gy @ Ga)| — 6) M (Gr ® Ga) — HM(Gy ® ).
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By Lemma 2.1 |E(G; ® G3)| = 2myms, |[V(Gy ® Gs)| = ning, and by [7]
and [8], respectively, we have

Ml(G1®G2> = Ml(Gl)Ml(GQ), HM(G1®G2) = F(Gl)F(G2)+2M2(G1)M2(G2),
which is complete the proof. g

Proposition 3.2. The Hyper-Zagreb index of the complement of (G + G2) is given
by:
HM (G T o)
= 2nyng(ning — 1)% — 12(my + mg 4+ ning) (ning — 1) + 4(my + my + nyng)?
+(5n1ng — 6)[M1(G1) + My (G2) + nin3 + ngn? + dmyny + 4mon, |
—[HM(G,) + HM (G3) + 5(ni M1(Gs) + na M (G))

+8[n2my + namy + mima] + ning[(ng + ny)? + 4(my + my)]].
Proof. By using Theorem 2.1 we have

HM (G + G9)
=2|V(G1 + Go)|(|[V(Gy + Go)| — 1) — 12| E(Gy + Go)|([V(Gy + Gy)| — 1)?
HAE(G1 + Go)|* + (5|V(G1 + Ga)| = 6) My (Gy + Gy) — HM(G) + Gb),

By Lemma 2.1 |E(G1 + Gg)’ = m1 + Mo + NiNa, |V(G1 + Gg)’ = Ning, and
by [7] and [5], respectively, we have

Ml(G1 + Gg) = Ml(Gl) + Ml(GQ) + nln% + ngn% -+ 4m1n2 + 4m2n1,

HM(Gy + Gs) =
HM(Gl) + HM(GQ) + 5(711M1(G2) + nng(Gl))

+ 8[nimy 4+ nimy + mima] + ning[(ny + n1)? + 4(my +my)],
which is complete the proof. O

Proposition 3.3. Let GG1, G, be two simple connected graphs with ny, ny vertices
and mq, moy edges, respectively, Then,

M1 (Gl*Gg) = (n2—|—6m2)M1(G1)+8m2m1+(6m1 +n1)M1(G2)—|—2M1(G1)M1 (Gg)
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Proposition 3.4. The Hyper-Zagreb index of the complement of (G * G3) is given
by:
HM (G Go)
= 2nina(ning — 1) — 12(myny + nyme + 2myms) (niny — 1)3
+ 4(ming +nimg + 2mimy)? + (5ning — 6)[(ng + 6me) M, (G1)
+ 8maomy + (6my + ny) M1 (Gs) + 2M71(G1) M1 (Gs)]
— [HM(G1) + niHM(G3) + 5noM;(G1) + bny M1 (Gs)
+ dngmy[2ng + 1] + 8mg[ng + ma] + nyng(ni + 2ny + 4msy)].

Proof. By using Theorem 2.1 we have

HM(Gl * GQ)

By Lemma 2.1 |E(G1 * Gg)‘ = mqing + nime + 2m1m2, |V(G1 * G2)| = Ninag,
and by Proposition 3.3 and [5], respectively, we have

M1 (Gl*GQ) = (n2—|—6m2)M1(G1)—|—8m2m1+(6m1 +TL1)M1<G2)+2M1(G1)M1 (Gg),

HM(Gl * GQ) =
HM(Gl) + anM(Gg) + 57”LQM1(G1) + 5’/11M1(G2)
+ dngmy[2ng + 1] + 8ma[ny + ma] + nina[ns + 2ny + 4my)
which is complete the proof. O

Proposition 3.5. The Hyper-Zagreb index of the complement of (G x () is given
by:
HM(Gy x G)
= 2nna(ning — 1)° — 12(myny + mony ) (ning — 1) + 4(myng + mon;)?
+(5n1ng — 6)[neMi(Gy) + ny My (Ge) + 8myms| — [ne HM (Gy)
+nyHM (Gs) + 12mq M1 (Gs) + 12mo My (G)].
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Proof. By using Theorem 2.1 we have

HM(G1 X GQ)
= 2|V (G, x Go)|(|[V(G1 x Ga)| — 1) = 12|E(Gy x Go)|([V(Gy x Ga)| — 1)?
+H4|E(Gy x Go)]? + (5]V(Gy x Ga)| — 6)M1(Gy x Go) — HM(G1 x Gs).

By Lemma 2.1 ’E(Gl X GQ)‘ = miNo+nima, ’V(Gl X Gg)’ = Ninag, and by [7]
and [3] respectively, we have

Ml(Gl X GQ) = nng(Gl) + nlMl(Gg) + Smlmg,

HM(G1 X Gg) = TLQHM(G1> + anM(GQ) + 12m1M1(G2) + 12m2M1(G1),
which is complete the proof. O

Proposition 3.6. The Hyper-Zagreb index of the complement of (G, o G3) is given
by:

HM (G o Gy)

= 2n1na(ning — 1)* — 12[myn3 + mony|(ning — 1) + 4[min3 + mon,y|?
+(5n1ng — 6)[n3 M1 (G1) + ny M1 (Go) + 8ngmamy| — [nyHM(G))
+ny HM (Gy) + 12n3ma My (Gy) + 10nymy My (Ga) + 8mamy].

Proof. By using Theorem 2.1 we have

HM(Gl o) GQ)
=2|V(G10Gy)|(IV(G10Ga)| = 1)° = 12|E(G1 0 Go)|([V(Gr 0 Go)| — 1)
FA|E(Gy 0 Go)|2 + (5|V(Gy 0 Ga)| — 6)M;(Gy 0 Go) — HM(Gy 0 Gs),

By Lemma 2.1 ’E(Gl o G2)| = m1n22 + maong, |V(G1 o G2)| = ning, and
by [10] and [3] respectively, we have

Ml(Gl o Gg) = n;Ml(Gl) + nlMl(Gg) + 8n2m2m1,

HM(G10Gy) = nyHM (G4)+ny HM(Go)+12n5ma M, (G1)+10n9my My (Gy)+8mamy,

which is complete the proof. O
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Proposition 3.7. The Hyper-Zagreb index of the complement of (G V G5) is given
by:
HM (G, V Gs)
= 2n1na(ning — 1)* — 12[myn3 + man? — 2mimy](ning — 1)?
+4[mini + mon? — 2mims)* 4 (5ning — 6)[(n1n3 — 4maong) M, (G1)
+ My (Go) My (Gy) + (nan? — dmyng )My (Gy) + 8mymaniny)
—[[n] — 2n3my] HM (Gs) + [ng — 2nama] HM (G1) + 50y M1 (G1) F(Gs)
+5n9 M1 (G2) F(G1) 4 10n3many My (G1) + 10nynimi My (Gs)
+8n2mymy + 8nPmimy — 8ngm? M (Gy) — SnimiM,(G,)
—4n2my F(Gy) — 4n2maF(G1) — 8n2my My (Gy) — 8n2ma My (GH)
+8my My (Ga) + 8ma My (G ) — 8nany My (G1) My (Ge) + 4na My (G1) My (Gs)
+dny My (Go) M1 (G1) — 2F(Gh) F(Ge) — 4Mo(G1) Ma(G2)].

Proof. By using Theorem 2.1 we have

HM(Gy Vv Gy)
=2|V (G VGo)|(]V(Gy V Go)| — 1)3 —12|E(G1 vV G)|(|V(G1 VvV Gy)| — 1)2
+4|E(G1 V Go)|* + (5|V(G1 V Gy)| — 6) M1 (G V Gy) — HM (G V Gs),
By Lemma 2.1 |E(G1\/G2)| = m1n22+m2n12—2m1m2, |V(G1 \/Gg)| = Nning,
and by [10] and [8] respectively, we have
My (G V Gy)
= (nlng — 4m2n2)M1(G1) + Ml(GQ)Ml(Gl)

+ (ngn% — 4m1n1)M1(G2) + 8m1m2n1n2,

HM(GyV Gy) =

[n] — 2n2my| HM (Gy) + [n5 — 2n3mo| H M (G1) + 5ny My (G1) F(Gy)
+5n5 M1 (Go) F(G1) 4+ 10n5many My (G1) + 10nyn3m, My (Gs)

+8n3mamy + 8nimimy — 8nomi M (Ga) — 8nyma M, (G1) — 4nimi F(Gy)
—4n3mo F(G1) — 8nimy Mo (Gy) — 8namaMy(Gh) + 8mi My (Gs)
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+8m2M2(G1) — 8n2n1M1(G1)M1(Gg) + 4n2M2(G1)M1(G2)
+4n1M2(G2)M1(G1) — 2F(G1)F(G2) — 4M2<G1)M2(G2),

which is complete the proof. O

Proposition 3.8. The Hyper-Zagreb index of the complement of (G1 ® G5) is given
by:
HM(Gi ® G)
= 2nyny(ning — 1)% — 12[min3 + man? — 4mimg)(nyny — 1)?
+4[mini + mont — dmims)* + (5ning — 6)[(n1n3 — 8mang) M, (G1)
+4M,(G1) M1 (Gy) 4 (ngn? — 8myny) M1 (Gy) + 8mymaning|
—[[n] — 4n2my] HM (Gy) + [n3 — 4n3mo| H M (G) + 20n, M, (G1) F(Gs)
+20no M (Go) F(G) + 10n3meng M1(G1) + 10nonimy M, (Gy)
+8nimymy — 16nymiM,(Gy) — 16nmaM,(Gy) — 8n2m, F(Gy)
—8n§m2F(G1) — 16n%m1M2(Gg) — 16n§m2M2(G1) + 32my My (Gs)
+32mo My (G1) — 16n9n1 M1 (G1) M1 (Gs) + 1610, My(G1) M1 (Gs)
+16n1 Mo (Go) M1 (G1) — 16F(G1)F(G2) — 32My(G1) Ma(Gy)].

Proof. By the similar method in Proposition 3.7 O

4. APPLICATION

Corollary 4.1. The hyper-Zagreb index of complement nanotube Figure 1 is given
by
HM(TiOq[n,m]) = 12n(6mn + 6n — 1)*[6m?n + 12mn + 6n — 11m — 9
+2680m°n” + 4360mn* 4+ 1696n> — 1036mn — 572n.

Proof. By using Theorem 2.1 we have
HM(Ti0,)
= 2|V(TiOs)|(|V(TiOq)| — 1)* — 12| E(TiO0y)|(|V(TiOs)| — 1)* + 4| E(TiO,) |?
+(5|V(TiOs)| — 6)M1(TiO5]n, m]) — HM(TiOs[n, m]),
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FIGURE 1. The molecular graph of TiOs[n, m| nanotube.

TABLE 1. The vertex partition of 7'iO;[n, m| nanotubes.

H Vertex partition H Vg ‘ U3 ‘ Uy ‘ Vs H

H Cardinality H 2mn + 4n ‘ 2mn ‘ 2n ‘ 2mn H

TABLE 2. The edge partition of 7iOs[n, m| nanotubes.

| Edge partition | Es = E} | B = Ej,UE} | Es=E | Ef, | Ep |
H Cardinality H 6n ‘ dmn + 4n ‘ 6mn — 2n ‘ dmn + 2n ‘ 2n H

and since M, (7T'iOz[n,m|) = 76mn + 48n, given in [9]. HM (TiO,) = 580mn +
284n, given in [12]. The partitions of the vertex set and edge set V(7:0,), E(Ti0,),
of T'iOy[n, m] nanotubes are given in Table 1. and Table 2., respectively. We have

HM(TiO;[n, m])

=2 [V(TiOz[n,m])|(Y_ [V(TiOs[n, m])| — 1)

—12| JE(TiO0a[n, m]() _ [V (TiOs[n, m))| — 1)* + 4|_J E(TiOz[n, m]*
+(5 Z |V(TiO9[n, m])| — 6)M;(TiOzn, m]) — HM (TiOs[n, m))

= 2(6mn + 6n)(6mn + 6n — 1)* — 12[|E%| + |E}, U B}

H B[] (6mn + 6n — 1)* + 4[| B[ + |Ej, U Bpy| + | E5|)?

+(5(6mn + 6n)| — 6)(76mn + 48n) — 580mn — 284n

= 12n(6mn + 6n — 1)*[6m*n + 12mn + 6n — 11m — 9]

+2680m*n® + 4360mn® + 1696n> — 1036mn — 572n.
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Corollary 4.2. Let T = T[p, q] be the molecular graph of a nanotorus such that
\V(T)| = pg, |E(T)| = 5pq, Fig. 2. Then:

a. HM(T[p, q]) = pal(pq — 1)*[2pg — 20] + 54pq — 108].

b.

HM(P, xT) = pql(npg—1)*[2n°pg — 32n + 12
+150pgn® — 110pgn + 4pg — 400n + 294.
Proof. To proof (a), by using Theorem 2.1 we have
HM <m>

Tlp, aDI(IV(T[p. ) — 1)* = 12| E(T[p, q))(|V (Tp, q]) — 1)*
Tlp,q])* + B|V(Tlp, ql) — 6)Mi(T[p. q]) — HM(T[p, q)-
And since HM (T[p, q]) = 54pq by [8]. M;(T) = 9pq by [10]. Then
HM(T[p,q]) = pal(pq — 1)*[2pq — 20] + 54pq — 108].

To proof (b), by [8]. HM (P, xT) = 250npq—186pq, M,(T") = 9Ipq. M,(P,xT) =
pq(25n—18), and by using Lemma 2.1 |E(P, xT)| = (n—1)pg+32npq = pg(3n—1),
|V (P, x T)| = npq and by using Theorem 2.1 we get

HM(F, % T)

=2|V(P, x T)|(|V(P, x T) — 1) = 12|E(P, x T)(JV(P, x T) — 1)?

+4|E(P, x T)* 4+ (5|V(P, x T) — 6)My (P, x T) — HM (P, x T)

= pql(npg — 1)*[2n*pq — 32n + 12] + 150pgn? — 110pgn + 4pq — 400n + 294.
U

FIGURE 2. Molecular graph of a nanotorus
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5. CONCLUSION

The present study has investigated some of the basic mathematical proper-
ties of the Hyper-Zagreb index of complement graphs and obtained explicit for-

mula for their values under several graph operations. and we have studied the
Hyper-Zagreb index of molecular complement graph of nanotorus and titania
nanotubes T'iOq[n, m].
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