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ON SOME FUNCTIONS OF FAST INCREASE

K. SANTOSH REDDY1 AND M. RANGAMMA

ABSTRACT. This article looks at some theorems of functions which satisfy the

condition lim
ν→∞

ln ν

lnφ(ν)
= 0. This function is labelled function of fast increase.

To show the applicability of such functions, some general results on a sequence
sn of positive integers that satisfy the asymptomatic rule sn ∼ nr lnφ(n) where
φ(ν) is a function of fast increase are derived.

1. INTRODUCTION

Drawing inspiration from functions of slow increase in [1, 2] the function of
fast increase is defined as follows.

Definition 1.1. Let φ(ν) be a function from [a,∞) (where a > 0) to (0,∞) and
φ(ν) > 0 with continuous derivative φ′(ν) > 0 and lim

ν→∞
φ(ν) = ∞. The function

φ(ν) is said to be function of fast increase if limν→∞
ln ν

lnφ(ν)
= 0. i.e.,

to every σ > 0 ∃ kσ 3 ν > kσ and
∣∣∣ ln ν
lnφ(ν)

∣∣∣ < σ

⇔ |ln ν| < σ |lnφ(ν)| , ∀v > kσ

⇔ eln ν < eσ lnφ(ν), ∀ν > kσ,where (ln ν, lnφ(ν) > 0).
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Some functions of fast increase are φ(ν) = eν , φ(ν) = ee
ν
, φ(ν) = aν (a ≥ 2),

and φ(ν) =
Γ (ν)

Γ′ (ν)
where Γ (ν) =

∫ ∞
0

tν−1e−tdt etc.

Note. 1) If φ(ν) is function of fast increase, then limν→∞
φ(ν)
νφ′(v)

= 0.

2) Write F = {φ|φ is f.f.i } .

Theorem 1.1. Let φ, ψ ∈ F and let α, d > 0 be two constants, then φ + d, φ − d,
dφ, φψ, φα, φ ◦ ψ, eφ and φ+ ψ all lies in F.

The proof is immediate consequence from the definition.

Theorem 1.2. Let φ, ψ ∈ F and µ(ν) = φ(να) and η(ν) = φ(ναψ(ν)) for each v

and α > l, then µ, η ∈ F.

Proof. (i) As µ satisfies the conditions of a function of fast increase, we have

lim
ν→∞

µ(ν)

νµ′(ν)
= lim

ν→∞

φ(να)

νανα−1φ′(να)

= lim
ν→∞

φ(να)

ναφ′(να)
= 0 (since ν →∞ then να →∞)

Therefore µ = φ(να) ∈ F .
(ii) As µ satisfies the conditions of a function of fast increase, we have

0 ≤ lim
ν→∞

η(ν)

νη′(ν)
= lim

ν→∞

φ(ναψ(ν))

νφ′(ναψ(ν)) [ανα−1ψ(ν) + ναψ′(ν)]

≤ lim
ν→∞

φ(ναψ(ν))

ναψ(ν)φ′(ναψ(ν))
= 0 (since ν →∞ and ψ(ν)→∞ then ναψ(ν)→∞)

Therefore η = φ(ναψ(ν)) ∈ F. �

Theorem 1.3. Let φ, ψ ∈ F such that lim
ν→∞

φ(ν)

ψ(ν)
= ∞ and if

d

dν

(
ln
φ(ν)

ψ(ν)

)
> 0,

then
φ

ψ
∈ F.

Proof. Let µ =
φ(ν)

ψ(ν)
where φ, ψ ∈ F and µ′ =

φ′ψ − φψ′

ψ2
. Then

lim
ν→∞

µ

νµ′
= lim

ν→∞

φ
ψ
× ψ2

ν(φ′ψ − φψ′)
= lim

ν→∞

1

ν
(
φ′ψ−φψ′

φψ

) = 0

(
d

dx

(
1n
φ(ν)

ψ(ν)

)
=
φ′ψ − φψ′

φψ
> 0

)
.
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Therefore µ =
φ

ψ
∈ F. �

Theorem 1.4. Let φ(ν) be a function from [a,∞) (a > 0) to (0,∞) such that
φ(ν) > 0 with continuous derivative φ′(ν) > 0 and limν→∞φ(ν) =∞.

(i) Define µ(ν) = φ(ln ν), then µ ∈ F ⇔ limν→∞
φ(ν)
φ′(ν)

= 0

(ii) Define η(ν) = eφ(ν), then η ∈ F ⇔ limν→∞
1

νφ′(ν)
= 0 .

Proof. (i) Suppose µ ∈ F ⇒ limν→∞
µ(ν)
νµ′(ν)

= 0 ⇒ limν→∞
φ(1nν)
φ′(1nν)

= 0 . If y = ln ν

and ν →∞ then y →∞ then limy→∞
φ(y)
φ′(y)

= 0 or limν→∞
φ(ν)
φ′(ν)

= 0 .

Converse follows from the above proof.
(ii) Suppose η ∈ F ⇒ limν→∞

η(ν)
νη′(ν)

= 0⇒ limν→∞
1

νφ′(ν)
= 0 .

Converse follows from the above proof. �

Theorem 1.5. Let φ be the function of fast increase if and only if to every α > 0

then there exist να such that
d

dν

[
φ(ν)

να

]
> 0, ∀ν > να .

Proof. We have

(1.1)
d

dν

[
φ(ν)

να

]
=
αφ′(ν)

να

[
1

α
− φ(ν)

νφ′(ν)

]
.

Suppose φ ∈ F. Then lim
ν→∞

φ(ν)

νφ′(ν)
= 0 , i.e. for every α > 0 ∃να 3 ∀ ν > να

and
∣∣∣∣ φνφ

∣∣∣∣ < 1

α
, ∀ ν > να

⇒ 1

α
− φ

νφ
> 0, ∀ ν > να

⇒ d

dν

[
φ(ν)

να

]
> 0, ∀ν > να ,

from (1.1). Converse follows from the above proof. �

Theorem 1.6. If φ ∈ F then lim
ν→∞

φ(ν)

νβ
=∞, ∀β > 0 .

Proof follows from the definition.
Note. We know that every φ ∈ F is an increasing function. Moreover by the

above theorem it is clear that lim
ν→∞

φ(ν)

νβ
=∞, ∀β > 0 .

This shows that the increasing nature of φ is fast.
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Corollary 1.1. If φ ∈ F then lim
ν→∞

φ(ν)

ν
=∞ and limν→∞ φ

′(ν) =∞ .

The proof is immediate consequence of Theorem 1.6.

Theorem 1.7. If φ ∈ F, for any then α ≥ −l and β ∈ R+, the series
∑∞

j=1 j
αφ(j)β

diverges to∞.

Proof. Write
∞∑
j=1

jαφ(j)β =
∞∑
j=1

[
jα+1φ(j)β

]
1
j
. We know that

∞∑
j=1

1
j

diverges to∞ .

Given α ≥ −l⇒ α + l ≥ 0 and β ∈ R+,⇒ limj→∞j
α+1φ(j)β =∞ .

Therefore
∞∑
j=1

jαφ(j)β diverges to∞ . �

Theorem 1.8. Let φ ∈ F, for any α ≥ −l and β ∈ R+ Then

lim
v→∞

∫ v
a
xαφ(x)β−1φ′(x)dx

1
β
vαφ(ν)β

= l.

Proof. From Theorem 1.7., lim
v→∞

1
β
vαφ(v)β =∞, α ≥ −l, β ∈ R+ and

∞∑
v=1

vαφ(ν)β =∞

⇒ lim
ν→∞

∫ ν

a

xαφ(x)β−lφ′(x)dx =∞

⇒ lim
v→∞

∫ v
a
xαφ(x)β−lφ′(x)dx

1
β
vαφ(v)β

= lim
v→∞

vαφ(v)β−1φ′(ν)

ναφ(ν)β−1φ′(ν)
[
α
β

φ(ν)
νφ′(ν)

+ 1
] = 1 ,

by L’Hospital’s Rule and φ ∈ F . �

Corollary 1.2. If φ ∈ F, then the following results holds.

(i)
∫ v

a

xαφ′(x)dx ∼ ναφ(ν) .

(ii)
∫ v

a

φ′(x)

x
dx ∼ φ(ν)

ν
.

Proof is a particular case of Theorem 1.8.

Theorem 1.9. If φ ∈ F and limν→∞
φ′(ν)
φ(ν)

= M then lim
ν→∞

1nφ(ν + k)

1nφ(ν)
= 1 for every

k ∈ R.
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Proof. Let ψ(ν) = lnφ(ν) , Suppose k > 0, ∃x ∈ (ν, ν + k) such that
ψ(ν + k)− ψ(ν) = (ν + k − ν)ψ′(x)(By LMVT)

⇒ ψ(ν + k)

ψ(ν)
− l =

kψ′(x)

ψ(ν)

⇒ lim
ν→∞

ψ(ν + k)

ψ(ν)
− 1 = k lim

ν→∞

(
φ′(ν)

φ(ν)
× 1

1nφ(ν)

)
= 0 ,

⇒ lim
ν→∞

1nφ(ν + k)

1nφ(ν)
= l .

Suppose k < 0, ∃x ∈ (ν + k, ν) such that ψ(ν)−ψ(ν + k) = (ν − ν − k)ψ′(x)(By
LMVT)

⇒ lim
ν→∞

ψ(ν + k)

ψ(ν)
− l = −k lim

ν→∞

(
φ′(ν)

φ(ν)
× 1

1nφ(ν)

)
= 0

⇒ lim
ν→∞

1nφ(ν + k)

1nφ(ν)
= l.

�

2. APPLICATIONS OF FUNCTIONS OF FAST INCREASING TO SOME SEQUENCES

OF INTEGERS

Definition 2.1. Let φ ∈ F, (sn) be a sequence of positive integers and is strict1y
increasing such that s1 ≥ 1 and

(2.1) lim
n→∞

sn
nr lnφ(n)

= 1 for some r ≥ 1

i.e. sn ∼ nr lnφ(n), see reference [3].

For example, (i) (sn) = n2, φ(ν) = eν and r = 1

(ii) (sn) = nen, φ(ν) = ee
νandr = 1

Definition 2.2. Let (sn) be the sequence defined as above and ν > 0 then
f(ν) =

∑
sk≤ν

1, i.e. the member of (sn) and is not exceeding ν .

Theorem 2.1. Let (sn) be the sequence satisfying and φ, ψ ∈ F then

(i) sn+1 ∼ sn

(ii) lim
n→∞

sn+1 − sn
sn

= 0

(iii) ln sn+l ∼ ln sn
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(iv) ψ (sn+l) ∼ ψ (sn)

(v) lim
ν→∞

f(ν)

ν
= 0 .

Proof. The proofs are immediate consequence of (2.1) and Theorem 1.9. �

Theorem 2.2. Let (sn) be the sequence satisfying 2.1 and ψ ∈ F and p ≥ 1 then

ψ (sn) ∼ pψ (n)⇔ ψ (f(ν)) ∼ 1

p
ψ (ν) .

Proof. Let ψ (f(ν)) ∼ 1
p
ψ (ν)

⇒ ψ (f(sn)) ∼ l

p
ψ (sn)⇒ ψ (sn) ∼ pψ (n) (f(sn) = n ) .

Conversely, let

(2.2) ψ (sn) ∼ pψ (n)⇒ lim
n→∞

ψ (f(sn))
l
p
ψ (sn)

= l (since f(sn) = n) .

If sn ≤ ν ≤ sn+1 then ψ (f (sn)) ≤ ψ (f (ν)) ≤ ψ (f (sn+1)) , and
l

p
ψ (sn) ≤ l

p
ψ (ν) ≤ l

p
ψ (sn+l) .

⇒ lim
n→∞

ψ (f (sn))
l
p
ψ (sn+l)

≤ lim
ν→∞

ψ (f (ν))
l
p
ψ (ν)

≤ lim
n→∞

ψ (f (sn+l))
l
p
ψ (sn)

⇒ l ≤ ψ (f (ν))
l
p
ψ (ν)

≤ l (sn+1 ∼ sn)

and from (2.2),

⇒ ψ (f(ν)) ∼ l

p
ψ (ν) .

�

Lemma 2.1. Let
∑∞

n=l anand
∑∞

n=l bn be series of positive terms and lim
n→∞

an
bn

= l . If∑∞
n=l bn is divergent then

∑n
k=l ak∑n
k=l bk

= 1.

Theorem 2.3. Let (sn) be the sequence satisfying (2.1) ψ ∈ F space, p ≥ 1,

ψ (sn) ∼ ψ (n) and ψ′ (sn) ∼ ψ′ (n) then

sn ∼
1

n
ψ (n)⇔ f (ν) ∼ ψ (ν)

ν
⇔ f (ν) ∼

∫ ν

a

ψ′ (x)

x
dx ⇔

∑
sk≤ν

kψ′ (sk) ∼
ψ (ν)2

ν
.



ON SOME FUNCTIONS OF FAST INCREASE 3681

Proof. Suppose f (ν) ∼ ψ (ν)

ν
⇒ f (sn) ∼ ψ(sn)

sn
,

⇒ n ∼ ψ (sn)

sn
⇒ sn ∼

1

n
ψ (n) (Since f (sn) = n) .

Conversely, suppose

sn ∼
1

n
ψ (n)⇒ lim

n→∞

f (sn)(
ψ(sn)
sn

) = 1 .

If sn ≤ ν ≤ sn+1 then f (sn) ≤ f (ν) ≤ f (sn+1) , and
ψ (sn)

sn
≤ ψ (ν)

ν
≤ ψ (sn+l)

sn+1

.

⇒ lim
n→∞

f (sn)(
ψ(sn+l)

sn+l

) ≤ lim
ν→∞

f (ν)(
ψ(ν)
ν

) ≤ lim
n→∞

f (sn+1)(
ψ(sn)
sn

)
⇒ l ≤ lim

ν→∞

f (ν)(
ψ(ν)
ν

) ≤ l (sn+1 ∼ sn)⇒ f (ν) ∼ ψ (ν)

ν
.

We have ∫ v

a

ψ′(x)

x
dx ∼ ψ(ν)

ν
⇒ f (ν) ∼

∫ ν

a

ψ′ (x)

x
dx .

Also we have
∫ v
a
xψ′(x)dx ∼ ν ψ(ν)and ψ′(x) is increasing

⇒
n∑
k=l

kψ′ (k) =

∫ ν

a

xψ′ (x) dx+ h (n)

⇒
∫ v

a

xψ′ (x) dx+ h (n) ∼ ν ψ (ν) .

From Lemma 2.1., we can write
n∑
k=1

kψ′ (sk) ∼
n∑
k=1

kψ′ (k)

⇒
n∑
k=1

kψ′ (sk) ∼ nψ (n)

⇒
∑
sk≤sn

kψ′ (sk) ∼ nψ (sn)

⇒
∑
sk≤sn

kψ′ (sk) ∼ f (sn)ψ (sn)

⇒ lim
n→∞

f (sn)(∑
sk≤sn

kψ′(sk)

φ(sn)

) = l .(2.3)
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If sn ≤ ν ≤ sn+1 then f (sn) ≤ f (ν) ≤ f (sn+1) , and

⇒
∑
sk≤sn

kψ′ (sk) ≤
∑
sk≤x

kψ′ (sk) ≤
∑

sk≤sn+1

kψ′ (sk) ,

⇒ lim
n→∞

f (sn)(∑
sk≤sn+1

kψ′(sk)

ψ(sn)

) ≤ lim
ν→∞

f (ν)(∑
sk≤ν

kψ′(sk)

ψ(ν)

) ≤ lim
n→∞

f (sn+1)(∑
sk≤sn

kψ′(sk)

ψ(sn+1)

)
⇒ 1 ≤ limν→∞

f(ν)(∑
sk≤ν

kψ′(sk)
ψ(ν)

) ≤ 1 (since sn+1 ∼ sn) and from (2.3)

⇒ f (ν) ∼
∑

sk≤ν kψ
′ (sk)

ψ (ν)

⇒ ψ (ν)

ν
∼
∑

sk≤ν kψ
′ (sk)

ψ (ν)

⇒
∑
sk≤ν

kψ′ (sk) ∼
ψ (ν)2

ν
.

�

Theorem 2.4. Let (sn) be the sequence satisfying (2.1) , ψ ∈ F, p ≥ 1, l ≥ 1,

ψ (sn) ∼ lψ (n) and ψ′ (sn) ∼ lψ′ (n) then

sn ∼
1

np
ψ (n)⇔ f (ν) ∼ ψ(ν)1/p

l1/pν1/p
⇔ f (ν) ∼ 1

pl1/p

∫ v

a

ψ(x)
1
p
−1
ψ′ (x)

x1/p
dx

⇔
∑
sk≤ν

kψ′ (sk) ∼
ψ (ν)

1
p
+1

l1/pν1/p
.

Proof. Suppose f (ν) ∼ ψ(ν)1/p

l1/pν1/p
⇒ f (sn) ∼ ψ(sn)1/p

l1/psn1/p

⇒ n ∼ ψ(sn)1/p

l1/psn1/p
( Since f (sn) = n)

⇒ sn ∼
1

np
ψ (n) (Since ψ (sn) ∼ lψ (n)) .

Conversely, suppose sn ∼
1

np
ψ (n)

(2.4) ⇒ lim
n→∞

f (sn)(
ψ(sn)1/p

l1/psn1/p

) = 1 .
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If sn ≤ ν ≤ sn+1 then f (sn) ≤ f (ν) ≤ f (sn+1) , and
ψ (sn)

sn
≤ ψ (ν)

ν
≤ ψ (sn+l)

sn+1

.

⇒ lim
n→∞

f (sn)(
ψ(sn+l)

1/p

l1/psn+1
1/p

) ≤ lim
ν→∞

f (ν)(
ψ(ν)1/p

l1/pν1/p

) ≤ lim
n→∞

f (sn+1)(
ψ(sn)

1/p

l1/psn1/p

)
⇒ l ≤ lim

ν→∞

f (ν)(
ψ(ν)1/p

l1/pν1/p

) ≤ l (Since sn+1 ∼ sn)

and from (2.4)

⇒ f (ν) ∼ ψ(ν)1/p

l1/pν1/p
.

We have
∫ v

a

xαψ(x)β−1ψ′(x)dx ∼ 1
β
vαψ(ν)β .

By taking α = 1
p
, β = −1

p
then we get f (ν) ∼ 1

pl1/p

∫ v

a

ψ(x)
1
p
−1
ψ′ (x)

x1/p
dx .

The proof that
∑

sk≤ν kψ
′ (sk) ∼ ψ(ν)

1
p
+1

l1/pν1/p
is the same as in Theorem 2.3. �

3. CONCLUSIONS

The results discussed in this article are employed in examples to show their
applicability in number theory.
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