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SOME MORE RESULTS ON HARMONIC MEAN INDICES OF GRAPHS
G. SURESH SINGH! AND N. J. KOSHY

ABSTRACT. In graph-theoretical terms, a topological descriptor is a single num-
ber representing a chemical structure. If the topological descriptor is correlated
with a molecular property, then it is called topological indices. The oldest topo-
logical index was introduced by Harold Weiner in 1947 and it is ordinary vertex
version of Weiner index and is the sum of all distance between vertices of graph.
Iranmanesh et al., in 2008, introduced its vertex version based on distance be-
tween edges. There are several topological indices on degree-based, distance
based and eccentricity based. They have many applications in modeling phar-
maceutical, chemical and in other properties of molecules. Here we study some
more properties of Harmonic Mean Indices of a graph G denoted by Hj;;(G)
introduced by G.Suresh Singh and N.J.Koshy in 2019.

1. INTRODUCTION

All graphs under our consideration are finite, simple and undirected. A graph
G = (V,E) is an ordered pair where V' is a non empty set and F is a set of
unordered pairs of elements of V. Elements of 1 are called the vertices and the
set is known as a vertex set of G denoted by V(G). Similarly elements of £ are
called edges of G and the set is called as an edge set of G denoted by F(G). The
cardinality of V(@) is called the order of G and that of E(G) is called the size of
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the graph. The degree of a vertex v € V(@) is denoted by d¢(v) or simply d(v).
The degree dg(e) of an edge e = uv of G is given by dg(e) = dg(u) + de(v) — 2.

The topological indices are numerical values associated with molecular graphs.
They play a vital role in chemical documentation, isomer discrimination, re-
lationship analysis like QSAR (quantitative structure activity relationship) and
QSPR (quantitative structure property relationship) and in modeling pharma-
ceutical, chemical and in studying other properties of molecules such as entropy;
heat formation, boiling points and enthalpy of vaporization of different chemical
compounds.

A topological index [2] can be defined as a function T from the set of all
graphs ) to R" if for any pair of isomorphic graphs G and H,T(G) = T(H).
That is, if G = H, then T': QQ — R™ satisfies T(G) = T'(H).

Motivated by various topological indices and harmonic mean labeling of graphs,
even though topological indices not related to labeling, G. Suresh Singh and N.J.
Koshy introduced a new topological indices of a graph G called harmonic mean
topological indices [7] denoted by H,,;(G) and is defined as

2dg(u)dg(v)
de(u) + dg(v)

Hy(G)= )

weE(G)

In the second section of this paper we evaluate some more results for har-
monic mean indices of some special graphs like helm graph, and sun-flower
graph, and that of their line graphs. The third section deals with the evalua-
tion of harmonic mean indices H),,;(G) of some graph operations, lexicographic
product and corona product and some upper bounds for H,;;(G) of these graph
operations.

The line graph [1], [3] of a graph G denoted as L(G) is obtained from G by
considering the edges of G as vertices of L(G) and two vertices are adjacent in
L(G) if the corresponding edges are adjacent in G.

A helm graph [1] denoted by H,, is a graph of order 2n + 1 obtained from
a wheel W,, having a pendent edge attached to each rim vertices of IW,,. The
central vertex v, has degree n. The vertices of H,,\ {v.} are of two kinds, vertices
of degree 4 and that of one. The vertices of degree one are referred as minor
vertices and that of degree four are referred as major vertices. There are 2n + 1
vertices and 3n edges for a helm graph.
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The sunflower graph [1] denoted as SF,, consists of a wheel with central ver-
tex v. and an n—cycle vy, vy, - - - , v,_1, vg and additional n vertices wq, w1, - - - , W, _1
where w; is joined to the vertices v;, and v;,; fori =0,1,--- ,n— 1, wherei+1
is taken modulo n. Then for the central vertex v, dgr, (v.) = n. The vertices
of SF, \ {v.} are of two kinds, v; of degree 5 and w; of degree 2. Vertices of
degree 2 are called minor vertices and that of 5 are called major vertices. SF,
has 2n + 1 vertices and 4n edges.

The composition or lexicographic product of two disjoint graphs G; and G,
denoted by G1[G.] is a graph with vertex set V' (G;) x V(G2) and (u;, v;) is ad-
jacent with (uy,v;) whenever wu; is adjacent with v, in G; or w; = w;, and v; is
adjacent with v; in GG,. By this definition one can see that [4]:

D) |E(G1[G2))| = [E(G)IV(G2)?| + |E(G2)|[V(G1)l;

(i) da,jay)(u,v) = |V(G2)|da, (u) + da, (v) .
The Corona product of two graphs G; and G, denoted by G; ® G» is a graph
obtained by taking |V (G;)| copies of G and joining each vertex of the i-th copy
with vertex v; € V(G1). Let G; and G, be two connected graphs with orders
ni,ne and size mq, my respectively. Then, by [6], we have |V(G; © G3)| =
V(G)|(1+]V(G2)| = ni(1+ns) and |E(GLOG,)| = [E(G1)|+[V(G)I([V(G2)| +
|E(G3)|) = my + ni(ne + my). Also for a vertex:

dg, (u) + [V(Go)| if u € V(Gy)

ue V(G ©Gy), deea(u) =
(6106G2), daroc,(v) dey(u) +1if u e V(Gy)

The eccentricity [6] eq(v) of a vertex v in a connected graph G is the greatest
geodesic distance between v and any other vertex. The diameter d(G) of G is
defined as d(G) = max{eq(v)|v € V(G)}. Also the radius r(G) is defined as
the r(G) = min{es(v)|v € V(G)}. Further, note that r(G;) < n; — eg,(u), where
n; = |V(G;)| and dg, (u;) < n; — eg,(u).

Computational techniques and inductive-deductive approaches are used in
deducing and proving various results.

2. HARMONIC MEAN INDICES OF SOME SPECIAL GRAPHS

Theorem 2.1. For the helm graph H,, of order 2n + 1, the harmonic mean index

. 4An(17n + 28
1S given b_y HMI(Hn) = W
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Proof. The vertices and edges of the helm graph H,, can be partitioned as follows.

V(H,) =ViuV,UVsand E(H,) = E, U Ey U Ej

Vi =A{v. € V(H,)|dn, (ve) = n} Vo =A{v; € V(H,)|du, (v;) =4}
Vs = {v; € V(H)|du (v:) = 1} Ey = {unld(u) = n and d(v) = 4}
s = {uvld(u) = 4 and d(v) = 4} s = {uold(u) = 4 and d(v) = 1}
Now, |Ey| = |Es| = |E5| =n,
(i) = Y 20 )

woepry G (W) + di, (V)

_ Z 2dy, (w)dp, (v) Z 2dp, (u)dg, (v)
)

uvek, dH" (u + dH (U) uveEs dH" <u> + dHn (U>
2y, (u)dr, (0)
by
uve k3 dH" + dH"( )
2xmnx4 2x4 x4 2x1x4
- SRS S N S
quEl n+ 4 uv€ Fo 4 + 4 uv€EFE3 1 + 4
"+4 n+4 5
uve k1 uv€ Fo uveEgl
8n 8 4n(17n + 28)
n+4 5 5(n+4)

g

Theorem 2.2. Let H, be the helm graph of order 2n + 1, and L(H,,) represents its
line graph then the harmonic mean index of the line graph is

Hyr(L(Hy)) = (n+2)n{ (n; D + (n2j8) + n—?—5} + 14n.

2411
Proof. The line graph L(H,,) of H, is a graph with 3n vertices and T

edges.
Depending on the degrees, there are 3 types of vertices.

Vi = {v; € V(L(H,))|dpm,y(vi) =n+2,i=1,2,--- ,n}

Vo = {v; € V(L(Hy))|dpim,y(v;) =6,i=n+1,---,2n}} and

Vs = {v; € V(L(Hy))|dpm,y(vi) =3,i=2n+1,--- ,3n}
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Similarly, we have 5 types of edges

Ey = {vwv; € E(L(H,))vi,v; € Vi} Ey ={vv; € E(L(H,))|v; € Vi,v; € Va}
Esy = {vyv; € E(L(H,))|vi,v; € Va} Ey ={vyv; € E(L(H,))|v; € Va,v; € V3}
Es ={vyv; € E(L(H,))|v; € V1,v; € V3}.

—1
Moreover it can be seen that |£1] = % |By| = |Ey| = 2n and || =
|Es| =mn,
2 d
M) — Y 2 )

weB(L(Hy)) dL(Hn)<u> + dL(Hn) (U)

_ 2dr(m,)(w)dr(m,)(v) s 2d (a1, (w)dr(m,)(v)
drm,)(w) + dpa,y (v) dra,) (W) + dpca,y (v)

woc s dL(Hn)(U) +drm, (v) S dL(Hn (u ) + dL(H )(U)

uve Fy uve FEa

2d u)d
N Z L) (w)drm,)
uveFs

_ Z (2(”+2)(”+2)+ Z 2(n+2)><6Jr Z 2x6x6

uwv€ Fy n+2+n+2 uv€E FEo n+2+6 uvEFE3 6+6
2><6><3 2(n+2)x3
2 Tors T2 Tias
uvEFEy vEFs
= ) S 20 S S g 3
n T n+8
wveE, uv€ o uve k3 uve by
2
n+5 uve s
-1 12 2 6 2
:(n+2)n(n ) (n+ )X2n+6xn+4x2n+Mxn
2 n+8 n-+>5

(n—1) 24 6
= 2 14n .
(n+ )n{ > toastaars (M

g

Theorem 2.3. For the sunflower graph SF,,, the harmonic mean index is given by

10n 75
Hyi(SE) = AN
w1 (SFn) "<n+5+ 7)
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Proof. The vertex set of SF,, can be partitioned as follows.

Vi =A{v. € V(SF,)|dsk, (v.) =n};

Vo = {UZ' € V(SFn)|dSFn(U1) =5,t1=1,2,--- ,n};

VE; = {UZ' € V(SFn)|dSFn(UZ) = 2,2 =n-+ 1,7’L+ 2, tee ,271} .

The edges of SF), can be partitioned into F1, F,, E5 as follows
E, = {uv|dgp, (u) =nand dgp, (v) =5}, |Ei| =n;

Ey = {wv|dgp, (u) =5 and dgr, (v) = 5}, |Es] =n;

E3 = {UU|dSFn(U) = 5 and dspn(l)) = 2}, |E3| = 271;

2dSF (U)dsp (’U)
H (SFn) = = =
" uveg(;gF) dSF" (u)dSF" (U>
_ 2dgp, (u dSFn Z 2dsp, (u)dsp, (v)
h dsp, (w)dsp, ( dsr, (u)dsr, (v)

4 Z QdSFn (U)dspn (’U)

oz, dsp(w)dsr, (v)
2n X 5 2X5H5XH 2X5Hx?2
-y ROy sty o
uwve Fy n+ 5 uv€e o 5 + 5 uv€EFE3 5 + 2
10n 20
= 1+5 1+ — 1
) DRELD DREEDY
uve k1 uve k1 uwveFq
10n>< 45w +20><2 10n+75
= n n+ — n=mn —
n—+>5 7 n—+>5 7

U

Proposition 2.1. For the line graph of a sunflower graph SF,,, the harmonic mean
index is given by

n—1+ 32 n 20 5h4n
2 n+11 n+38 13

3. HARMONIC MEAN INDICES OF SOME GRAPH OPERATIONS

In this section we discuss about the graph theoretic operations given in [3],
[4], [5], [6], the composition and Corona product. Further we find some upper
bounds for them.

Observations 3.1 The harmonic mean indices of the lexicographic product
graphs P[C,], P5|C.], Py[C,], Ps|C,], and Ps[C,,] are given by:
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N 2(n+2)(2n+ 2
(D) Hu(P5[Chl) = (n+2) x 2n + i Sn)—(irz :

2(n+2)(2n+2)

3n+4
2(n+2)(2n+2)

3n + 4
2(n+2)(2n+ 2)

3n+4

X 2n% + (2n + 2)n;

(iiD) Hur(Py[Ch)) = (n+2) x 2n + X 2n% 4+ (2n + 2)(n® + 2n);

(iv) Huy(B5[Ch]) = (n+2) x 2n+ x 2n% + (2n+2)(2n% + 3n) ;

V) Huy(Bs[Cr]) = (n+2) X 2n+ x 2n% + (2n+2)(3n% +4n) .

Theorem 3.1. The harmonic mean indices of P,,[C,] is given by

(@) Hui(R[Cy]) =n(n+2)(2n—1) form=2,n>3;
B 8n?(n +2)(n+1)
m —2) for m,n > 3.

+ 2n(n + 1)(mn — 3n +

2 2n(2n — 1
Proof. For m = 2,n = 3, the graph is n + 2 regular with ( 2“) — %

n(2n — 1) edges:

2dudv
du + dv

Hui(P[C)) = )
wEE(P2[Cnl)
_ Z 2(n+2)(n+2)

n+2+n+2

w€E(P2[Ch])
= (n+2) Z 1
weE(P2[Cr])
= (n+2)n(2n—1)
= n(n+2)(2n—1)

Next we prove the case for m,n > 3. From observations 3.1, it can be easily
verify that the edge set of P,,[C,,] can be partitioned as follows for m,n > 3.
E, ={uwv|du =n+2,dv=n+2}, |Ei|=2n

By = {uv|du = n 4 2,dv = 2n + 2}, |Ey| = 2n?

Es = {uv|du =2n +2,dv = 2n + 2}, |Es| = (m — 3)n* + (m — 2)n.
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Now,
2dudv
Hai(Pn|Ca]) = Z du + dv
wWEE(Pm[Crl])
2dudv 2dudv 2dudv

du+dv+ du+dv+ du + dv
uv€ Fa uwvEFE3

uveE k1

- n+24+n+2 n+2+2n+2
2

uveFn

N Z 2(2n +2)(2n + 2)

2n+24+2n+2

veEE3
2(n+2)(2n +2)
= 2) 1 1+ (2 2 1
) 1+ ZACED S 1 ney) Y
uve ky uve FEo uveEFE3
4 2 1
= (n+2)x2n+ (n+2)(n + )><2n2
3n+4

+2(n + D)[(m — 3)n* + (m — 2)n]
8n*(n+2)(n+1)
3n+4

= 2n(n+2)+ +2n(n+1)[(m —3)n+m —2].

The next two theorems give some upper bounds of the harmonic mean under
certain given conditions.

Theorem 3.2. Let G; and G be two connected graphs with order ni,n., size
my, mg respectively and 0; and A; are minimum and maximum degrees of the ver-
tices of G;,i = 1,2. Then for the harmonic mean index of G1[G5),

(TlgAl + A2)2(m1n§ + m2n1)

Hy 1 (GL|Gs)) <
MI( 1[ 2])_ 77@51"‘(52

Proof. By definition of harmonic mean indices and the relation that §; < d¢, (u;) <
A; one can compute the harmonic mean indices of the composition of graphs
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(GG, and G, as follows.

Hyi(Gh[Gl) = 3 2dg, () (wi, V;)den ) (Uk, v1)
(ui,v5),(ug,v) EE(G1[G2]) dGl[GZ] (Ui’ Uj) + dGl[GQ] (Uk’ Ul)

(wi,v5) 7 (ug,vr)
_ 3 2(nadg, (ui) + da, (v;)) (n2de, (uk) + da, (vr))
(nQdG1)<ui) + dGz (Uj) + n2dg, (uk) + dGz (Ul)

(wiy;),(ug,0) €E(G1[G2])
(wiyj)#(uk,vr)

Z 2(ne A1 + Ag)(noAy + Ay)
n201 + 02 + N2y + 2

IN

(wiyj),(ug,0) €E(G1[G2])
(ui,v5)#(ug,vr)

(n2A1 + AQ)Z Z

1
n251 + 52

(wi,05),(ug,v) EE(G1[G2])
(wisvj)#(ug,vr)
_ o (naAs + Ay)? 5
= 11901 + 0 (myns + maony)

0

Remark 3.1. In the above theorem equality holds for G, = K,,, Gy = K,,, for
m,n > 2.

Theorem 3.3. Let Gy and G5 be two connected graphs with order ny,n, , size
my, mo respectively and minimum degrees of the vertices of G;,1 = 1,2 are §; and
r(G;) their radii. Then for the harmonic mean indices of G1[Gs],

(na(ny +ny — r(Gy) — r(Gs))?
n2(51 + (52

Hy(Gh[Go]) < (min2 + maony) .

Proof. We have

2dG1[G2] <<u27 Uj)dGl[Gﬂ (uka Ul)
dG1[G2] ((U“ Uj) + dGl[GQ] (uk7 'Ul)

Hyr(Gh[Go) =

(]

(wisv5),(ug,v) EE(G1[Gz])
(wi,vi)# (ugsvr)

2(nadg, (ui) + dg, (v)))(nade, (ux) + dg,(v1))
(n2dG1 (ul> + dGz (Uj> + n2dG1 (uk> + dGz (Ul>

I
(]

(wiy;),(up,v) EE(G1[G2])
(wiyv5)# (ug,vr)
2pq
) n251 + (52 + n251 + (52

I
(]

(us,v5),(ug,v)EE(G1[Ga]
(wi,v5)7 (ug,vr)
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where p = (n2(n1 — eq, (W) + n2 — eq,(v;)) < (n2(ny — 7(Gy) + ne — 7(G2))
and ¢ = (na(ny — eq, (ug)) + n2 — eqy () < (n2(ny — r(Gy) + ny — r(Gs)), since
eg,(u) > r(G;) fori=1,2

2(ny(ny — r(G1) + ny — r(G))(na(n; — r(Gy) + ne — 7(Go
3 (na( (G1) (G2))(na( (G1) (G2))

<
- N9l + 0 + nody + 0o

(wiyj),(ug,vr)€
E(G1[G2])
(wivz)#(ug,vr)

(n2(n1 + na — 7(Gy) — r(Ga))? T

1
71251 + 52

(uiyvj),(ug,v1)€
E(G1]G2))
(wiyvj)#(uk,vr)
(ng(nl + Ng — T(Gl) — T(GQ))Q

2
- (Mming + mony ).
n2(51+52 ( 12 21)

g

Proposition 3.1. For a unicyclic graph of the form obtained by attaching a copy

of mK; to each cyclic vertex of C,, denoted by C,, ©® mK,, the harmonic mean index
3 1 2
is given by Hy(C,, © mK,) = n(m +1)(m +2) .
m+ 3

Proposition 3.2. For the line graph of C,, ® mK,

Hut(L(Cin) © mE) ) = n(m + 1)(m(—ji— 3)(3m +4) '

Theorem 3.4. For the corona product G; ® G4 of the given graphs G, G5 with
orders n; and size m; and minimum and maximum degrees of the vertices 6i) and
A;fori=1,2.

(Al + nz)Ag + 1)
(51 + (52 + ng + 1)

(Al + n2)2 (AQ + 1)2

Hy (G ©Gy) <
MI( IQ 2)_ 51+n2 m (52+1

nims + 2 ning .

Proof. The edge sets of G; ® (G, can be partitioned into three kinds

By = {e=w € E(G, 0 Gy),e € E(G1)}, |Er| =m
E2 = {€ZUUGE(G1®G2),€EE(Ggi),izl,Q,"' ,’V(G1)|},|E2| = N1Mmy
Ey; = {6 = Uuv € E(Gl © GQ),€ S E(GQZ),Z =1,2,--- ,’V(G1)| and v € V(G1>}7
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Hy(Gr® G2) =

IN
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Z QdG1®G2 (u)dG1®G2 (U)

WEB (G 6G) deyoc, (W) + dayoa, (V)

Z 2(dg, (u) + ns)(de, (v) + o)

dG1 (U) + no + dG’1 (U) + ng

(day ><dG2<> 1)
* 2 20 D () 1

+ 3 dii;l +"2)(dG2( )+1)

uve b3 +7’L2+d02< )+1

uwveEn

A1+n2 Ag—l—l)
+2
Z 0 +mne+02+1

uwveE3

(A1 + ng)? (Ap +1)2
1+ 1
51+n2 uvz (524‘1 Z

uve Fo

(A1+n2 A2+1 Zl

+2
51+62+n2+1

uv€EFE3
(A +1n9)° (A +1)?
my
(51 + No (52 +1

4. CONCLUSION AND SCOPE

(A +1)(Ag+1)
09 +14+09+1

A1+TL2 A1+n2
2 2
Z (51+n2+§1—|—n2 uZQ

(Al + ng)(AQ + 1)
51 + (52 + ng + 1

4185

ning

g

In this paper we have investigated harmonic mean indices of some special
graphs and that of their line graphs and find upper bounds for the harmonic

mean indices of certain graph operations.

A comparative study of harmonic

mean indices and other standard topological indices is beyond the scope of this

paper.
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