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AVERAGE DETOUR D-DISTANCE IN GRAPHS

P. L. N. VARMA !, V. VENKATESWARA RAO, D. REDDY BABU, T. NAGESWARA RAO,
AND Y. SRINIVASA RAO

ABSTRACT. The average distance is one of the important parameters in graph
theory. This article deals with the average distance between vertices using de-
tour D-distance. We obtain some results by comparing the average detour D-
distance of two graphs. Further, we work out the average detour D-distance of
some families of graphs.

1. INTRODUCTION

The average distance is most significant parameters in graph theory. The
applications of average distance are networks or in general good connection
of networks. It is used as a tool of analytic network where the performance
time is proportional to the distance between two points. In [2], Reddy Babu
and Varma have introduced the representation of D-distance and extended to
average D-distance between vertices in [3]. In previous article, the first two
authors have introduced the idea of detour D-distance and some work related,
see [4,5]. In present article we investigate the average D-distance between
vertices using detour distance. Next, in section 2, we obtain some results by
comparing the average detour D-distances of two graphs. In section 3, we work
out the average detour D-distance of various families of graphs. In any con-
nected graph contains n vertices, the total detour D-distance (abbreviated as
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TDDD)is the addition of the detour distances among all possible pairs of ver-
tices, i.e,7DDD =}, D"(u,v). The average detour D-distance is given by
HD = +olh = %(TSCDQD ). The detour D-distance representation as a matrix of
of the graph representation by M} (G), as MF(G) = [DP(u;, u;)]uxn Where

DP(u;,u;) is the detour D-distance between the vertices u; and u;. Clearly,

the detour D-distance matrix is symmetric matrix with order n x n.All diago-
nal entices being zero. The average degree of the graph is given by d(G) = ﬁ
> deg(v) where means degree of the in graph . Throughout this article, graph
veV

mean simple, connected, finite and undirected graph. For any inexplicable no-

tations and terms we refer [1].

2. RESULTS ON AVERAGE DETOUR D-DISTANCE

We begin with a theorem and later give some consequences.

Theorem 2.1. Let two graphs G, and G5 having the same number of vertices and
dzamB(Gl) < dzamB(Gg) If|E1| < |E2| then /,Lg(Gl) < /,LB(GQ)

Proof. Since diamB(G,) < diamB(G,), the biggest entry in the detour D-matrix
of (G, is less than G5 and this causes total detour D-distance is to increase. Be-
cause the same order and the number of edges of (G, is less than the number of
edges of G, hence uB(G1) < uB(Gy). O

Theorem 2.2. Let two graphs G, and G5 having the same number of vertices and
diamB(Gy) < diamB(Gy).if §(G1) < 6(Gz) then uB(Gy) < uB(Gs)

Proof. Let G; and G, be two graphs having the same number of vertices and
diamB(G,) < diamB(Gy). Then clearly 6(G,) < §(Gs) = |E1| < |E»| then from
Theorem 2.1, uB(G,) < uB(Gy). O

Theorem 2.3. Let two graphs GGy and G5 having the same number of vertices and
diamB(Gy) < diamB(Gy). If the mean degree of G is less than mean degree of G
then 1 (G1) < pp(G)

Proof. Let G; and G, be two graphs having the same number of vertices and
diamB(G1) < diam(G-).We have by definition, |E| = 3" deg(v) = 3 deg(G).As
the graphs have same number of vertices and mean degree of G; is less than
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mean degree of Gy we have deg5(G,) < degh(G>) and hence |E| < |E,|. Thus
by Th 2.1, hence we conclude that x5(Gy) < puB(Gs). O

Theorem 2.4. Let S is a spanning subgraph of G,1u5(S) < u5(G).

Proof. Consider S be a spanning subgraph of G,Then S and G are same order

and |E(S)| < |E(G)|. Thus by Theorem 2.1, hence we conclude that p5(S) <
D

1p(G). U

3. AVERAGE DETOUR D-DISTANCE OF VARIOUS FAMILIES OF GRAPHS

In this section we compute the average detour D-distance of various families
of graphs. We start on with complete graph.

Theorem 3.1. The average detour D-distance of K,, is n®> — 1.

Proof. In a complete graph, every vertex has n — 1 adjacent vertices. The de-
tour D-distance between every pair of vertices is n?> — 1. Thus the total detour
D-distance (TDDD) is 2(n¢,)(n? — 1). Hence the average detour D-distance,

PR () = H(IZ2E) — 21 0

Next we compute the detour D-distance of a wheel graph.
Theorem 3.2. In a wheel graph, the average detour D-distance is 5n. .

Proof. Consider the wheel graph, W ,,, on n+1 vertices {vy, vy, vs, ..., v, } .Assume
that, without loss of generality, v, is adjacent to all other vertices. Then degree of
and degree of vy = n and degree of all other vertices is 3. The detour D-distance
between any pair of vertices is 5n. Thus the total detour D-distance (TDDD) is
2(n+ 1¢,)(5n). Hence the average detour D-distance,

HB(Wh,) = (ZRRL) — 5, O

n+102

Next we consider cyclic graph.

Theorem 3.3. In cyclic graph, the average detour D-distance is

9In2—4n+8

D _ 4(n—1)
H (Cn)_
b Intd ifn is odd

if n is even
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Proof. In a cyclic graph C,,, with vertices, each vertex has two adjacent vertices.
We consider independently cases if neven and odd.
Case 1: n is even Detour D-distances between pairs of vertices are as shown

below:
U1 (%) V3 ’U%_l U% U%-i-l U%+2 Un—1 Un
vr | 0 |3n—1|3n—4 .| 3H0 | 300 | Snid | 30 | 3 — 4 (3n— 1
vy (3n—1| 0 |3n—1 .| 322 ] 3080 Snid | Sntd | 3 — 7 3n —4
vg [3n—4\3n—1 0 3"'2"28 3”;22 3";16 3"'2"10 e |3n —1013n — 7
vp_y S0 | S22 S8 0 |3n—13n—4[3n—7|..| o | S0
vp | o0 SnddD S22 3 — 1) 0 |3n—1|3n—4/..| 20 | ot
vpy SmE | 30| S8 13 —43n—1| 0 [3n—1)..| 20 | 3nAl0
Un o 2D Snad | S0 13n —73n —4(3n—1| 0 .| 222 ) Sndl
Un-1|3n—4|3n —7\3n —10]...| 3t | SnbdD | Sebdl | Stz | 00 13— 1
Up |3n—1\3n—4|3n—7 .| 20| ot St St | 13 — 1] 0
Table: 1 Detour D-distance of cyclic graphs ( n is even)
(%1 V2 U3 UnT—B UnT_l ’UnT-H UnT-i—S ool Up—1 Un,
vy | 0 [3n—1|3n—4 | |38 ) 3nal ) Sntl f3nkS |1 3p — 4|30 — 1
vy (3n—1| 0 |3n—1|.. |3xH9 | 3ndls | 3ndl | 3ndl 13y — 7 13n — 4
vy [3n—4[3n—1| 0 |.. 2nd2 ) Sndl9 fsndls | Sntl | 13y — 10(3n — 7
Ung | BEE SR 2B L0 (30— 130 —4[3n - 7| | o
vay | RIS SR LB — 1 0 [3n - 1]3n 4] R SR
Unga | GRS D3 LB — 430 — 1) 0 [3n— 1] PR )2l
Unga | S| SEE LSS LB — T30 —43n— 1] 0 || 2 ) Sl
Un1|3n — 4|3n — 7|3n — 10|...| 22T | 30413 1 3ndld | 30825 | 13 — 1| 0
U, [3n—13n—1|3n—7 .| 3% | 3niT | ot |3n—1] 0

Table: 2 Detour D-distance of cyclic graphs ( n is odd)
The sum of the elements in each row is

S, = 2@[2(371 — 1)+ (g S O

5 )
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-2 3n+4 In? —4n — 8
=S8+ () =

the total detour D-distance is TDDD =

. There are n number of rows. Thus
n(9n? — 4n — 8)

4
) 1, TDDD In? —4n +8
Hence the average detour D-distance u5(C,) = 5( e, )= ( =) ) :
Case 2: n is odd
Detours D-distance between pairs of vertices are as shown in table 2.
The sum of the elements in each row is
(5 . 1) [2<3n_1>+(g_1_1)(_3)“ _ [n " 1 (9n2—i— 5)] _ (9n + 5;(71 1) '
There are n number of rows. Thus total detour D-distance, TDDD, is

—1)(9 D
n x S, = n(n L( nt ) Hence the average detour D-distance

Mg(cn):%(TDDD): (9nI5)_ -

TLC2

Sn:[

Next we go through complete bipartite graph.

Theorem 3.4. Let the graph be a complete bipartite graph, K., ,(m < n), the av-
erage D-distance is

uB(Km,n) _ n(nfl)(m2+mn+3n)+2mn((rrréi+nr)rz7:n4fﬁfl;)+m(mf1)(m2+mn+m72) '
Proof. The partition of the two vertex set of K,,, be able representation as
AU B, where A = {vy,v2,v3, ..., v },B = {wy, we, ws, ..., w, }. Then DP (v;,v;) =
m?+mn + 3m,DP (w;, w;) = m* +mn+m — 2,DP (v;,w;) =m?> + mn+2m —1,
see [4]. Thus the total detour D-distance is TDDD = ng,(m? + mn + 3n) +
mn(m? 4+ 2m + mn — 1) + me,(m* + mn +m — 2).

Hence the average detour D-distance
1, TDDD (TDDD)
:ugu(m,n) = ( ) = —

2 (m+n)c, (m+n)(m+n-—1)
n(n — 1)(m?* + mn + 3n) + 2mn(m? + mn + 2m — 1) + m(m — 1)(m? + mn + m — 2)

(m+n)(m+n-—1)

i

Theorem 3.5. The average detour D-distance of, K,,, ,,,, s

A4m3 +m? —4dm + 2
D

Kpm) = .
1D (K m) om — 1
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Proof. Let K,,,, be a complete bipartite graph. The vertex set of K,,,,,can
be written as A U B, where A = {v,v9,v3,...,0,},B = {wy, wy, w3, ..., w, }.In
the complete bipartite graph the detour D-distances between different pairs are
DP(v;,v;) = 2m? +m—2,DP (v;, w;) = 2m?+2m— 1. The total detour D-distance
(TDDD) is twice the m¢,(2m? + m — 2) + m?(2m? + 2m — 1).

Hence

1, TDDD

D
Knp) = (2

WBKn) = 522D

me,(2m* +m —2) + m?*(2m* +m—1)  4m® +m® — 4dm 4 2

(2m)(2m — 1) B (2m — 1)

U

Now we consider graphs which are trees.

2ay,
Theorem 3.6. The average detour D-distance of the path graph is u5(P,) = L,
n

where a,, = a,,_1 +n+1witha; =0.

Proof. Let P,,the detour D-distance between two vertices is same as the D-
distance as there is a single pathway connecting any two vertices. Thus the
outcome from Theorem 4.4 in [3]. O

Theorem 3.7. In a star graph, the average detour D-distance is
2n+2)+(n—-1)(n+4
pp(st,) = 20Dt d)

Proof. In a star graph St; ,,,the detour D-distance is same as the D-distance. Thus
the result follows from theorem 4.5 of [3]. O
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