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FIXED POINT THEOREM FOR SOME GENERALIZED CONTRACTION
IN b-METRIC SPACE

RITU ARORA, PANKAJ KUMAR MISHRA, AND SUMIT BISHT!

ABSTRACT. The aim of this paper is to obtain uniqueness and completeness of
fixed point theorem on b-metric space. In this paper, we show that different
rational contractive type maps exist in b-metric space and prove some fixed
point theorem for these types of maps in b-metric space.

1. INTRODUCTION

In 1989, Bakhtin [3] introduced the notion of b-metric space and Czerwik [9]
introduced the notion of b metric space with coefficient 2. This notion was gen-
eralized later with coefficient s > 1 in [10]. Since then many authors obtained
fixed point theorem in b-metric space [1] [2] [4] [5] [6] [7] [8]. Kir [11] in
2013 extended Kannan, Chatterjea’s contraction mapping on b-metric space, Af-
ter that in 2014 Mishra [12] obtained Reich and Hardy Rogers contraction map-
ping in b-metric space. In this paper, we generalized some well-known fixed
point theorems in b metric space.

2. PRELIMINARIES

We recall some definitions and properties for b-metric spaces.
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Definition 2.1. [10] Let X be a non-empty set and s € [1,00) ,then a mapping
D : X x X — R* is called b-metric space if the following conditions are satisfied:
(D) D(z,y) =0ifand only if z = y;
(i) D(z,y) = D(y,x);
(iii) D(x,z) < s[D(z,y) + D(y, 2)] forall z,y, z € X.
The pair (X, D, s) is called a b-metric space.

We note that if s = 1, then every b-metric space is reduced into usual metric
space.

Example 1. [4] Let X = 0,1,2 and D(0,2) = D(2,0) = m > 2,D(1,0) =
D(0,1) = D(1,2) = D(2,1) = 1 andD(0,0) = D(1,1) = D(2,2) = 0, then
D(x,y) < B[D(x,2) + D(z,y)] for all z,y,z € X. If m > 2 then the triangle
inequality does not hold.

Example 2. Let X = Rand D(z,y) = |z —y|* forall x,y € X, then (X, D, s) is a
b-metric space with coefficient s = 2.

Example 3. [6] Let 0 < p < 1,1, = {{z,} 1z, € Rn € N 307 |2,|P < oo}
and D(z,y) = (Yol |20 — yulP) 2for all z = {z,},y = {yn} € l,. Then D is a

b-metric with coefficient s = 2'/7 .

Definition 2.2. [4] Let (X,D,s) be a b-metric space. Then a sequence {x,} C X is
called a Cauchy sequence if and only if for all ¢ > 0,3n(e) € N such that for each
n,m > n(e), we have D(x,, x,,) < €.

Definition 2.3. [4] Let (X, D, s) be a b-metric space. Then a sequence {z,} C X
is called convergent sequence if for all e > 0 and n > N we have D(x,,z) < €. In
this case, we write lim,,_,o. T, = .

Definition 2.4. [4] A b-metric space (X, D, s) is said to be complete if every Cauchy
sequence in X converges to a point of X.

3. MAIN RESULT

Now we present our main theorem.
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Theorem 3.1. Let (X, D, s) be a complete b-metric space with coefficient s > 1 and
T be a self mapping T : X — X such that

D(Tz,Ty) < ai1D(x,Tx)+ a:D(y,Ty) + asD(x, Ty) + ayD(y, Tx)
D(x,Tz)D(x,Ty) + D(y, Ty)D(y, Tx)
D(x,Ty) + D(y, Tx)

Qs

forallz,y € X, ay, a9, as, ay, as are non-negative numbers and D(x, Ty)+D(y, Tz) #
0 with condition (a; + az + as)s + as + azs® < 1. Then T has a unique fixed point.

Proof. Let xy € X be arbitrary and {z,}2°, be a sequence in X, defined by the
recursion xg, r1 = Tx,, 09 =Txy, ..., 01 =Tx, Vn € N

D(xp,xpy1) = D(Txzp_q,Txy)

<ayD(xp_1,Txn 1) + asD(xy, Txy) + asD(xp_1, Txy) + ayD(xy, Txp_1)
D(zp_1,Txy—1)D(xp—1,Txy) + D(zy, Txn)D(T0, Tp—1)
D(xy_1,Txy,) + D(xp, T, 1)
< a1D(xp_1,7n) + asD(xp, Tpi1) + asD(xy_1, Tpe1) + asD(xy, )
D(xp—1,2n)D(xp_1, Tpi1) + D(xy, Tpy1) D(xp, x,)
D(xp_1,2p11) + D(xp, x,)
< ayD(xp_1, ) + a2 D(xp, Tpy1) + azsD(xp_1,x,) + a3sD(xp, Tpiq)

+a5D(fEn—1> xn)

(M) Dy, 1)
1—ay —ass

D(zp, ny1) < AD(xp_1,24),

+CL5

+CL5
D(-Tny xn—&—l) S

where

)\ = a1 + ass + as
1—ay—ass )
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Similarly

D(xn—lvxn) = D(Txn—QaTxn—1>

< ayD(xy_9,Txp o) + asD(xy 1, Txy 1) + asD(xy 9, Txy 1) + ayD(x, 1, Txy o)
D(xp—o,Txp_2)D(xn—2,Txn 1) + D(xp_1,Txn_1)D(Tp_1,TTH_2)
D(zp_o,Tx, 1)+ D(xp_1,Tx, 2)

a1D(xp_o9, 1) + aeD(xy_1,2,) + asD(zp_o, ) + asD(xy_1, Tp1)

D(xp_o,Tp1)D(Tpn_2,,) + D(xp_1,2n)D(Tp_1,%n_1)
D(xy_9,2,) + D(xy 1,25 1)

a1D(xp—9,Tn—1) + a2 D(Tp_1,2n) + a3sD(Tp_2, Tp_1) + a3sD(x,_1, Ty)

+as

IN

“+as

IN

+G5D(£Cn,2, l'n,1)

a) +ass—+a
D(xn—lvxn) S <#—6L3;> D(xn—%xn—l)
D(mn—ly xn) S /\D(xn—Qa mn—l)
D(Inaan—&-l) S AQD($n—27$n—1) .

Continuing this process, we get D(z,,T,+1) < AN'D(x,x1), since

\ (a1+a33+a5

1—ay —ass

Now we show that {z,} is a Cauchy sequence in X.
Let m,n e N and m > n

> < 1. Hence T is contraction mapping.

D(p, 2) < 8[D(Tn, Tny1) + D(Tni1, Tm)]

$D(Tn, Tny1) + 82 D(Tng1, Tnga) + 82 D(ppa, Tnas) + ...

s/\”D(xo, x1) + 2N D (20, 21) + SN D (20, 21) + ...
[T+ sA+ s?A? + .| D(xg, x1)

S
SA" )
1 _S/\ x07x1 .

Since s\ < 1, taking m,n — oo We have lim,, ,., D(z,,z,,) = 0. Hence {z, } is a
Cauchy sequence in complete b-metric space X. Consider {z,} converges to x*.

IAIA

IN

IN



FIXED POINT THEOREM FOR SOME GENERALIZED CONTRACTION IN b-METRIC SPACE 4357

Now we have to show that x* is a fixed point of T'.
D(Tx*,Tx,) < a1 D(z*, Tx*) + asD(xy,, Tx,) + asD(z*, Tx,,) + ayD(x,, Tx")
D(z*, Ta*)D(z*, Tx,) + D(xp, Tzy)D(x,, Tx*)
D(z*,Tx,) + D(z,, Tx*)
<ayD(x*,Tx") + aaD(xp, xpi1) + a3D (2™, Tpy1) + agD(zp, Tx™)
D(z*, Tx*)D(x*, xps1) + D(n, Tny1)D(xn, Tx*)
D(z*, xpy1) + D(xp, T*) ’

+CL5

+ as

taking n — oo
D(Tx*,z") < (a1 + aq)D(z*, Tx").
The above inequality hold if D(Tz*,2*) = 0. Hence z* is fixed point of T.
Uniqueness of fixed point: Let x* # 2’ be two fixed point of 7, then:
D(z*,2") < ayD(x*, Ta*) + apD(x', Tx') + asD(z*, Tx') + as D(2', Tx")
D(x*,Tx*)D(x*,T2") + D(«', Tx")D (2, T'x*)
D(z*,Tx') + D(a', Tx*)
< a1 D(x*,x*) 4+ aaD(2', 2") + asD(z*, 2") + a4 D (2, z*)
D(z*,z*)D(z*,2") + D(2/, 2") D (2, x*)
D(z*,2') + D(2', x*)
< (ag +aq)D(z*,2").

+ as

+CL5

The above inequality hold if D(z*,z") = 0.Hence fixed point of 7" is unique in
X. U

Corollary 3.1. Let (X, D, s) be a complete b-metric space with s > 1 and T be a
self mapping T : X — X such that

D(Tx,Ty) < p[D(x,Tx) + D(y, Ty)], Yo,y € X, and p € [0,1/2),
then T has a unique fixed point.

Proof. By putting a; = ay = p and a3 = a4 = a5 = 0 in the above theorem, we
get the required result. O

Corollary 3.2. Let (X, D, s) be a complete b-metric space with s > 1 and T be a
self mapping T : X — X such that

D(Tz,Ty) < A\[D(z,Ty) + D(y, Tx)],Vx,y € X and s\ € [0,1/2),

then T has a unique fixed point.
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Proof. By putting a3 = a4 = A and a; = ay = a5 = 0 in the above theorem, we
get the required result. O

Theorem 3.2. Let (X, D, s) be a complete b-metric space with s € [1,00) and T be
a mapping T : X — X satisfying the condition

D(Tz,Ty) < ayD(x,Tz) + aa D(y, Ty) + agD(z, Ty) + ayD(y, Tx) + asD(z, y)

Dy, Ty)[L + D(z,Tz)] , ~D(y,Ty) + D(y, T'z)
1+ D(x,y) "1+ D(y,Ty)D(y, Tx)

forall z,y € X and aq, as, ..., ay are non-negative real number such that a;s+ as +
(s + s*)az + ass + ag + a; < 1, Then T has a unique fixed point.

Proof. Let xy € X be arbitrary and {xz,}>%, be a sequence in X, defined by the
recursion xg, v, = Txy, w0 = Ty, ..., 0541 = Tx, Vn € N.

D(zp, xpy1) = D(Txpq,Tx,)
<a1D(xp_1,Txn 1)+ asD(xy, Txy,) + azD(x, 1, Tay) + asD (v, T2y 1) + asD(zp_1,T,)

D(xy, Txy)[1 4+ D(xy—1, Txpq)] D(zy,, Tx,) + D(xy, Txp_1)
1+ D(xp_1,xn) 1 + D(zp, Txn)D(xp, Ty 1)
<a1D(xp_1,2,) + aoD(Tp, Tpi1) + azsD(xy—1, Tpa1) + asD(xy, ) + asD(x, 1, xy)
%‘D(xn7 Tos)[1+ D(zp_1,2,)] o D(xy, Tpi1) + D(xy, )
1+ D(xy_1, ) 1+ D(xp, Tpy1)D(xp, )

< a1 D(wy-1,20) + a2 D(Tn, Tny1) + azsD(@p—1, T0) + a38D (T, Tyyr) + asD(2p—1, T0)

+ CL(;D(LL’n, xn—i—l) + (Z7D(l’n, xn—&-l)

IN

ay +ags + as
1—ay—aszs —ag— ary
D(l’n, I’n+1) < AD(xn—la xn) ’

) Dl

D(.Tn, anrl)

where

)\_( a, + ass + as )

1—ay—ass —ag—ar
Similarly

D<In—17 xn) - D(Txn—% Txn—l)
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<a1D(xp_9,Txy o)+ asD(xp_1,Txn1) + asD(xy_o, Txp 1) + ayD(xp_1, Tx,2)
D(xy—1,Txp 1)1 4+ D(xp_o, Tx, )]
1+ D(xp—2,2p-1)
o D(xy_1,Txy 1) + D(xp1,TTn o)

1+ D(xy_1,Txp 1) D(xp_1, T2, 2)
< ayD(xp_9,2n 1) + asD(x, 1, 2,) + asD(xy 2, x,) + ayD(zp 1, Tn—1) + asD (T2, 2y 1)
D(xp—1,2,)[1 + D(p—2,2p_1)] . D(xy—1,2,) + D(p—1,2p_1)

1+ D(xp_2,7p_1) 1+ D(xp_1,2,)D(xp_1,%n_1)
< ayD(xy_9,2n1) + aaD(xy_1, ) + agsD(xy_2, Tp_1) + azsD(xp_1, xy)

+asD(xp—g, Tn_1) + ag

+ag

+CL5D(ZE,,L_2, xn—l) + a6D(xn—17 xn) + G7D($n_1, In)
a; + ass + as)

D n—1y n S D n—a n—
(n-1,20) (1—a2—a35—a6—a7) (02, )
D(mn—laxn) S )\D(mn—%xn—l)

D(xna *TnJrl) S )\2D(xn727 xnfl) .

Continuing this process, we get D(z,,x,+1) < A'D(zo,z1), since
/\:( ai + ass + as)
1—a9—ass —ag— ay
Now we show that {z,} is a Cauchy sequence in X.
Let m,n € N and m > n

> < 1. Hence T is contraction mapping.

D(xy, Tm)

IN

S[D(2n, Tnt1) + D(@ni1, 2m)]

$D(Tpn, Tny1) + 82 D(Tny1, Tnao) + D (Tppo, Tnys) + ...
SA"D(zq, 1) + X" D(xg, 21) + s*A*D(xg, 21) + ...
SA'[1 + s\ + s*A* + ..]D(zg, 71)

SA"
<1 — SA) D($0,I‘1) .

INIA

IA

IA

Since s\ < 1, taking m,n — oo, we have lim,,_,o, D(x,,z,,) = 0. Hence {z,} is
a Cauchy sequence in complete b-metric space X. Consider {x,} converges to
x*. Now we have to show that z* is a fixed point of 7.
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D(Tx*,Tx,) < aD(z*,Tx*)+ asD(xy,, Tx,) + asD(z*, Tx,) + ayD(x,, Tx")

D(xy,, Tx,)[1 + D(x*, Tx*)] D(z,,Tx,) + D(x,, Tx*)
D * n Y ) Y )
+asD (", 2,) + ag 1+ D(z*, x,) 1T D(x,, Tx,)D(x,, Tx*)
< alD(x*a TI'*) + a2D<Im xn—i—l) + CL3D(Z‘*, xn—i—l) + a4D(xn7 TZE*)
D(xy, pi1)[1 + D(a*, Tz")) D(zp, xps1) + D(zp, T*)
D(x*, x, 5
Fas D", 2n) + as 1+ D(z*, x,) T D(xy, ®pi1)D(xy, Ta*)

taking n — oo
D(Tz*,2") < (a1 + a4 + a7)D(z*, Tx™) .
The above inequality hold if D(7T'z*, 2*) = 0, Hence z* is fixed point of 7".
Uniqueness of fixed point: Let z* # z’ be two fixed point of T, then
D(z*,2") < ayD(x*, Tx*) + a;D(2', Tx') + a3 D(z*, T2") + asD(2', Tx*) + asD(z*, 2')
D(a2',Tx")[1+ D(z*, Tx")] D(a2',Tx") + D(a, Tx*)
1+ D(z*, ') a71—0—D(x’,Tx/)D(x’,Ta:*)
< a1 D(x*, %) + agD(2', 2") + agD(2*, &) + ay D(2', 2*) + asD(x*, 2')
D(z',2")[1 4+ D(x*, x")] D(z',2") + D(x', x*)
1+ D(x*,2') "1+ D(#',2)D(z!, %)
< (asz + a4+ a5 + a7)D(z*,2') .

+Cl6

+a6

The above ineq. hold if D(z*, z") = 0. Hence fixed point of 7" is unique in X. O

Corollary 3.3. Let (X, D, s) be a complete b-metric space with s > 1 and T be a
self mapping T : X — X satisfying the condition

D(Tz,Ty) < aD(x,Tz)+ bD(y, Ty) + cD(z,y)

Va,y € X, where a, b, c are non-negative numbers such that a + s(b + ¢) < 1, then
T has a unique fixed point.

Proof. By putting a; = a,as = b,a5 = ¢ and a3 = a4 = ag = a; = 0 in the above
theorem, we get the required result. O

Corollary 3.4. Let (X, D, s) be a complete b-metric space with s > 1 and T be a
self mapping T : X — X satisfying the condition

D(Txz,Ty) < a1 D(x,Tx) + a2 D(y, Ty) + asD(z,Ty) + asD(y, Tx) + a5 D(x, y)

such that a;s + ay + (s + s*)az + aszs < 1 for all z,y € X and ay, as, a3, ay, as are
non-negative numbers. Then T has a unique fixed point.
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Proof. By putting ag = a; = 0 in the above theorem, we get the required result.
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