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SOME PROPERTIES OF G-SPACES ACTED WITH TOPOLOGICAL GROUPS
S. SIVAKUMAR AND D. LOHANAYAKI!

ABSTRACT. In this paper, We mainly discuss some properties of O-soft and the
character of limit G-space and extend several results of subspectrum. We also
introduce some basic concepts and elementary results on actions of topological
groups on G-Spaces.

1. INTRODUCTION

On G-Spaces of topological groups on topological spaces provide a natural
general background dynamics. At the heart of it is the fundamental idea of a
topological group of transformations and the roots of the notion of O-Soft and
we also introduce the fundamental concept of a topological group on G-space.
In this paper we define the basic definition of G-space and more details on the
topology of the limit G-Space of inverse spectrum. Since 2008, Arhangel’skill’s
has done a series of sinificant work on Actions of topological groups with topo-
logical spaces.

For further reference see [1-6].

Definition 1.1. Let G be a topological group and X be a topological space. An
action 0 of G on X is called continuous if 6 is continuous as a mapping of G x X
to X. The space X is called a G-space.

Definition 1.2. A continuous mapping p : A — B is called O-soft if for every
gero-dimensional compact G-space C, every continuous mapping q : C' — B and a
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X » C
W lq

T 5 » B
FIGURE 1

continuous mapping r : X — A of a closed subset X of C satisfyingq [X = por,
there exists a continuous mapping v : C' — A extending r which makes the above
diagram commutative.

Definition 1.3. Consider the product G-Space [[ = [],.., As and denote by [],
the projection of [ [ to the factor Az where 3 < . Let A be the G-Subspace of ]
defined by A = {(ap)ps<y €1: S§() = ag whenever 3 < o < 7} then A is the
limit G-Space of the Spectrum P.

Definition 1.4. Let P = Ag, S§ : 8 < a <y be a well ordered inverse spectrum
with continuous projections S§, and X be the limit G-Space of P. For every o < K,
denote by Sz the limit projection of A to A'ﬁ. If B C Ais a G-Space of A, we
put Bg = Sp(b) for each 3 < v and define Wg' as the restriction of S§ to B,,
where 3 < a < 1. Clearly, Pg = {bg, W§ : 3 < a < v} is a well-ordered inverse
spectrum; this spectrum is called the subspectrum of P generated by B.

2. MAIN RESILTS
Theorem 2.1. The composition of O-soft mapping of compact G-Spaces is O-soft.

Proof Let P, : Ay — Ay and P, : A, — A3 be O-soft mapping of compact G-
Spaces Ay, Ay, A3, and P = P, o P;. suppose that ¢ : C' — Az andr : X — A
are a continuous mapping such that P or = g o s, where X is a closed subsetof
a zero-dimensional compact G-Space C, and j : X — (' is natural embedding.
Put Ky = P, o K. Since P, is O-soft, K, can be extended to a continuous
mapping ¢, : C' — A, such that P, o ¢y = q.
Clearly, the mapping ¢ satisfies the equality P, o ¢) = P, o 41, So the mapping
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FIGURE 2

Again, since P; is O-soft, we can find a continuous mapping ¢ : C' — A,
extending K such that the diagram below commutes.

X . S A,
] Y P,
L » Xz
Wy
FIGURE 3
P is O-soft. [

Theorem 2.2. Let A be the limit G-Space of a well-ordered inverse spectrum P =
{Ap, S§ : B < a < v} with Hausdorff G-Space Ag. Then A is closed G-subSpace of
the product G-Space [[ = [, As. In addition, the sets of the from (S5)~"(O),
where § < v, Sz : A — Ag is the limit projection and O is open in Ag, constitute
a base for the topology of A.

Proof. Take an arbitrary a = (ag)ps<, in [[\A4

By the definition of A, there exist a, 8 with § < a < v such that S§(a.) # ag.
Since Ap is a Hausdorff G-Space and the connecting mapping S§ is continu-
ous, we can find open neighbourhoods X and Y of a, and as in A, and Ag
respectively,such that S§(X) NY = ¢. It is clear that the set C' = ([[,)""(X) N

o
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(I[z)~'(Y) is openin [] and C'N A = ¢ where [[; and [, are the projections
of [] to the factors As and A, respectively, therefore the complement [[\A is
openin [].

To prove the second part of the theorem, take any a € A and any neighbour-
hood X of ain A . Since A is a G-Subspace of [], there exists a canonical open
set Yin [] such thata € Y N A C X. Choose ordinals 5, < --- < 3, < K and
opensets Y, Yy, ..., Y, in Ag,, ...... As, respectively, such that Y = ([, )~ (Y1)
---N(II,) " (Ys). Since each limit projection Sj : A — Ap is the restriction of
[1; to A, the open neighbourhood O = (Sg,)~' (Y1) N--- N (I[5,) ' (Ya) of ain
A is contained in X. Clearly the set O = (ng)‘l(Yl) N---N (Sg:_l)‘l(Yn_l) ny,
is open in Y,, is open in Az, and it follows that a € T' = (53, )-1(S5) C X. O

Theorem 2.3. Let P = {A,S§ : B < a < v} be an inverse spectrum of G-
Space Ag and continuous connecting mapping S§ then the limit G-Space A of P
is compact.In addition, if each S§ is surjective, then so are the limit projections
Sg:A— Ag

Proof. The product G-space [[ = [],_, Ap is compact and X is a closed G-
Subspace of [[. Hence X is compact.

Suppose that each connecting mapping S§ is surjective. For every a < v, let
[[, ={(ae]]:55(1.)(a)) =Ils(a) for each 8 < a}, where [], : [[, An is
the natural projection of [| onto Ag. Clearly, [ [, is compact, as a closed subset
of [ and in addition,[[_([],) = [, , for each @ < . Indeed, let b € A,, and
take a = (ag)p<, € [] such that a, = b,as = S§(b), for each 3 < a}, where
the coordinates a; with o < § < K are chosen arbitrary. Then a € [], and
[[.(a) =b.

It follows from the definition of the the limit G-Space A of the spectrum P
that A = Na<, [[,- Let B < vy and b € Ap be arbitrary. Then b € []4(]],)
or, equivalantly, (HB)*l(b) N[, # ¢ for each o, where § < o < 7. Since
{IL, : B < a < v} is a decreasing sequence of compact subsets of [] , and the
set ([]5)~"(b) is closed in []. We conclude that the intersection (J];)~"(b) N
Ns<acry [ 1o = (I15) 7 (b) N A is not empty.

Hence b € []4(A) = 57(A) and therefore S(A) = Ag. O

Theorem 2.4. Suppose that A is a limit G-Space of a well-ordered inverse spec-
trum P = {Ag, S§ : B < a < v}, and that B is a closed G-Subspce of A. Then the
limit G-Space of the inverse spectrum Py is naturally homeomorphic to B.
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Proof. By the definition of the subspectrum Pp = {bg, Wg : 8 < a < 7} of
P that B can be identified with a G-Subspace of the limit G-Space B* of Py
which is, in its turn, a G-Subspace of A. Therefore, it sufficies to show that
B* C B. Suppose to the contrary that there exists a point a € B*\ B. B is
closed in A, So we can find an ordinal 5 < o and an open set X C Az such that
a € (Ss) ' (X) C A\ B. Hence (S3)"'(X)N B = ¢ and X N S3(B) = ¢, that is,
does not intesect the set B,, , a contrdiction with Sz(a) € X N Bg. O

3. CONCLUSION

In this paper, we have solved some properties of G-Spaces and related theo-
rems.
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