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A NEW TWO-STEP SIXTH-ORDER ITERATIVE METHOD
WITH HIGH-EFFICIENCY INDEX

MANI SANDEEP KUMAR MYLAPALLI', RAJESH KUMAR PALLI, AND RAMADEVI SRI

ABSTRACT. There are many sixth-order iterative methods to solve the non-
linear equations. Here we develop a new two-step iterative method to solve
the non-linear equation. For this new method, convergent analysis shows the
sixth order convergence and finally, we tested with several problems to show
the efficiency of the method over the existing methods.

1. INTRODUCTION

Many complications in engineering and science require solving a nonlinear
scalar equation. There are several methods available in the literature for finding
the root of non -linear equations.

Newton’s method (NR) is one of the well-known methods [2] to obtain the
zero of a non-linear equation

(1.1) h(t) =0,
and is given by
h(tn)
]_.2 n — lnp — 5 = 7172?"‘7
( ) t +1 t h/(tn) n 0
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This method converges quadratically and its efficiency index is v/2 = 1.414.
A sixth-order Iterative method (NT) proposed by Neta [1] is given by,

Un
Zn
Tn41

A sixth-order convergent
given by

Yn
“n

xn+1

h(t)h(y,)
— T Rt) = 20(y) R ()
h(tn) — h(y)h(z)
h(tn) - 3h(yn)h/(tn) ‘

method (SG) proposed by Sharma and Guha [2] is

= Z’I’L_

Y 110

" h(t,) = 2h(ya ) (L)
b+ hhG)
" h(2n) + 3h(yn) I (tn)

A Newton-type method with sixth-order convergent (PG) proposed by Parhi

and Gupta [7] is given by

Yn

Zn

Tn+1

20t

bR () + W (yn)
) + W (g)h(z)

" 3h/(yn) - h,(xn)h,(tn) '

A new sixth-order method (MF) proposed by Rafiullah [4] is given by

n tn_
Y 1 (t,)

Zn = n —

TIp+l = Zn —

h(tn) (W () = W' (yn))
2(h/(tn))?
2(h' (tn)h(zn)
AR/ (tn) B! (yn) — (1 () — (W' (yn))?
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A sixth-order Newton-type method (YC) proposed by Ham and Chun [9] is
given by

_ h{ta)
Yn = by — h/(tn)
Lo ht) 1 L

> Wy T W
200 (tn)h(zn)
Tpn+1 = Zn — P} 9 .
W (tn) - 4h/(tn>h/(yn) + N (yn)
In section 2, we derived the new two-step iterative method and in section 3,
its convergence is carried out. In section 4, various comparisons are given with

other schemes.

2. SIXTH ORDER CONVERGENT (SRK) METHOD

Consider ¢* is an exact root of (1.1) where A(t) is continuous and has well
defined first derivatives. Let ¢,, be the root of nth approximation of (1.1) and is

(2.1) =t + e,

where ¢, is the error. Thus, we get

(2.2) h(t*) =0.
Writing h(tx) by Taylor’s series about ¢,,, we have
* * ! (t>k B tn)2 "
P(ET) = hltn) + (7 = )W (t) + 0" (t) +
2
(2.3) h(t") = hity) + el (ta) + %h”(tn) +

Here higher powers of ¢, are neglected that to from ¢} onwards. Using (2.2)
and (2.3) , we have

eih"( tn) + 26,0 (t,) + 2h(t,) = 0
(2.4) W (1) = \JAR (1) — SB(t)H (1)] + ()

2(t,) 1
(0, T+ T =25

. Here, the second derivative is considered by Solaiman

On substituting t* by ¢,,; in (2.1) and from (2.4), we get t,,,1 = t,,—

h(ta)h" (t,)
[ ()2

),

where, =
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and Hashim [5] and is given by

B 2 Bh(tn — 1) — h(ty)
oty —1—t, ty—1—t,
We develop the algorithm by taking (1.2) as the first step and (2.5) as the second
step.

(2.5) R (t,) — 20/ (t,) — W (t, — 1)].

2.1. Algorithm. The iterative scheme is computed by as z,,

h
Zn = n (tn)
W(tn)
. _ L Qh(zn)< 1 )
7’L+1 n h/(Zn) 1 + /—1 — 2/1/ )
where, u = %;{)(]?) and

2 [3h(tn) — h(z,)

This method (2.6) requires 2 functional evaluations and 2 of its first derivatives.

(2.6) B (zn) = — 21/ (2,) — W (t,)] -

tn_zn tn_zn

3. CONVERGENCE CRITERIA

Theorem 3.1. Let ty, € D be a single zero of a sufficiently differentiable function
h for an open interval D. If is in the neighborhood of t*. Then the algorithm (2.6)
has sixth-order convergence.

Proof. Let the single zero of (1.1) be t* and t* = t,, + ¢, . Thus, h(t*) = 0. By
Taylor’s series, writing h(¢*) about t,,, we obtain

(3.1) h(tn) = KW ({)(en+ cae + 368 + cher +..0)
(3.2) R (t,) = K(E)(1+ 26, + ez + deged + ...).

Dividing (3.1) by (3.2), we get

h(t,
h'((t )) = (€n — 262 — (2c5 — 2c2)€3 — (3cy — Teges +4c3)ed + )
Now, z, = t, — _}Z((iz)_), we get z, = t* + w, , where w,, = a2 + (23 — 2¢3)e3 +

(3cy — Teaes + 4c3)el + ... Here

W' (2,) = W (t*)(2c0+2(3cacs—ca)e2 —4(3cics—cy )€ —4(3cacs—3cE —cocytcs)Ed +...)
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and z

W (zn)

(3.3) = L1 + Lo + L3€i + ..

h(zn )" (2n)

where, Ly = ¢y, Ly = (2c5 — 2¢3), L3 = (3¢5 — Teaes + 3¢y) . From p = e

we get
(34) 2,LL:P1€$L+P2€?L+P3€§L+...,

where, P, = 4¢3, Py = 4(6c9¢3 —2c3c4 —6c3c3+cac4), Py = 2(—8c3c3+4cocy +2¢5)
From (3.4), on simplification

(3.5) (141 —=2p)"" =2(1 + My + Myed + Mzet + ),
where M, = 3, My = 6cocs — 2c3c4 — 6¢3c3 + ey, Mz = —4cies + degey + 665 .

Using (3.3) and (3.5) , we get

2h(zy) 1
(=) T VT =25

) = L1€i+L2€i+L3€i+L4€i+<L1M3+L3M1+L2M3)62+0(6771> .

Now from (2.6) , we have z,, . = (Li M3 + LM, + LyM3)eS + 0(e”) . Thus, we
derived the convergence of this method which is of sixth-order and its efficiency
index is v/6 = 1.565. O

4. ITERATIVE METHOD

We consider some examples proposed by Vatti [8] and Mylapalli [6] and com-
pared our method SRK with NR, NT, SG, PG, MR, and YC methods. The compu-
tations are carried out by using mpmath-PYTHON and the number of iterations
for these methods is obtained for comparisons such that |z,.; — z,| < 1072"
and |h(z,, 1) < 107208
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The test functions and simple zeros are given below:

hi(z) = sin(2cosz) — 1 — 2 + ™) t* = —0.784895
ho(x) = sinx +cosx +x,t" = —0.456624
1

hy(z) = 22+ sin(%) — 5ot = 0.409992

hy(z) = cosz —x,t" = 0.739085

hs(x) = a° —10,t" = 2.154434

he(x) = €°+cosz,t* =1.746139

hi(x) = sin’x — 2%+ 1,t" = 1.465577

hg(r) = % —z 4+ 1,t" = 2.630664.

Table-IV(a): ANALOGY OF EFFICIENCY
Methods P N EI

NR 2 2 1414
NT 6 4 1565
5G 6 4 1565
PG 6 4 1.565
MR 6 I 1565
YC 6 4 1565
SRK 6 4 1565

Where P is the convergence order, N is the number of functional values per

iteration and EI is the Efficiency Index.

Where x is the initial approximation, n is the number of iterations, er is the

error, and fv is the functional value.

In this method, we introduced a new two-step sixth-order convergent method
with efficiency index 1.565. Table IV(a) compares the efficiency of different
methods and the computational results in table IV(b) show the dominance of
SRK over the three-step methods of NR, NT, SG, PG, MR, and YC in terms of the

number of iterations.

5. CONCLUSION
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