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BACKWARD BIFURCATION IN A WITHIN-HOST TUBERCULOSIS MODEL

YUDI ARI ADI1 AND ARIS THOBIRIN

ABSTRACT. A within-host tuberculosis model describing the interaction between
macrophages and Mycobacterium tuberculosis was developed and analyzed in
this paper. We derive R0 as the threshold value of the model and analyze the
existence and stability of equilibrium points. Furthermore, bifurcation analysis
performed based on the use of the application of the center manifold theory.
Explicit condition for the existence of backward bifurcation is given. Finally,
numerical simulations are presented to support the theoretical findings.

1. INTRODUCTION

Mycobacterium tuberculosis (Mtb) is an agent that causes Tuberculosis (TBC),
an infectious disease that has a high mortality rate in various countries. Until
now, tuberculosis is still one of the main causes of human death in the world.
Based on the 2019 Global Tuberculosis Report released by WHO, eight countries
that accounted for two-thirds of the total global TB cases were India (27 %),
China (9 %), Indonesia (8 %), Philippines (6 %), Pakistan (6 % ), Nigeria (4
%), Bangladesh (4 %) and South Africa (3 %) [1].

The Mtb bacteria commonly infect the lungs with alveolar macrophages as its
primary target [2]. Responding to the presence of Mtb bacteria, the immune
system forms granulomas consisting of immune cells known as macrophages
which are responsible for controlling and separating the pathogens that infect

1corresponding author
2010 Mathematics Subject Classification. 34C23, 92B05.
Key words and phrases. Tuberculosis model, stability, backward bifurcation.

7269



7270 Y. A. ADI AND A. THOBIRIN

the lungs. Macrophages that function as the main host cell niche for the growth
and survival of Mtb, are found in several organs of the human body [3, 4].
Macrophages ingest Mtb bacteria and isolate them in cellular compartments
where bacteria cannot grow back. After the droplet core containing Mtb bac-
teria reaches the pulmonary alveoli, these bacteria are digested by alveolar
macrophages and most can be destroyed or inhibited. A small amount can multi-
ply intracellularly and is released when macrophages die. The dies macrophages
do not necessarily cause bacteria to die but instead becomes a fuel for bacteria
to grow. Living bacteria can spread through the lymphatic channels or through
the bloodstream to distant tissues and organs, including areas of the body where
TB disease is likely to develop, such as lymph nodes, lung spleen, kidneys, brain,
and bones [5–7]. MTb does not have classical virulence factors and can remains
on the host during long-term latency and will not cause transmission or signifi-
cant damage if the host’s immunity is not impaired [8].

In recent years mathematical models have been developed to describe the
dynamics of tuberculosis in the human body, see [9–13]. In [9], Ibarguen-
Mondragon et al. developed and analyzed a mathematical model that described
dynamic interactions between macrophage cells, Mtb bacteria, and T-cell. Fur-
thermore, Shi et al. in [10] added the chemotherapy drug variable and analyzed
it with control theory. Recent research in [12] based on the model in [11] shows
how T cell responses, which are immune cells to the presence of Mtb bacterial
intervention. Bifurcation analysis is carried out to show conditions so that TB
can disappear from the human body. Furthermore, Zhang et al. [13] added an
analysis of global stability and conducted a bifurcation analysis for the disease-
free equilibrium point. However, these models have not been able to clearly
determine the important factors that play a role in TB infection. Motivated by
this, in this article we simplified Zhang’s model in [13] by combining T cells
into a single immune response, which reacts against MTb bacteria that infect
macrophages. Furthermore, in this study, we will investigate a qualitative anal-
ysis and show that the model undergoes a backward bifurcation. The bifurcation
analysis in this study will be carried out based on the use of the center manifold
theory as introduced by Castillo-Chavez and Song in [15].

This paper is organized as follows. We begin by formulating our model and
establishing the properties of solutions in Section 2. In Section 3, we discuss
the existence of equilibria and stability of the disease-free equilibrium point. In
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section 4, we investigate the condition for the existence of backward bifurca-
tion. To support the theoretical results, some numerical simulations are given in
Section 5. Finally, discussion and conclusion are given in Section 6.

2. MODEL FORMULATION

Based on a within-host tuberculosis model in [13], we study a 3-dimensional
ODE model that describes the interaction between uninfected macrophages (Mu),
infected macrophages (Mi), and MTb bacteria (B). Our model is given as:

dMu

dt
= Λ− µMu −

βMuB

1 + αB
,

Mi

dt
=

βMuB

1 + αB
− cMi −

kMi

1 + εMi

,

dB

dt
= rcMi − γMuB − dB.

(2.1)

In model (2.1), we assume that uninfected macrophages reproduce at a con-
stant rate of Λ and decrease by a natural death at a rate of µ. Uninfected
macrophages became infected at a saturated incidence rate of βMuB

1+αB
, with β

is the maximal transmission of infection rate, while 1
1+αB

is an inhibition ef-
fect. Inside the infected macrophages, MTb bacteria multiply up to a limit in
which the infected macrophages bursts, followed by the release of new bac-
teria. In this model, c is the rate of macrophages burst and r is the aver-
age number of the MTb bacteria released by infected macrophages. The re-
leasing bacteria then infect macrophages or ingested and killed by uninfected
macrophages. The parameters γ and d are the MTb bacteria death rate by
uninfected macrophages and MTb bacteria natural death rate. The infected
macrophages die caused by the adaptive immune response which modeled in a
density-dependent term, kMi

1+εMi
. In this model, k and ε are maximum killing rate

and half-saturation constant, respectively.
The following theorem verifies that the system (2.1) has biological meaning-

ful, that is, all solutions with nonnegative initial conditions remain nonnegative
for all t ≥ 0.
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Theorem 2.1. Let µ̄ = min{µ, c}. The set

Ω = {(Mu,Mi, B) ∈ R3
+ : Mu +Mi ≤

Λ

µ̄
, B ≤ dµ̄

rcΛ
}

is a positive invariant and attracting set for equation (2.1).

Proof. From the first equation of (2.1), we have

dMu

dt
≤ Λ− µMu.

Thus, from standard comparison theorem we have limt→∞ sup Mu(t) ≤ Λ
µ

.
Let M(t) = Mu(t) +Mi(t). Then we get

dM

dt
= Λ− µMu − cMi −

kMi

1 + εMi

≤ Λ− µMu − cMi ≤ Λ− µ̄,

with µ̄ = min{µ, c}. Thus, we have

0 ≤M(t) ≤ Λ

µ̄
.

Clearly, Mi ≤ Λ
µ̄

.
From the third equation of (2.1), we have

dB

dt
= rcMi − γMuB − dB ≤ rc

Λ

µ̄
− dB.

Hence, limt→∞ sup B(t) ≤ rcΛ
dµ̄

. Therefore, all solution of (2.1) that starting in Ω

remain in Ω for all t ≥ 0. �

3. EXISTENCE AND STABILITY OF EQUILIBRIA

In this sections, we will consider the existence and stability of the equilibrium
points of system (2.1). The crucial quantity is the basic reproduction number
that measures the expected number of secondary infections that result from one
newly infected cell. Applying the procedure of next-generation matrix described
in [14], we obtain

(3.1) R0 =

√
rcβΛ

(c+ k)(γΛ + dµ)
.

Then we get the following theorem.
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Theorem 3.1. Consider the system (2.1).

(i) If R0 < 1 and c+ k− εΛ ≥ 0, then the system (2.1) only has a disease free
equilibrium E0 =

(
Λ
µ
, 0, 0

)
.

(ii) If R0 < 1 and c+ k− εΛ < 0, in addition to E0, then the system (2.1) may
has two or no positive disease equilibrium points.

(iii) If R0 > 1, in addition to E0, the system (2.1) at least has one positive
disease equilibrium point.

Proof. Solving the system (2.1) by setting the right-hand side equal to zero, we
get a disease-free equilibrium point, denoted by E0, and it is given by

E0 =

(
Λ

µ
, 0, 0

)
and disease equilibrium points, denoted by E∗1j, and given by

E1j∗ = (M∗
u ,M

∗
i , B

∗) ,

with

(3.2) M∗
u =

Λ(1 + αB∗)

µ+ (αµ− β)B∗
,M∗

i =
(γM∗

u + d)B∗

rc
,

and B∗ is any positive root of the qubic equations

(3.3) a3B
3 + a2B

2 + a1B + a0 = 0,

where

a3 = (εα2(d2µ2 + 2dγµΛ + γ2Λ2) + εα(2d2µβ + 2dγΛβ) + εd2β2,

a2 = α2µr(cdµ+ γcΛ + µkd+ kγΛ) + rαβ(c+ k − Λε)(dµ+ γε)

+2dΛγβε+ (c+ k)dµrαβ + αε(2d2µ2 + 4dΛγµ+ 2γ2Λ2)

+rdβ2(c+ k − εΛ) + 2d2µβε,

a1 = r(β + µα)(c+ k)(dµ+ Λγ)(1−R2
0) + rβ(c+ k − εΛ)(dµ+ Λγ)

+rµα(c+ k)(dµ+ Λγ) + Λγε(γΛ + 2dµ)

a0 = rµ(c+ k)(dµ+ Λγ)(1−R2
0).

In order to get a positive disease equilibrium, the condition M∗
u > 0 must be

hold. From (3.2), it is clear that M∗
u > 0 if only if µ+ (αµ− β)B∗ or B∗ < µ

β−αµ ,
with B∗ is positive roots of equation (3.3). The coefficient a3 in equation (3.3)
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is always positive, while a2, a1, and a0 can be positive or negative. Furthermore,
we have

(i) If R0 < 1 and c + k − εΛ ≥ 0, then both of the coefficients a2 and
a1 are positive, so there are no changes of coefficient sign of equation
(3.3). According the Descartes rule of sign, there are no positive real
root of equation (3.3). Hence, the system (2.1) only has a disease-free
equilibrium E0 =

(
Λ
µ
, 0, 0

)
.

(ii) If R0 < 1 and c + k − εΛ < 0 , then the coefficient a0 is always pos-
itive, while both a1 and a2 can be positive or negative. According the
Descartes rule of sign, equation (3.3) may have two or no positive real
roots. Therefore, in addition to E0, then the system (2.1) may has two
or no positive disease equilibrium points.

(iii) If R0 > 1, the coefficient a0 is always negative. Since a3 is always pos-
itive, at least there is one change of coefficient sign of equation (3.3).
According the Descartes rule of sign, there is at least one positive root of
equation (3.3). The possible changes of sign for the coefficient of equa-
tion (3.3) can be determined from Table 1. Therefore, in addition to E0,
the system (2.1) at least has one positive disease equilibrium point.

This completes the proof.

�

TABLE 1. Sign of the coefficients of equation (3.3) for R0 > 1.

a3 a2 a1 a0

+ + + −
+ + − −
+ − + −
+ − − −

The following theorem shows thatR0 is a threshold quantity for the stability of
disease-free equilibrium point of system (2.1). The stability determined by the
sign of real part of eigenvalues of the Jacobian matrix at the given equilibrium
point.

Theorem 3.2. The disease-free equilibriumE0 =
(

Λ
µ
, 0, 0

)
is locally asymptotically

stable if R0 < 1 and unstable if R0 > 1.
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Proof. The Jacobian matrix of system (2.1) at E0 =
(

Λ
µ
, 0, 0

)
is

J(E0) =

−µ 0 −βΛ
µ

0 −(c+ k) βΛ
µ

0 rc −γΛ+dµ
µ

.

 .
that gives the following characteristic equation

(3.4) (λ+ µ)(λ2 + P1λ+ P0) = 0.

where

P1 = k + c+
γΛ + dµ

µ
≥ 0,

P0 =
(k + c)(γΛ + dµ)− rcβΛ

µ
.

It is clear that all eigenvalues have negative real part if P0 > 0, that is (k+c)(γΛ+

dµ) − rcβΛ > 0 or rcβΛ
(k+c)(γΛ+dµ)

< 1. It implies that the disease-free equilibrium
E0 is locally asymptotically stable if R0 < 1 and unstable if R0 > 1. �

Now, consider the critical case R0 = 1. It implies that rcβΛ = (k+c)(γΛ+dµ).
In this case the characteristic equation (3.4) has two negative eigenvalues and
one zero eigenvalue. In the next section, we will use the application of center
manifold theorem introduced in [15] to study the stability of the equilibrium
point E0.

4. THE EXISTENCE OF BACKWARD BIFURCATION

Based on the formula of basic reproduction number, R0 in (3.1), we find that
the stability of equilibrium point significantly affected by the transmission of
infection rate β, the average number of the MTb bacteria r, and the rate of
macrophages burst c. In this section, we investigate the effect of parameters
to the number of equilibrium points and their stability change by varying the
parameters value. We thus choose the transmission of infection rate β as a
bifurcation parameter and derive the sufficient conditions for the occurrence of
backward and forward bifurcation. We have the following theorem.

Theorem 4.1. The system (2.1) inR0 = 1 exhibits backward bifurcation if kΛεµ2−
1 + Λ(c+ k)(γ − αβ) > 0.
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Proof. From (3.1) we find that R0 = 1 iff β = β∗ = (k+c)(γΛ+dµ)
rcΛ

and E0 is locally
asymptotically stable if β < β∗, whereas it loses its stability if β > β∗. Evalu-
ating the eigenvalues of the Jacobian matrix of system (2.1) at (E0, β

∗) we get
λ1 = −µ, λ2 = 0, and λ3 = −µ(c+k)(γΛ+dµ)

µ
. It is clear that λ2 = 0 is a single zero

eigenvalue and the others eigenvalues are real and negative. Hence, E0 is a non
hyperbolic equilibrium point and the system (2.1) can undergo backward bifur-
cation at β = β∗. Furthermore, we can determine the eigenvector associated
with the zero eigenvalue.

Let w = (w1, w2, w3)T be the right eigenvector of the Jacobian matrix J(E0, β
∗).

We have

−µw1 −
(c+ k)(γΛ + dµ)

µrc
w3 = 0,

−(c+ k)w2 +
(c+ k)(γΛ + dµ)

µrc
w3 = 0,

rcw2 −
(γΛ + dµ)

µ
w3 = 0.

Then we get

(4.1) w =

(
−(c+ k)(γΛ + dµ)

µ2rc
,
γΛ + dµ

µrc
, 1

)
.

The left eigenvector of the Jacobian matrix J(E0, β
∗) satisfying v.w = 1 is

given by

(4.2) v =

(
0,− µ2rc

(c+ k)(γΛ + dµ)
,

µ

γΛ + dµ+ µ

)
.

Now, we define the coefficient a and b:

a =
3∑

i,j,k=1

vkwiwj
∂2fk
∂xi∂xj

(E0, β
∗), b =

3∑
i,k=1

vkwi
∂2fk
∂xi∂β

(E0, β
∗).

In view of (4.1), (4.2), and

f1 = Λ− µMu −
βMuB

1 + αB
,

f2 =
βMuB

1 + αB
− cMi −

kMi

1 + εMi

,

f3 = rcMi − γMuB − dB,
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we then get

a =
2(γΛ + dµ)κ

Λµrc(c+ k)(γΛ + dµ+ µ)

with κ = Λεkµ2 − 1 + Λ(c+ k)(γ − αc) and

b =
Λrc

(c+ k)(γΛ + dµ+ µ)
.

We find that b is always positive. Next, by applying the Theorem 4 in [15],
we conclude that the system (2.1) exhibits a backward bifurcation if κ > 0, i.e
Λεkµ2 − 1 + Λ(c+ k)(γ − αc) > 0. Otherwise, forward bifurcation is occur. This
completes the proof. �

The existence of backward bifurcation plays an important role in a manage-
ment of disease. The backward bifurcation shows that a stable disease-free equi-
librium coexist with both a stable and unstable disease equilibrium. Biologically,
the backward bifurcation at R0 = 1 makes treatment more difficult, because the
condition R0 < 1 is not completely sufficient to eradicate infectious cases.

5. NUMERICAL SIMULATIONS

In this section, we give some numerical simulations to demonstrate the theo-
retical results in the previous section. In the simulation, we use the parameter
values obtained from literature [13]. We consider a set of parameter values:

Λ = 3500, µ = 0.01, β = 0.8× 10−8, α = 0.01, c = 0.3,

k = 1, ε = 30, r = 30, γ = 0.125× 10−8, d = 0.05.(5.1)

With these set of parameter values, the condition of Theorem 3.1(ii) is sat-
isfied. We have R0 = 0.61994 < 1, c + k − εΛ = −1.0499 × 105 < 0 and
E0 = (350000, 0, 0). From Theorem 3.2 we know that E0 is locally asymptoti-
cally stable, see Figure 1. In this case, the system (2.1) has no positive disease
equilibrium point. Figure 1 confirm that all trajectories approach to the equilib-
rium point E0.

Now, we will analyze the effect of variation in parameter β and keeping all
other parameters fixed as given in (5.1). We found that, if 0 < β < 2.0815476×
10−8, then c+k−εΛ < 0 andR0 < 1. We noticed that, if 0 < β < 0.9619088×10−8,
then the equation (3.3) has no positive real root, so the system (2.1) has no
positive disease equilibrium point. If 0.9619088× 10−8 < β < 2.0815476× 10−8,
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FIGURE 1. The system (2.1) has only one disease free equilibrium E0 =

(3.5× 105, 0, 0) and it is locally asymptotically stable.

then the equation (3.3) has two positive real roots, so the system (2.1) has
two positive disease equilibrium points. As illustration in Figure 4, with β =

1.08×10−8, in addition to E0 = (3.5×105, 0, 0) we found two disease equilibrium
points, i.e unstable equilibrium point E∗11 = (3.49995× 105, 0.082393, 14.702156)

and stable equilibrium point E∗12 = (3.49998× 105, 0.47267, 84.34271).
If we set β = 2.28 × 10−8, we have R0 = 1.04658 > 1 and the condition of

Theorem 3.1(iii) is satisfied. From Theorem 3.2, we know that the disease-free
equilibrium point E0 is unstable. The system (2.1) has only one stable disease
equilibrium E∗11 = (3.49937 × 105, 1.9586, 349.4906). Figure 3 confirm that all
trajectories approach the equilibrium point E∗11.

Finally, we find that with the set of parameter values as in (5.1), the condition
in Theorem 4.1 is satisfied, that is kΛεµ2 − 1 + Λ(c + k)(γ − αβ) = 9.5 > 0.
If the equilibrium point E0 continued with respect to parameter β, then the
system(2.1) exhibits a backward bifurcation at R0 = 1 associated with β = β∗ =

2.0815476 × 10−8. Subsequently, there is a saddle-node bifurcation at β = β∗ =

0, 961908×10−8 since the number of disease equilibrium point changes from one
to three as β passes through this point. Figure 4 shows that bistable behaviour
exist whenever 0, 961908 × 10−8 < β < 2.0815476 × 10−8. In this interval, both
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FIGURE 2. Phase portraits Infected macrofag vs Mtb bacteria with β =

1.08 × 10−8 The system (2.1) has one disease-free equilibrium E0 =

(3.5× 105, 0, 0) and it is locally asymptotically stable.

 

FIGURE 3. Phase portraits confirm that the system (2.1) has one stable
disease equilibrium point E11 whenever β = 2.28× 10−8 .
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Sadle-node bifurcation:   

𝛽 = 0.9619088 × 10−8   

𝑅0 = 0.679788 

 
𝛽 = 2.08154762 × 10−8   

𝑅0 = 1 

 

𝐸0, stable 

 

𝐸0, unstable 

 

𝐸11
∗ , unstable 

 

𝐸12
∗ , stable 

 

FIGURE 4. Backward bifurcation at β = β∗ = 2, 0815476× 10−8.

the disease-free equilibrium point E0 and the disease equilibrium point E∗12 are
stable, while the disease equilibrium point E∗11 is unstable. Such conditions
indicate that to eliminate the disease, it is not sufficient to reduce R0 below
1. From Figure 4 , we know that, β must below 0, 961908 × 10−8, associated
with R0 below 0.679788 to guarantee that the system (2.1) has only disease-free
equilibrium E0.

6. DISCUSSION AND CONCLUSION

In this paper, we have studied a within-host tuberculosis model describing
the interaction between Microbacterium tuberculosis and macrophages. The
dynamics of the model depends on the stability of the equilibrium points. In
order to determine the TBC treatment, we have to find the analytical condition
so that all of the trajectories converge to the disease-free equilibrium. This
condition is given in Theorem ref th-01. We found the threshold value R0, so
that the disease free equilibrium E0 is stable when R0 < 1 and unstable when
R0 > 1. Medically, if all of the trajectories converge to disease-free equilibrium,
then Mtb bacteria and infected macrophage will eliminate so that the patient
is ultimately cured of TBC. Meanwhile, if trajectories converge to the disease
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equilibrium E∗1j, then Mtb bacteria and infected macrophage will persist in the
body.

Further, with the help of bifurcation analysis, we have shown that the contin-
uation of the diseases free equilibrium point E0 with respect to the parameter β,
causes the system (2.1) undergoes a backward bifurcation at R0 = 1. Through
studying the backward bifurcation in our model we know that the basic repro-
duction number below unity is not fully adequate to eradicate the disease. From
this result, we suggest that in order to successfully eradicate the disease, it is
necessary to optimize and improve the efficiency of treatment that can reduce
Mtb bacterial transmission. In other words, medical methods and technology
need to be improved. A more realistic in-host TB model can also be found by
selecting the most relevant treatment method with respect to actual data, so it
can help clinicians to suggest the right treatment for TB patients. We will learn
more in future research.
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