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(m, q)-COMPLEX SYMMETRIC TRANSFORMATIONS ON A
COMPLEX-VALUED METRIC SPACE

Aydah Mohammed Ayed Al-Ahmadi

ABSTRACT. In this paper, we introduce and studied the concept of (m, q)-comp-
lex symmetric transformation on a complex valued metric space. A self trans-
formation Φ on a complex-valued metric space (E,dC) is said to be an (m, q)-
complex symmetric transformation if Φ satisfies for all u, v ∈ E,∑

0≤k≤m

(−1)m−k

(
m

k

)
dC

(
Φku, Φm−kv

)q
= 0,

for some positive integer m and a real number q ∈ (0, ∞).

1. INTRODUCTION

The authors in [2] has introduced the notion of complex valued metric space.
They had defined a partial order4 over the set of complex numbers C as follows:
let u, v ∈ C,

u 4 v if and only if


<e(u) ≤ <e(v)

=m(u) ≤ =m(v),

.

It was observed that

u 4 v ⇐⇒


<e(u) = <e(v);

=m(u) < =m(v),

u 4 v ⇐⇒


<e(u) < <e(v);

=m(u) = =m(v)
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u 4 v ⇐⇒


<e(u) < <e(v);

=m(u) < =m(v)

u 4 v ⇐⇒


<e(u) = <e(v);

=m(u) = =m(v).

In a similar way as in real metric space, the concept of complex valued metric
space has defined as follows:

Definition 1.1. (see [2]). Let E be a nonempty set. A map dC : E × E → C is
called a complex-valued metric on E, if it satisfies the following conditions:

(i) 0 4 dC(u, v) for all u, v ∈ E

(ii) dC(u, v) = 0⇐⇒ u = v.

(iii) dC(u, v) = dC(v, u) for all u, v ∈ E,

(iv) dC(u, v) 4 dC(u,w) + dC(w, v) for all u, v, w ∈ E.

The pair (E,dC) is called a complex-valued metric space.

Let (E, dE) and (F, dF) be a metric spaces. A map Φ : (E, dE)→ (F, dF) is
said to be an isometry if Φ satisfies

dF

(
Φu, Φv

)
= dE

(
u, v

)
, ∀ u, v ∈ E.

Recall that a bounded linear transformation Φ : H −→ H when H is a Hilbert
space is called

(1) m-isometry if

(1.1) Φ∗mΦm −
(
m

1

)
Φ∗m−1Φm−1 + · · ·+ (−1)m−1

(
m

1

)
Φ∗Φ + (−1)mIH = 0,

( see [1]).

(2) m-symmetric if ( [7])

(1.2) Φm −
(

m

m− 1

)
Φ∗Φm−1 + · · ·+ (−1)m−1

(
m

1

)
Φ∗m−1Φ + (−1)mΦ∗m = 0.
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(3) m-complex symmetric if

CΦmC−
(

m

m− 1

)
Φ∗CΦm−1C +· · · + (−1)m−1

(
m

1

)
Φ∗m−1CΦC

+ (−1)mCΦ∗mC=0(1.3)

where C is a conjugation transformation on H ( see [4]). Recall that a trans-
formation C is said to be a conjugation if C satisfying the following conditions
( [6]):

(i) C is antilinear: C(αu+ βv) = αC(u) + βC(v),

(ii) C2 = I and 〈Cu , Cv〉H = 〈v , u〉H .
(
see [4]

)
.

In [3] the authors extended (1.1) to general real metric space as follows:
A map Φ : (E,dR) → (E,dR) is said to be (m, q)-isometric mapping for some
integer m ∈ N an q ∈ (0,∞), if

dR

(
Φmu, Φmv

)q − (m
1

)
dR

(
Φm−1u, Φm−1v

)q
+ · · ·

+ (−1)m−1
(

m

m− 1

)
dR

(
Φu, Φv

)q
+ (−1)mdR

(
u, v

)q
= 0;

for all (u, v) ∈ E2
(

see [3]
)
.

In this work, our goal is to extend (1.2) and (1.3) to general complex-valued
metric space (E,dC).

The main results of the paper are described in Section two, We prove that
if Φ is an (m, q)-complex symmetric, then it is (m + 1, q)-complex symmetric
(Proposition 2.1). We show that is Φ is an (m, q)-complex symmetric, then Φ2 is
an (m, q)-complex symmetric. In particular, if Φ is an (2, q)-complex symmetric
so is its power Φn for all positive integer n (Theorem 2.2). Moreover we show
that a transformation Φ : (E, dC) → (E, dC) is an (m, q)-complex symmetric if

and only if Φ : (E, d̃K) → (E,
˜̃
dK) is an complex symmetric for some complex

valued metric d̃K and ˜̃dK associated to Φ, where K = C or R ( Theorem 2.3 and
Proposition 2.6).



298 Aydah Mohammed Ayed Al-Ahmadi

2. (m, q)-COMPLEX SYMMETIC TRANSFORMATIONS

In this section, we define the concept of (m, q)-complex symmetric of trans-
formation on a complex valued metric space. Several properties of this family
of transformations are examined.

Definition 2.1. Let (E, dC) and (E, d′
C
) be complex valued metric spaces. A trans-

formation Φ : (E, dC)→ (E, d′
C
) is said to be a complex symmetric if Φ satisfies

dC

(
Φu, v

)
= d′

C

(
u, Φv

)
, ∀ u, v ∈ E.

Definition 2.2. A self transformation Φ on a complex valued metric space (E, dC)

is said to be an (m, q)-complex symmetric mapping if S satisfies for all u, v ∈ E,

(2.1)
∑

0≤k≤m

(−1)m−k
(
m

k

)
dC

(
Φkx, Φm−ky

)q
= 0,

for some positive integer m and a real number q ∈ (0, ∞). We said that Φ is an
(m, q)-symmetric transformation if∑

0≤k≤m

(−1)m−k
(
m

k

)
dR

(
Φkx, Φm−ky

)q
= 0.

Remark 2.1.
(1) If m = 1, (2.1) is equivalent to dC

(
Φu, v

)q
= dC

(
u,Φv

)q.
(2) (i) If m = 2, (2.1) is equivalent to

dC

(
u, Φ2v

)q − 2dC

(
Φu, Φv

)q
+ dC

(
u,Φ2v

)q
= 0, ∀ u, v ∈ E.

Example 1. Let E = C2 and dC be a complex valued metric on E define by

dC

(
(a, b), (u.v)

)
= |a− u|+ |b− v|, (a, b), (u, v) ∈ C2.

Consider the map Φ : E→ E defined by Φ(u, v) = (v, u). It is obvious that

Φ2(u, v) = (u, v) and Φ3(u, v) = Φ(u, v) = (v, u); ∀ (u, v) ∈ C2.

It Follows that ∑
0≤k≤3

(−1)3−k
(

3

k

)
dC

(
Φkx, Φ3−ky

)q
= 0.

Therefore S is a (3, q)-symmetric map.
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Let Φ be a self transformation on a complex-valued metric space (E,dC). Four
u, v ∈ E, set

(2.2) Z(q)
l (Φ; u, v) :=

∑
0≤k≤l

(−1)l−k
(
m

k

)
dC

(
Φku, Φl−kv

)q
.

Proposition 2.1. Let Φ be a self transformation on a complex-valued metric space
(E,dC).
(1) Then

(2.3) Z(q)
m+1(Φ; u, v) = Z(q)

m (Φ; Φu, v)−Z(q)
m (Φ; u, Φv) ;∀ u, v ∈ E.

(2) If Φ is an (m, q)-complex symmetric mapping, then S is an (n, q)-complex sym-
metric mapping for all positive integer n ≥ m.

Proof. (1) From equation (2.2) we have

Z(q)
m+1(Φ; u , v)

=
∑
0≤k≤l

(−1)m+1−k
(
m+ 1

k

)
dC

(
Φku, Φm+1−kv)q

= (−1)m+1dC

(
u, Φm+1v)q −

∑
1≤k≤m

(−1)m−k
(
m+ 1

k

)
dC

(
Φku, Φm+1−kv)q

+dC

(
Sm+1u, v)q

= (−1)m+1dC

(
u, Φm+1v)q −

∑
1≤k≤m

(−1)m−k
((

m

k

)
+

(
m

k − 1

))
·dC

(
Φku, Φm+1−kv)q + dC

(
Φm+1u, y)q

= Φ(q)
m (Φ; Φu, v)− Φ(q)

m (Φ; u,Φv).

The statement (2) is a direct consequence of the statement (1). �

Remark 2.2. From (2.3) we deduce that for all u, v ∈ E,

<e
(
Z(q)

m+1(Φ; u, v)

)
= <e

(
Z(q)

m (Φ; Φu, v)

)
−<e

(
Zm(q)(Φ; u, Φv)

)
and

=m
(
Z(q)

m+1(Φ; u, v)

)
= =m

(
Z(q)

m (Φ; Φu, v)

)
−=m

(
Z(q)

m (Φ; u, Φv)

)
.
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Lemma 2.1. Let Φ be a self transformation on a complex-valued metric space
(E,dC). If S is an (m, q)-complex symmetric transformation, then for all u, v ∈ E,

p = 0, 1, 2, · · · , and m = 1, 2 . . .,

Z(q)
m−1(Φ; Φpu, v) = Z(q)

m−1(Φ; u, Φpv).

Proof. The proof is deduced from the formula (2.3). �

Theorem 2.1. Let Φ be a bijective self transformation on a complex-valued metric
space (E,dC). Then, Φ is an (m, q)-complex symmetric if and only if Φ−1 is an
(m, q)-complex symmetric transformation.

Proof. Assume that Φ is an bijective (m, q)-complex symmetric, it follows that
Z(q)

l (Φ; u, v) = 0 ∀ u, v ∈ E. In particular, if we replace u by Φ−mu and v by
Φ−mv we obtain

0 = Z(q)
m (Φ; Φ−mu,Φ−mv) =

∑
0≤k≤m

(−1)m−k
(
m

k

)
dC

(
Φk−mu, φ−kv

)q
=

∑
0≤k≤m

(−1)m−k
(
m

k

)
dC

(
(Φ−1)ku, (Φ−1)m−kv

)q
= (−1)mZ(q)

m (Φ−1; u, v).

Therefore Φ−1 is an (m, q)-complex symmetric transformation. �

Theorem 2.2. Let Φ be a self transformation on a complex valued metric space E.
The following statements hold:

(1) If Φ is an (m, q)-complex symmetric transformation, then Φ2 is an (m, q)-
complex symmetric transformation.

(2) If Φ is an (2, q)-complex symmetric, then

Z(q)
2 (Φn+2, u, v) = 2Z(q)

2 (Φn+1, Φu,Φv)−Z(q)
2 (Φn, Φ2u,Φ2v), ∀ n ∈ N.

(3) If Φ is an (2, q)-complex symmetric, then Φn is an (2, q)-complex symmetric
transformation for all n ∈ N.

Proof. (1) Since Φ is an (m, q)-complex symmetric transformation, then

Z(q)
m (Φ, u, v) = 0, ∀ u, v ∈ E.
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This means that Z(q)
m (Φ, Φiu,Φm−iv) = 0, ∀ i ∈ {0, · · · ,m} u, v ∈ E, and∑

0≤i≤m

(
m

i

)
Z(q)

m (Φ, Φiu,Φm−iv) = 0,∀ u, v ∈ E.

Moreover∑
0≤i≤m

∑
0≤k≤m

(−1)m−k
(
m

i

)(
m

k

)
dC

(
Φk+iu, Φm−(k+i)v

)q
= 0,∀ u, v ∈ E.

From this equation we get

0 =
∑

0≤i≤m

∑
0≤k≤m

(−1)m−k
(
m

i

)(
m

k

)
dC

(
Φk+iu, Φm−(k+i)v

)q
=

∑
0≤l≤2m

∑
0≤k≤l

(−1)m−k
(

2m

l

)(
m

l − k

)
dC

(
Φlu, Φ2m−lv

)q
,∀ u, v ∈ E.

Notice that
∑
0≤k≤l

(−1)m−k
(

2m

l

)(
m

l − k

)
= 0 for l odd integer.

Hence, for all u, v ∈ E,∑
0≤l≤2m

∑
0≤k≤l

(−1)m−k
(

2m

l

)(
m

l − k

)
dC

(
Φlu, Φ2m−lv

)q
= Z(q)

m (Φ2, u, v).

Therefore S2 is a (m, q)-complex symmetry.

(2) We prove the statement (2) by induction on n. For n = 1 we have

Z(q)
2 (Φ3, u, v) =

∑
0≤k≤2

(−1)k
(

2

k

)
dC

(
(Φ3)ku, (Φ3)2−kv

)q
= dC

(
Φ6u, v

)q − 2dC

(
Φ3u, Φ3v

)q
+ dC

(
u, Φ6v

)q
= 2dC

(
Φ5u, Φv

)q − 2dC

(
Φ4u, Φ2v

)q − 2dC

(
Φ3u, φ3v

)q
+2d

(
Φu, Φ5v

)q − dC

(
Φ2u, Φ4v

)q
= dC

(
Φu, Φ4Sv

)q − 2dC

(
Φ3u, Φ3v

)q
+ dC

(
Φ4Φu,Φv

)q
−
(
dC

(
Φ2u, Φ2Φ2v

)q − 2dC

(
Φ3u,Φ3v

)q
+ dC

(
Φ4u, Φ2v

)q)
= 2Z(q)

2 (Φ2; Φu,Φv)−Z(q)
2 (Φ; Φ2u,Φ2v).
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Hence, the statement (2) is true for n = 1. We prove it for n ≥ 2,

Z(q)
2 (Φn+2, u, v)

= dC

(
u, Φ2n+4v

)q − 2dC

(
Φn+2u, Φn+2v

)q
+ dC

(
Φ2n+4u, v

)q
= 2

(
dC

(
Φu, Φ2n+3v

)q)− dC

(
Φn+2u, Φn+2v

)q
+ dC

(
Φ2n+3u, Φv

)q)
−
(
dC

(
Φ2u, Φ2n+2v

)q − 2dC

(
Φn+2u,Φn+2v

)q
+ dC

(
Φ2n+2u,Φ2v

)q)
= 2Z(q)

2 (Φn+1; Φu,Φv)−Z(q)
2 (Φn; Φ2u,Φ2v).

(3) Assume that Φ is an (2, q)-complex symmetric transformation. We prove by
induction on n ≥ 2 that Φn is also (2, q)-complex symmetric. In fact, for n = 2,
Φ2 is a (2, q) complex symmetric by the statement (1). Assume that Φn is an
(2, q)-complex symmetric for n and prove it for n+ 1. In view of the identity

Z(q)
2 (Φn+1, u, v) = 2Z(q)

2 (Φn; Φu,Φv)−Z(q)
2 (Φn−1; Φ2u,Φ2v)

and the assumption that Φn is a (2, q)-complex symmetric, we getZ(q)
2 (Φn+2, u, v)

= 0. So that Φn+1 is a (2, q)-complex symmetric. �

Proposition 2.2. Let Ψ be a self transformation on a complex-valued metric space
(E,dC) and let Φ be a self map on (E,dC).

(1) If Ψ is an (m, q)-complex symmetric and Φ is a bijective isometric transfor-
mation, then ΦΨΦ−1 and Φ−1ΨΦ are (m, q)-complex symmetric.

(2) If Ψ is an (m, q)-complex symmetric transformation and Φ is a complex
symmetric transformation such that ΨΦ = ΦΨ, then ΦΨ is an (m, q)-complex
symmetric.

Proof. (1) Assume that Ψ is an (m, q)-complex symmetric and Φ is a bijective
isometry, then
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∑
0≤k≤m

(−1)m−k
(
m

k

)
dC

(
(ΦΨΦ−1)ku, (ΦΨΦ−1)m−kv

)q
=

∑
0≤k≤m

(−1)m−k
(
m

k

)
dC

(
ΦΨkΦ−1u, ΦΨm−kΦ−1)v

)q
=

∑
0≤k≤m

(−1)m−k
(
m

k

)
dC

(
ΨkΦ−1u, Ψm−kΦ−1v

)q
= 0.

(2) Under the assumption that Φ is a complex symmetric transformation and
ΨΦ = ΦΨ, we have

dC

(
Φu, v

)
= dC

(
u, Φv

)
;

for all u, v ∈ E and

dC

(
(ΦΨ)ku, (ΦΨ)m−kv

)q
= dC

(
ΦkΨku, Φm−kΨm−kv

)q
= d
(
Ψku, Ψm−kv

)q
,

for all u, v ∈ E. Moreover∑
0≤k≤m

(−1)m−kdC

(
(ΦΨ)ku, (ΦΨ)m−kv

)q
=

∑
0≤k≤m

(−1)m−kdC

(
ΦkΨku, Φm−kΨm−kv

)q
=

∑
0≤k≤m

(−1)m−k
(
m

k

)
dC

(
Ψku, Ψm−kv

)q
= 0

for all u, v ∈ E. �

Definition 2.3. ( [5]) Let (E, dC) be a complex valued metric space. A sequence
(un)n of elements of E is said to be convergent to u in E if

∀ a ∈ C : 0 ≺ a ∃ n0 ∈ N / dC

(
un, u

)
≺ a ∀ n ≥ n0.

Notation: un −→dC u.

Proposition 2.3. Let Φ be a self transformation on a complex-valued metric space
(E, dC) such is an (m, q)-complex symmetric. If Φ satisfies

dC

(
Φu, Φv

)
4 dC

(
u, v
)
, ∀ u, u ∈ E,
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then

Z(q)
m−1(Φ; Φn+1u, Φnv) = Z(q)

m−1(Φ; Φnu, Φn+1v) −→ 0 as n −→∞.

Proof. From the condition that Φ satisfies dC

(
Φu, Φv

)
4 dC

(
u, v
)
, for all u, v ∈

E, we deduce that,

dC

(
Φn+1u, Φn+1v

)q
4 dC

(
Φnu,Φnv

)q
; ∀ u, v ∈ E, and n ∈ N.

This means that

<e
(
dC

(
Φn+1u, Φn+1v

)q) ≤ <e(dC

(
Φnu,Φnv

)q)
; ∀ u, v ∈ E, and n ∈ N,

and

=m
(
dC
(
Φn+1u, Φn+1v

)q) ≤ =m(dC
(
Φnu,Φnv

)q)
; ∀ u, v ∈ E, and n ∈ N.

Consequently, the real sequences
{
<e
(
dC
(
Φnu,Φnv

)q)}
n

and{
=m
(
dC
(
Snu, Snv

)q)}
n

are decreasing and bounded from lower. So conver-

gent, and this means that(
dC

(
Φnu,Φnv

)q
= <e

(
dC

(
Φnu,Φnv

)q)
+ i =m

(
dC

(
Φnu,Φnv

)q))
n∈N

,

is convergent sequence.

From the hypothesis that Φ is an (m, q)-complex symmetric and together
(2.3), we get

Z(q)
m−1(Φ,Φu, v) = Z(q)

m−1(Φ; u,Φv),

or more generally,

Z(q)
m−1(Φ, Φn+1u, Φnv) = Z(q)

m−1(Ψ; Ψnu, Ψn+1v),

However

Z(q)
m−1(Φ; Φn+1u,Φnv) = Z(q)

m−2(Φ; Φn+2u,Φnv)− Φ
(q)
m−2(S; Φn+1u, Φn+1v),

so that

Z(q)
m−1(Φ; Φn+1u,Φnv) =

∑
0≤j≤m−2

(−1)m−j
(
m− 2

j

)

·
[
dC

(
Φn+2+ju,Φn+m−jv

)q − dC

(
Φn+1+ju, Φn+1+m−jv

)q]
.
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Taking the limit as n→∞ in the preceding equality to give

Z(q)
m−1(Φ; Φn+1u, Φnv) −→ 0.

�

Proposition 2.4. Let Φ be a self transformation on a complex valued metric space
(E, dC). Then the following identities hold for m ≥ 1:

(2.4) Z(q)
m (Φ; u, v) = dC

(
Φmu, v

)q − ∑
0≤k≤m−1

(
m

k

)
Z(q)

k (φ; u,Φv),

where Z(q)
0 (S; u, v) = dC

(
u, v

)q
.

Proof. We use an induction on m ≥ 1 to prove (2.4). If m = 1, we see by (2.4)
that

Z(q)
1 (Φ; u, v) = dC

(
Φu, v

)q − dC

(
u, Φv

)q
= dC

(
Φu, v

)q −Z(q)
0 (Φ; u, v).

Therefore (2.4) is obviously true. Suppose that the induction hypothesis holds
for m. By the induction hypothesis and (2.3), we obtain

Z(q)
m+1(Φ; u, v) = Z(q)

m (Φ; Φu, v)−Z(q)
m (Φ; u,Φv)

= dC

(
Φm+1u, v

)q − ∑
0≤k≤m−1

(
m

k

)
Z(q)

k (Φ; Φu,Φv)

−dC

(
Φmu, Φv

)q
+

∑
0≤k≤m−1

(
m

k

)
Z(q)

k Φ; u, Φ2v)

)
= dC

(
Sm+1u, v

)q − dC

(
Φmu, Φv

)q
−

∑
0≤k≤m−1

(
m

k

)(
Z(q)

k (Φ; Φu, v)−Z(q)
k (Φ; u, Φ2v)

)
= dC

(
Φm+1u, v

)q − dC

(
Φmu, Φv

)q − ∑
0≤k≤m−1

(
m

k

)
Z(q)

k+1(Φ; u, Φv)

= dC

(
Φm+1u, v

)q −Z(q)
m (Φ, u,Φv)−

∑
0≤k≤m−1

(
m

k

)
Z(q)

k (Φ; u,Φv)

−
∑

0≤k≤m−1

(
m

k

)
Z(q)

k+1(Φ; u,Φv)
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= dC

(
Φm+1u, v

)q −Z(q)
m (Φ, u,Φv)−

∑
0≤k≤m−1

(
m

k

)
Z(q)

k (Φ; u,Φv)

−
∑

1≤k≤m

(
m

k − 1

)
Z(q)

k (Φ; u,Φv)

= dC

(
Φm+1u, v

)q −Z(q)
m (Φ; u,Φv)

−Z(q)
0 (Φ; u,Φv)−

∑
1≤k≤m−1

((
m

k

)
+

(
m

k − 1

))
Z(q)

k (Φ; u,Φv)

−
(

m

m− 1

)
Z(q)

m (Φ; u,Φv)

= dC

(
Φm+1u, v

)q −Z(q)
0 (Φ;u, Φv)

−
∑

1≤k≤m−1

(
m+ 1

k

)
Z(q)

k (Φ; u,Φv)−
(
m+ 1

m

)
Φ(q)

m (Φ; u,Φv)

= dC

(
Φm+1u, v

)q − ∑
0≤k≤m

(
m+ 1

k

)
Z(q)

k (Φ; u,Φv).

Hence, (2.4) is proved. �

By observing that

Z(q)
m (Φ; u, v) =

∑
0≤k≤m

(−1)k
(
m

k

)
dC

(
Φku, Φm−kv

)q
=

∑
0 ≤ k ≤ m

k (even)

(
m

k

)
dC

(
Φku, Φm−kv

)q − ∑
0 ≤ k ≤ m

k (od)

(
m

k

)
dC

(
Φku, Φm−kv

)q

=
∑

0 ≤ k ≤ m

k (even)

(
m

k

)
dC

(
ΦkΦu, Φm−1−kv

)q

−
∑

0 ≤ k ≤ m

k (odd)

(
m

k

)
dC

(
Φk−1u, Φm−kΦv

)q

= d̃C(u,Φv)
q
− ˜̃dC(Φu, v)

q

,
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where

d̃C(u, v)
q

=
∑

0 ≤ k ≤ m

k (even)

(
m

k

)
dC

(
Φku, Φm−1−kv

)q)
, (u, v) ∈ E2, q ≥ 1,

and ˜̃
dC(u, v)

q

=
∑

0 ≤ k ≤ m

k (odd)

(
m

k

)
dC

(
Φk−1u, Φm−kv

)q
, (u, v) ∈ E2, q ≥ 1.

Proposition 2.5. Let Φ be a self transformation on a complex-valued metric space

(E,dC). Then (E, d̃C) and (E,
˜̃
dC) are complex valued metric spaces, where

d̃C(u, v)
∑

0 ≤ k ≤ m

k (even)

(
m

k

)
dC
(
Φku, Φm−1−kv

)
, (u, v) ∈ E2,

and ˜̃
dC(u, v) =

∑
0 ≤ k ≤ m

k (odd)

(
m

k

)
dC

(
Φk−1u, Φm−kv

)
, (u, v) ∈ E2.

Proof. The proof follows from the fact that the map (u, v) 7−→ dC(u, v) is a com-
plex valued metric on E. �

Theorem 2.3. Let Ψ be a self transformation on a complex valued metric space
(E,dC). The following statements are equivalent.

(1) Φ : (E, dC)→ (E, dC) is an (m, 1)-complex symmetric transformation,

(2) Φ :
(
E, d̃C

)
→
(
E,

˜̃
dC

)
is an complex symmetric transformation.

Proof. In view of Definition 2.2, it follows that,

Φ is an (m, 1)-complex symmetric⇐⇒ Z(1)
m (Φ; u, v) = 0 ∀ u, v ∈ E.
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Z(1)
m (Φ; u, v) = 0

⇐⇒
∑

0 ≤ k ≤ m

r (even)

(
m

k

)
dC

(
Φku, Φm−kv

)

=
∑

0 ≤ k ≤ m

r (odd)

(
m

k

)
dC

(
Φk−1Φu, Φm−k−1Φv

)

⇐⇒ d̃C(u,Φv)− ˜̃dC( Φu, v) = 0, ∀ u, v ∈ E

⇐⇒ Φ is complex symmetric.

�

Proposition 2.6. Let Φ be a self transformation on a real valued metric space

(E,dR). Then (E, d̃R) and (E,
˜̃
dR) are real valued metric spaces, where

d̃R(u, v) =

( ∑
0 ≤ k ≤ m

k (even)

(
m

k

)
dR
(
Sku, Sm−1−kv

)q) 1
q

, (u, v) ∈ E2, q ≥ 1,

and

˜̃
dR(u, v) =

( ∑
0 ≤ k ≤ m

k (odd)

(
m

k

)
dR

(
Φk−1u, Φm−kv

)q) 1
q

, (u, v) ∈ E2.

Theorem 2.4. Let Ψ be a self transformation on a real valued metric space (E,dR)

and q ≥ 1. The following statements are equivalent.

(1) Φ : (E, dR)→ (E, dR) is an (m, q)- symmetric transformation,

(2) Φ :
(
E, d̃R

)
→
(
E,

˜̃
dR

)
is an symmetric transformation.

Proof. By similar technics as in the proof of Theorem 2.3. �
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Remark 2.3. In [7], it was observed that if Φ : H → H (H Hilbert space) is an
2-symmetric. then Φ is a symmetric.

Question. Does it true that if Φ is an (2, q)-symmetric transformation on a
complex valued metric space (E,dC), then Φ is a symmetric transformation?
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