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(m, q)-COMPLEX SYMMETRIC TRANSFORMATIONS ON A
COMPLEX-VALUED METRIC SPACE

Aydah Mohammed Ayed Al-Ahmadi

ABSTRACT. In this paper, we introduce and studied the concept of (m, ¢)-comp-
lex symmetric transformation on a complex valued metric space. A self trans-
formation ® on a complex-valued metric space (E, d,) is said to be an (m, q)-
complex symmetric transformation if ® satisfies for all u,v € E,

> (=ymH (7:) d, (®*u, @™ *v)? =0,
0<k<m

for some positive integer m and a real number ¢q € (0, o).

1. INTRODUCTION

The authors in [2] has introduced the notion of complex valued metric space.
They had defined a partial order < over the set of complex numbers C as follows:
let u,v € C,

Re(u) < Re(v)
u < v if and only if

It was observed that
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UV <— UV <

In a similar way as in real metric space, the concept of complex valued metric
space has defined as follows:

Definition 1.1. (see [2]]). Let E be a nonempty set. Amapd. : ExXxE — Cis
called a complex-valued metric on E, if it satisfies the following conditions:

( (i) 0<d.(u,v) forall u,veE
(i) d,(u,v) = 0 < u = v.
(iii) d.(u,v) =d.(v,u) forallu,veE,
L (iv)  di(u,v) < d.(u,w) +d.(w,v) forall u,v,w € E.

The pair (E, d,.) is called a complex-valued metric space.

Let (E, dg) and (F, df) be a metric spaces. Amap ¢ : (E, dg) — (F, dF) is
said to be an isometry if ® satisfies

dF(CIDU, <I>v) = dE(u, v), Yu,vekFE.

Recall that a bounded linear transformation ® : H — H when H is a Hilbert
space is called

(1) m-isometry if

m

(11) (D*mq)m _ ( . > (I)*m—lq)m—l et (_1)m—1 (m

1)@*@ +(=1)"I =0,

(see [I1]).
(2) m-symmetric if ( [7])

m

(1.2) o™ — ( )@*@m_l S <_1)m—1 (m) 1P 4+ (_1)mcI)*m —0.

m—1 1
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(3) m-complex symmetric if

m —

(1.3) + (~1)"CP™C=0

where C' is a conjugation transformation on H ( see [4]). Recall that a trans-
formation C' is said to be a conjugation if C' satisfying the following conditions

( [6lD:
(i) C is antilinear: C(au + Bv) = aC(u) + BC(v),
(i) C? = I and (Cu, Cv)y = (v, u)y . (see [4]).

In [3] the authors extended (1.1) to general real metric space as follows:
Amap ¢ : (E,d,) — (E,d,) is said to be (m, ¢)-isometric mapping for some
integer m € N an g € (0, 00), if

m

d, (®"u, ®"v)? — (1

)dR (@™ 'u, @™ ') 4 -+

b ()@ 20" (17 ) =

for all (u,v) € E? ( see [3]).

In this work, our goal is to extend (1.2) and (1.3) to general complex-valued
metric space (E,dc¢).

The main results of the paper are described in Section two, We prove that
if ¢ is an (m, ¢)-complex symmetric, then it is (m + 1, ¢)-complex symmetric
(Proposition [2.1). We show that is ® is an (m, ¢)-complex symmetric, then ®? is
an (m, q)-complex symmetric. In particular, if ® is an (2, ¢)-complex symmetric
so is its power ®" for all positive integer n (Theorem [2.2]). Moreover we show
that a transformation ¢ : (E, d.) — (E, d,.) is an (m, ¢)-complex symmetric if

=

and only if ¢ : (E, (/iTK) — (E, (/iTK) is an complex symmetric for some complex

valued metric Ei; and Ei; associated to ¢, where K = C or R ( Theorem |2.3|and

Proposition [2.6)).
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2. (m, q)-COMPLEX SYMMETIC TRANSFORMATIONS

In this section, we define the concept of (m, ¢)-complex symmetric of trans-
formation on a complex valued metric space. Several properties of this family
of transformations are examined.

Definition 2.1. Let (E, d.) and (E, d.,) be complex valued metric spaces. A trans-
formation @ : (E, d.) — (E, d.) is said to be a complex symmetric if ® satisfies

d.(®u, v) =d. (u, Pv), Yu,v e E.

Definition 2.2. A self transformation ® on a complex valued metric space (E,d,.)
is said to be an (m, q)-complex symmetric mapping if S satisfies for all u,v € E,

(2.1) > (=ymt (Z‘) d. (9Fz, @™ Fy)? =0,
0<k<m

for some positive integer m and a real number q € (0, co). We said that ® is an
(m, q)-symmetric transformation if

S (-t (Z‘) d, (0Fz, ™ Fy)? = 0.

0<k<m

Remark 2.1.
(D Ifm=1, is equivalent to d.(®u, v)’ = d, (u, ®v)".

(2) () If m = 2, (2.1)) is equivalent to
d. (u, @%)q —2d, (cIm, (Pv)q +d, (u, (IDQU)q =0, Yu,vekE.

Example 1. Let E = C? and d_ be a complex valued metric on E define by
d.((a,b), (uv)) =|a—u|+ b=, (a,b), (u,v) € C*.

Consider the map ® : E — E defined by ®(u,v) = (v, u). It is obvious that

®*(u,v) = (u, v) and ®*(u,v) = ®(u, v) = (v,u); V (u,v) € C.

It Follows that

3
E -1 3—k d q)k @3—k‘ q _ O
0§k§3( ) (k> C< " y)

Therefore S is a (3, q)-symmetric map.
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Let ® be a self transformation on a complex-valued metric space (E, d_). Four
u,v € E, set

(2.2) Zl(q)(q); u,v) = Z (—1)!F (7:) d. (®Fu, &)’

0<k<l

Proposition 2.1. Let ¢ be a self transformation on a complex-valued metric space

(E,d,).
(1) Then
(2.3) Z9 (®; u,v) = ZO(®; Du, v) — Z9(®; u, Dv);V u, v €E.

(2) If @ is an (m, q)-complex symmetric mapping, then S is an (n, q)-complex sym-
metric mapping for all positive integer n > m.

Proof. (1) From equation (2.2) we have
Zf,gll(i); u,v)
1
— Z (_1>m+1fk (m];i— >d<c (q)k% q)m+17kv)q

0<k<l

= (=1)"7d (u, 2" = > (—1)mk(m

+d, (5", v)

= (=)™, (u, @) - Y (_1)m_k(<7:> " <knj 1>)

1<k<m
~d (DFu, " F0) +d (@7, y)?
= OW(D; du, v) — DY (D; u, D).

The statement (2) is a direct consequence of the statement (1). O

Remark 2.2. From we deduce that for all u, v € E,

%e(Zﬁﬂl(@; u,v)> = %e(ZT(,‘{)(tI); du, U)> — %e(Zm(Q)(q); u, @v))
and

%m(Zﬁffil(Q; u,v)) = %m(Z},‘?(@; du, v)) —Sm(Zﬁ‘f)(@; u, (IDU)).
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Lemma 2.1. Let ® be a self transformation on a complex-valued metric space
(E,dc). If S is an (m, q)-complex symmetric transformation, then for all u, v € E,
p=0,1,2,---,andm=1,2..,

Z0,(®; BPu, v) = 2.0, (85 u, PPv).
Proof. The proof is deduced from the formula (2.3). O

Theorem 2.1. Let ® be a bijective self transformation on a complex-valued metric
space (E,d¢). Then, ® is an (m, q)-complex symmetric if and only if ®~! is an
(m, q)-complex symmetric transformation.

Proof. Assume that ¢ is an bijective (m, ¢q)-complex symmetric, it follows that
ZZ(Q)(CD; u,v) =0 V wu,v € E. In particular, if we replace u by ®~™« and v by
®~"™y we obtain

0 = Z0(®; M, d M) = Y <—1>mk(7/?>dc(q>kw, ¢~"v)’

0<k<m

= 3 (A @

0<k<m

= (=1)"ZP(@7 u,v).
Therefore ®~! is an (m, q)-complex symmetric transformation. d

Theorem 2.2. Let ¢ be a self transformation on a complex valued metric space E.
The following statements hold:

(1) If ® is an (m, q)-complex symmetric transformation, then ®* is an (m, q)-
complex symmetric transformation.

(2) If ® is an (2, q)-complex symmetric, then

ZW0(@m+2) y,v) = 2Z20(@" 1 du, dv) — Z30(9", 2, d%v), V n € N.

(3) If ¢ is an (2, q)-complex symmetric, then " is an (2, q)-complex symmetric
transformation for all n € N.

Proof. (1) Since ® is an (m, ¢)-complex symmetric transformation, then

ZO(P, u,v) =0, Yu,vekE.
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This means that Zr(r‘f)(d), Oy, ") =0, Vie{0,---,m} u,v € E, and

Z (m) Zéf)(d), d'u, d™ ) = 0,Y u,v € E.
0<izm N\

Moreover
> 5 ot (M) ()@ e —ov e
0<i<m 0<k<m

From this equation we get

0= > > (—1)’”"“@) (?)dc(é’“”u, pm=(ktily)

0<i<m 0<k<m

- 3 Yyt (27Z"> (z T_”k)dc( Olu, B> ) Y u,v € E.

0<1<2m 0<k<I

Notice that Z (—1)m* (27&) (l " ) = 0 for [ odd integer.

—k
0<k<I

Hence, for all u,v € F,

SN -yt (2;") (z T;{;) d,( ®'u, ¥ ) = Z9D(3?, u,v).

0<I<2m 0<k<l

Therefore 52 is a (m, ¢)-complex symmetry.

(2) We prove the statement (2) by induction on n. For n = 1 we have

ZQ(q)(CD?’, u,v) = Z (_1)k (i) dc((q)g)ku, (q)3)2—kv)q

0<k<2

= d (%, v)? —2d,(P%u, ®*v)* +d.(u, P%v)"

= 2d,(®"u, @v)q —2d.. (P, CIDQU)q —2d,.(P?u, gzﬁgv)q
+2d(<bu, @%)q —d, (CD?u, <I>4v)q

= d,(Pu, ®'Sv)? —2d,(®*u, ®*v)? + d . (P*Pu, Pv)*

301

— (d(C (<I>2u, <I>2<I>2v)q —2d. (<I>3u, <I)3v)q +d, (®4u, <I>2'U)q)

= 22(®? Pu, dv) — Z0(D; B2u, D).
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Hence, the statement (2) is true for n = 1. We prove it for n > 2,

ZQ(Q)((DnJrZ’ u, U)
= d,(u, @) —2d (@"Pu, " P0)T 4+ d (P u, v)"

C

= 2(dC(CI>u, CI>2"+3v)q> —d (2" u, ")+ d (D7, CIDU)q)

— (d(C (@%u, ©*20)7 — 2d, (@ ?u, @"20)" + d, (D>, <I>2v)q)

= 22" Du, dv) — Z0(D"; D, D).

(3) Assume that ¢ is an (2, ¢)-complex symmetric transformation. We prove by
induction on n > 2 that ®" is also (2, ¢)-complex symmetric. In fact, for n = 2,
2 is a (2,q) complex symmetric by the statement (1). Assume that ®" is an
(2, q¢)-complex symmetric for n and prove it for n + 1. In view of the identity

ZW0(@mH1 y,v) = 220" du, Bv) — 200" D2, D20)

and the assumption that ®" is a (2, ¢)-complex symmetric, we get ZQ(q) (®"F2, u,v)
= 0. So that " is a (2, ¢)-complex symmetric. O

Proposition 2.2. Let V¥ be a self transformation on a complex-valued metric space
(E,dc) and let ® be a self map on (E,dc).

(1) If ¥ is an (m, q)-complex symmetric and ® is a bijective isometric transfor-

mation, then ®V®~! and =1V are (m, q)-complex symmetric.

(2) If ¥ is an (m, q)-complex symmetric transformation and ® is a complex
symmetric transformation such that V® = &V, then ®V is an (m,q)-complex
symmetric.

Proof. (1) Assume that W is an (m, ¢)-complex symmetric and ¢ is a bijective
isometry, then
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Z <_1)m_k (Z)dc((@‘llq)_l)ku, ((I)\I/(I)_l)m_kv)q

0<k<m

= Y (-ym* (Z)dc(qnpqulu, VA S T
0<k<m

_ Z (_1)m—k(m)d (\Ilk(I)_lu \I/m_k(I)_l’U)q

— L) :
0<k<m

= 0.

(2) Under the assumption that ¢ is a complex symmetric transformation and
Ud = ¢, we have
d. ((IDU, v) =d, (u, <I>v);
for all u,v € E and
d.((P0)Fu, (PU)™ *v)? = d (D" Tru, " U™ * ) = d(TFu, T )Y,

for all u,v € E. Moreover

> (=07 (@) Fu, (2U)™ )

0<k<m

— Z (_1)771—16(1C ((I)k\pku’ (I)m—k’\pm—k:v)q

0<k<m

= > (-pm* (Z)dc(\hku, ymky)?

0<k<m

=0
for all u,v € E. O

Definition 2.3. ( [5]]) Let (E, d.) be a complex valued metric space. A sequence
(un)n of elements of E is said to be convergent to u in E if

VaecC:0<a HnOEN/dC(un, u)-<a YV n > ng.

Notation: v, —9c w.

Proposition 2.3. Let ® be a self transformation on a complex-valued metric space
(E, d.) such is an (m, q)-complex symmetric. If  satisfies

d. (@u, (IDU) < d, (u,v), VuueE,
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then

Z(Q)

m—1

(@; "y, O"0) = 29 (D) O"u, ®"'v) — 0 as n — oc.
Proof. From the condition that ¢ satisfies d.(®u, ®v) < dc(u,v), for all u,v €
E, we deduce that,
d.(@"u, @) < d.(®"u, ®"v)?; Vu,v €E, and n € N.
This means that
Re (d(C (@™, @”“v)q) < Re (d<C (@"u, CID"v)q); Vu,veE, and n € N,
and

Sm (dd@"“u, q)nHv)q) < Q3m (dc ((ID”u, @”v)q); Vu,vekE, and n € N.

Consequently,  the real sequences {éRe (dc (®"u, D) q) } and

{%m (dc (S, S”v)q) } are decreasing and bounded from lower. So conver-
gent, and this means that

(dc (®"u, @"v)" = Re (dC(CD”u, <I>"v)q> +iSm (dC (@"u, @”v)"» :

neN
is convergent sequence.

From the hypothesis that ¢ is an (m, ¢)-complex symmetric and together
(2.3), we get
Zﬁr?)—l(q)a (I)U, U) = Z?S?)—l(q)ﬂ u, (I)U)7
or more generally,
Z0 (@, @, M) = 20 (U W, D),
However

Z9 (@; @y, 0"0) = 219 (B 720, D) — B (S B, ),

m m

so that

, -2
Zi, (@ 0"y, @) = Y (—1>m—ﬂ(m‘ )

0<j<m—2 J

. dc ((I)n-i-Q-i-ju7 q)n-l—m—jv)q _ d(C ((Dn-l-l-&-ju’ (I)n+1+m—jv)q:| )
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Taking the limit as n — oo in the preceding equality to give
Z9 (@) oy, ¢"v) —> 0.
O

Proposition 2.4. Let ¢ be a self transformation on a complex valued metric space
(E, dc). Then the following identities hold for m > 1:

(2.4) Z0(®; u,v) =d, (O"u, v) = Y (Z)Z,Eq)(d); u, dv),

0<k<m—1
where Z(()Q)(S; u,v) = d, (u, U)q.

Proof. We use an induction on m > 1 to prove (2.4). If m = 1, we see by (2.4)
that

Z(q)(CI) u,v) = d, (Pu, v)* —d,(u, Pv)? =d.(Pu, v)’ - Zéq)(Q); u, ).

Therefore (2.4) is obviously true. Suppose that the induction hypothesis holds
for m. By the induction hypothesis and (2.3), we obtain

Zr(;fll((b; u,v) = ZD(®; du,v) — ZD(D; u, dv)

= d, (", v) 7: Z9(d; du, )
0<k<m-—1
—d, (®™u, dv)! + Z m)z,g%; u, ® ))
0<k<m-—1

= d, (Sm“u, v)q —d ((I;mu, (IJU)q

C

- > (7;:) (z,g@(cp; du, v) — Z\(®; u, <I>2v))
0<k<m—1

— ClC ((I)m+1u, v)q _ dc((I)mu, q)y)q — Z (Z)Zéjl((b U, (I)U)
0<k<m-—1

= d (2" u, v)’ - ZD(P, u, dv) — Z <77k?> Z,EQ)(CI); u, dv)

0<k<m-—1
- (D)@ e
0<k<m-—1
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= d (2" u, v)’ - ZD(P, u, dv) — Z (:j) Z,gq)(q); u, dv)

0<k<m—1
m
- Z (k— 1>Z,gq)(<l>; u, dv)

1
_ (ml‘: )z,gq)(cp; u, dv) — (mH)@gg)(cb; u, ®v)

m
1<k<m—1
m+1 q m+ 1 (2) .
= dC(CIJ u, v) — Z i 2.7 (®; u, dv).
0<k<m
Hence, (2.4) is proved. O

By observing that

Z0(@; w0y = Y (—1)’f(7;’)dc(q>ku, Py

0<k<m
- ¥ @) d.(¥Fu, o) — Y (7;;) d, (PFu, &™ Fp)!
0<k<m 0<k<m
k (even) k (od)
- ¥ <TZ) d. (®"du, O™ 1 k)"
0<k<m
k (even)
_ Z <T]:') dtc ((I)kfl,% (Dmfkq),u)q
0<k<m
k (odd)

—~ q

= dc(u,q)v)q —&;(CI)U, v)
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where
Lo = Y (F)atn o) e B gz,
0<k<m
k (even)
and
d " " (@, @) E? > 1
C<u7 U) - Z L C( u, U) ) (U,’U)E y 4 = L.
0<k<m
k (odd)

Proposition 2.5. Let ¢ be a self transformation on a complex-valued metric space

(E,dc). Then (E, El;) and (E, &;) are complex valued metric spaces, where

d(uo) > (m)dc(éku, R, (u,v) € B2,

k
0<k<m
k (even)
and
a\;(ua v) = Z TZ) d, ((I)kiluy q)mikv), (u,v) € E>.
0<k<m
k (odd)

Proof. The proof follows from the fact that the map (u,v) — d.(u,v) is a com-
plex valued metric on E. 0

Theorem 2.3. Let ¥ be a self transformation on a complex valued metric space
(E,dc). The following statements are equivalent.

(1) @:(E, d.) — (E, d.) is an (m, 1)-complex symmetric transformation,
2) o (E, ch) — (E, dNC ) is an complex symmetric transformation.

Proof. In view of Definition it follows that,

® is an (m, 1)-complex symmetric <= Z)(®; u,v) =0 Y u,v € E.
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ZW(®; u,v) =0

= Z (7;;) d. (®Fu, @™ *v)
0<k<m
r (even)

= > (”;) d.(®" 'Qu, @ du)
0<k<m
r (odd)

— d_(u,®v) —d (Pu,v) =0, Vu,v € E

<= & is complex symmetric.
U

Proposition 2.6. Let ® be a self transformation on a real valued metric space

(E,dg). Then (E, E];) and (E, (/i\ﬂg) are real valued metric spaces, where

1

Teo=( X (P)aslstu s ) o e Bz
0<k<m
k (even)

and

d,(u, v) = < O <§< ) (Z)dR(cb’f—lu, @m—ku)q);, (u,v) € E2.
k (odd)

Theorem 2.4. Let ¥ be a self transformation on a real valued metric space (E, dg)
and q > 1. The following statements are equivalent.

(1) @: (E, d,) — (E, d,) is an (m, q)- symmetric transformation,
(2 @: (E, dNR) — (E, d, ) is an symmetric transformation.

Proof. By similar technics as in the proof of Theorem O
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Remark 2.3. In [7]], it was observed that if ® : H — H (H Hilbert space) is an
2-symmetric. then ® is a symmetric.

Question. Does it true that if ® is an (2, ¢)-symmetric transformation on a
complex valued metric space (E, d.), then ¢ is a symmetric transformation?
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