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UNIQUE METRO DOMINATION OF POWER OF PATHS
Kishori P. Narayankar, Denzil Jason Saldanha', and John Sherra

ABSTRACT. A dominating set D of G which is also a resolving set of G is called a
metro dominating set. A metro dominating set D of a graph G(V, E) is a unique
metro dominating set (in short an UMD-set) if | N(v) N D |= 1 for each vertex
v € V — D and the minimum of cardinalities of an UMD-sets of G is the unique
metro domination number of G denoted by ~,3(G). In this paper we determine
unique metro domination number of power of paths.

1. INTRODUCTION

All the graphs considered in this paper are simple, connected and undirected.
The length of a shortest path between two vertices u and v in a graph G is called
the distance between u and v and is denoted by d(u, v). For a vertex v of a graph,
N(v) denote the set of all vertices adjacent to v and is called open neighborhood
of v. Similarly, the closed neighborhood of v is defined as N[v] = N(v) U {v}.

Let G(V, E) be a graph. For each ordered subset S = {v,vq,...,v} of V,
each vertex v € V can be associated with a vector of distances denoted by
['(v/S) = (d(vy,v),d(ve,v),...,d(vg,v)). The set S is said to be a resolving set
of G if I'(v/S) # I'(u/S) for every u,v € V — S, see [[1]. A resolving set of
minimum cardinality is a metric basis and cardinality of a metric basis is the
metric dimension of G, see [2]]. The k-tuple, I'(v/S) associated to the vertex
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v € V with respect to a metric basis S, is referred as a code generated by S
for that vertex v. If I'(v/S) = (¢1,¢2,...,¢k), then ¢1,¢9,¢3,..., ¢, are called
components of the code of v generated by S and in particular ¢;, 1 < i < k, is
called i""-component of the code of v generated by S.

A dominating set D of a graph G(V, F) is the subset of VV having the property
that for each vertex v € V — D, there exists a vertex v € D such that uv isin E,
see [3]]. A dominating set D of G which is also a resolving set of G is called a
metro dominating set.

A metro dominating set D of a graph G(V, E) is a unique metro dominating set
(in short an UMD set) if |N(v) N D| = 1 for each vertex v € V' — D. Generally, if
|N(v) N D| = k for each vertex v € V — D, k > 1, such a metro dominating set D
is called a Smarandachely distance k dominating set (Smarandachely k DD-sets of
G) and the minimum of cardinalities of the Smarandachely DD-sets of G is the
number of Smarandachely £ UDD-sets of (G, denoted by yguﬁ(G). Particularly,
if £ = 1, i.e., the unique metro domination number of G denoted by ~,3(G),
see [[4H6].

2. MAIN RESULTS

Take P,,n > k. If k <i <n —k, join v; to v;_9,v;_3,...0;_ and v;4o, . . . , Uiy
If i > n — k, then join v; to v;_2,v;_3,...,v;_; and all v;,j > ¢+ 1. Similarly if
i < k, then join v; to v;,j < ¢ — 1 and t0 v;19,...,v;+,. The resulting graph is
called P,

If kK < i <n—k, then v; dominates v;, v;_1,V;_2, ..., Vi_k, Vit1, Vig2, - . . Vipg. If
li — j| < 2k + 1, then vertex v; 1, v;19, . .. v;_; are dominated by v; and v;.

The set D = {v;,v6,v9} is @ dominating set in Figure [1| for PZ. It is also a
metro dominating set. Note that v; is dominated by v and v9. Hence D is not a
UMD set.

The set D = {vs,vs} is a dominating set for 7 in Figure [2| All vertices are
dominated uniquely by {vs, vs}. But code generated by D to v, and v5 is same.
Hence {v3,v3} does not resolve the vertex set V of P? and hence D is not a UMD
set. If v; € D, it dominates vy, v3, ..., v541. If v; € D and if i < 2k + 2, then vy,
is dominated by v; and v;. If i > 2k + 2, then v, is not dominated. Further if
i = 2k + 2 then the vertices vs, v3, ..., v;_; are uniquely dominated.

A vertex in P* can dominate a maximum of 2k + 1 vertices.
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FIGURE 2. Py

Lemma 2.1. If D is a minimal dominating set then |D| > {Qki J.

Howeverifn = k+ 1+ (2k+1)p, (p € N), then D = {v41, V3k12, Uskr3, - VUn—k }

is a minimal dominating set and |D| = . Hence we have

2k +1
Lemma 2.2. Whenn = k+ 1+ (2k+1)p, p € N, the domination number ~(P¥) =

1= eyl
2k+1 12k+11
Observe that when n = (k + 1) + (2k + 1)p,p € N, D={vk 1, V312, ---Vn}
dominates V' — D uniquely.
For any v; and v,
d(Ui,Uj) = ’7|Z_Tj|—‘ .
Consider 1 < ¢ < 5 < n — k, such that j—i=0 (mod k). Then we get

—i+k
d(vi, vj1) = d(vi, vj12) = .. = d(vi, vj1k) = ! o
frh+1<t<i<ji<n—k2i=j5+tj—1=0(modk)andi—t=0 (mod
K), then d(vi,v;—1) = d(vi,vi2) =,...,= d(vy,v—k) = d(vi,vj11) = d(vi,Vj12) =
Jj—t+2k
o =d(v Vi) =

2k
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Now consider the unique dominating set D = {vp;1, Usgy2,...} for P¥. The
verticesv; andv; € D, i = (k+ 1)+ (2k+1)land j = (k+ 1)+ 2k + 1)({ + 1),

generate the same code to all the vertices in U = {v;41,vi12,...,v;1x} and the
same code to all the vertices in W = {v; 541, Vi, - - -, Vj—1}.

For example, {v;,1, v3x12} generates the same code (1, 2) for vgyo, Vg3, - - -, Uagr1
and same code (2, 1) for vg o, Vori3. .. Ushi1-

h—1 4k + 2 2
Take v, € D, h = (k+ 1) + (2k + 1)(l + 2). Then | - i = /: :4+E'
2 1

Hence d(u, v;) = 4+ ﬂ = 5.and d(vy, vis1) = [4+ ﬂ = 5.

All other vertices of U will have the same distance 4 from vj,.

Now |h— (i +k+1)| = [3k+1|. Therefore d(vs, vi +1) — [31“;1] - [3%] — 4
and all other vertices of W will have the same distance 3 from v,,. Hence code
generated by {v;,v;,v,} will be the same for vertices in U — {v;+1} and is the
same for vertices in W — {v; 41}-

For example, the code generated by {vi 1, Uskto, Uski3} tO vkyo is (1,2,5) and

to voryo is (2,1,4) where as same code (1,2,4) is generated to v 3, ..., Voss1,
same code (2,1,3) is generated to vor 3, ..., Uski1-
\h—i|  2k+1 1

Now take v, € D, h = (k+1)4(2k+1)(I—1). Then P A 2+E and
h—(i+k 1

% =3+ = Therefore d(vy,v;) = 3 = d(vp,viz1) = ... = d(Vp, Vitr—1)

h—(j—1 4k +1 1

and d(vp, v;) = 4. Further | U ) = [4k + 1] =4+ 7o and therefore
d(Uh, Ujfl) = 5 and d(Uk,Uj,Q) =4 = d(Uh, Ujfg) =...= d(Uh,Ui+k+1>. Therefore

code generated by {v;,v;,v,} will be same for vertices in U — {v;;} which is
different from the code of v;,; and code generated will be the same for vertices
in W — {v;1x11}, which is different from the code of v; 4.

Every vertex of D, when added to {v;, v;}, it produces different code to exactly
one vertex of U and exactly one vertex of W. Hence to resolve all the vertices
betweeen v; and v;, we require k — 1 vertices of D. Therefore minimum |D| =
k + 1. For each [, 0 < [ < k + 1, there are 2k vertices between v; and v;.
Also we have vy, v, ...v;. Thus to resolve V' — D, it is necessary to have atleast
k(2k) + (k + 1) + k = 2k* + 2k + 1 vertices in V. Thus we have

Lemma 2.3. If n = 2k* + 2k + 1, then D = {vgi1,V3p42, ...} IS a unique metro
dominating set.
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In any case |D| =p = [ -‘ . Hence we have the following theorem.

n
2k+1

n " 9
, forn>2k*+k+1
Theorem 2.1. ,5(P%) = bk +1
n, forn <2k +k+1
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