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THE COMPLETE ALGEBRAIC STRUCTURE FOR SOME FINITE
METABELIAN GROUP ALGEBRAS

Shalini Gupta1 and Jasbir Kaur

ABSTRACT. The objective of this paper is to find the complete algebraic struc-
ture of finite semisimple group algebra Fq[G], where Fq is a finite field with
q elements and G is a finite group such that G/Z(G) is isomorphic to direct
product of two cyclic groups of order p, p odd prime.

1. INTRODUCTION

Let Fq be a finite field with q elements and let G be a finite group of order
coprime to q. Thus Fq[G] is finite semisimple group algebra. The problem of
finding the complete algebraic structure of a semisimple group algebra Fq[G] in
terms of primitive central idempotents and Wedderburn decomposition is known
as the fundamental problem in the area of group algebras. It has applications in
pure and applied areas of mathematics, mainly in coding theory. Primitive cen-
tral idempotents are required to find the minimal components of Wedderburn
decomposition of Fq[G]. Thus for finding the complete algebraic structure of
Fq[G], our focus is on finding the complete set of primitive central idempotents
of Fq[G].
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Let G be a group such that G/Z(G) ∼= Cp × Cp, where Cp is a cyclic group of
order p. Cornelissen et al. [2] have classified these groups into nine classes. Out
of these nine classes, only five are finite metabelian groups. Gupta et al. [3, 4]
have computed the complete algebraic structure of Fq[G] for G lying in three of
these classes.

In this paper the complete algebraic structure of finite semisimple group al-
gebra Fq[G] is given, where G is finite metabelian group lying in one of the
remaining classes, with the following presentation:

G =< a, b, x, y|ap = 1, bp = y, xp
m1 = yp

m2 = 1, a−1b−1ab = xp
m1−1

, x, y ∈ Z(G) >

2. NOTATIONS AND PRELIMINARIES

Let G be a finite group with gcd(q, |G|) = 1. Let M and L be subgroups of G
with M E L and L/M cyclic of order n. Let Fq be the algebraic closure of Fq and
ζ be a primitive nth root of unity in Fq. Let C(L/M) be the set of q-cyclotomic
cosets of Irr(L/M) which contains the generators of Irr(L/M), where Irr(G) is
the set of irreducible characters ofG. Consider the action of T = NG(M)∩NG(L)

on C(L/M) by t ∗C = t−1Ct, t ∈ T, C ∈ C(L/M). Let EG(L/M) be the stabilizer
of any C ∈ C(L/M) and R(L/M) be the set of distinct orbits of C(L/M), under
this action. Let eC(G,L,M) be the sum of distinct conjugates of εC(L,M), where

εC(L,M) = |L|−1
∑
l∈L

trFq(ζ)/Fq(χ(l̄))l−1, C ∈ C(L/M).

For K E G, let AK/K be the normal subgroup of G/K which is abelian of
maximal order and τ be the set of all subgroups D/K of AK/K such that AK/D
is cyclic. Let τG/K be the set of all representatives of equivalence classes of τ
under the conjugacy relation. Set

SG/K = {(D/K, AK/K) | D/K ∈ τG/K and CoreG(D) = K}

and

S = {(K,D/K, AK/K) | K E G, SG/K 6= φ, (D/K, AK/K) ∈ SG/K}.

The structure of finite semisimple metabelian group algebra is given by Bakshi
et al. [1] as follows:
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Theorem 2.1. [1, Theorem 2] Let Fq be a field containing q elements and G be a
finite metabelian group such that gcd(q, |G|) = 1. Then

{eC(G,AK,D) | (K,D/K, AK/K) ∈ S, C ∈ R(AK/D)}

is the complete set of primitive central idempotents of semisimple group algebra
Fq[G].

The simple component corresponding to primitive central idempotent eC(G,AK,D)

is Fq[G]eC(G,AK,D) ∼= M[G:AK]

(
Fqo(AK,D)

)
, the algebra of [G : AK]× [G : AK] ma-

trices over the field Fqo(AK,D), where o(AK,D) =
ord[AK:D](q)

[EG(AK/D):AK]
and the number of

simple components corresponding to eC(G,AK,D) is |R(AK/D)|.

3. ALGEBRAIC STRUCTURE OF Fq[G]

Let G be a group with the presentation:

G =< a, b, x, y|ap = 1, bp = y, xp
m1 = yp

m2 = 1, a−1b−1ab = xp
m1−1

,

x, y central inG > .

It can be easily seen that

G =< a, b, x|ap = 1, bp
m2+1

= 1, xp
m1 = 1, a−1b−1ab = xp

m1−1

,

x, bp central inG > .

Theorem 3.1. Let m1,m2 > 1. For m1 ≤ m2, the complete algebraic structure of
semisimple group algebra Fq[G], G as defined above, is given as follows:

Primitive Central Idempotents for m1 ≤ m2.

eC(G,G,< x, a, b >), C ∈ R(G/ < x, a, b >);
eC(G,G,< x, a >), C ∈ R(G/ < x, a >);
eC(G,G,< x, b >), C ∈ R(G/ < x, b >);
eC(G,G,< x, a, bp

j
>), C ∈ R(G/ < x, a, bp

j
>) 1 ≤ j ≤ m2;

eC(G,G,< x, aibp
j
>), C ∈ R(G/ < x, aibp

j
>), 1 ≤ i ≤ p− 1, 0 ≤ j ≤ m2;

eC(G,G,< xp
v
, xip

v−1
a, b >), C ∈ R(G/ < xp

v
, xip

v−1
a, b >),

0 ≤ i ≤ p− 1, 1 ≤ v ≤ m1 − 1;
eC(G,G,< xp

v
, xip

v−1
a, xkbp

j
>), C ∈ R(G/ < xp

v
, xip

v−1
a, xkbp

j
>),

1 ≤ j ≤ m2 + 1− v, , 0 ≤ i ≤ p− 1, 1 ≤ v ≤ m1 − 1, gcd(k, pv) = 1;
eC(G,G,< xp

v
, xip

v−1
a, xkb >), C ∈ R(G/ < xp

v
, xip

v−1
a, xkb >),
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0 ≤ i ≤ p− 1, gcd(k, pv) = pα, 0 ≤ α ≤ m1 − 1;
eC(G,< b, x >,< b >), C ∈ R(< b, x > / < b >);
eC(G,< a, x, y >,< a, xjy >), C ∈ R(< a, x, y > / < a, xjy >),

gcd(j, pm1) = pα, 0 ≤ α ≤ m1 − 1;

eC(G,< a, x, y >,< a, xjyp
β
>), C ∈ R(< a, x, y > / < a, xjyp

β
>),

gcd(j, pm1) = 1, 1 ≤ β ≤ m2 −m1.

Wedderburn Decomposition for m1 ≤ m2.

Fq[G] ∼=Fq ⊕
(
Fqf1

) p−1
f1 ⊕

(
F
q
fm2+1

) pm2+1−pm2

fm2+1 ⊕m2
j=1

(
Fqfj

) pj−pj−1

fj

⊕m2
j=0

(
Fqfj+1

) pj(p−1)2

fj+1 ⊕m1−1
v=1

(
Fqfv

) pv+1−pv
fv

⊕m1−1
v=1 ⊕m2+1−v

j=1

(
Fqfj+v

) p2v+j−1(p−1)2

fj+v ⊕m1−1
v=1 ⊕v−1α=0

(
Fqfv

) p2v−α−1(p−1)2

fv

⊕Mp

(
Fqfm1

) pm1−pm1−1

fm1 ⊕m1−1
α=0 Mp

(
Fqfm1

) p2m1−α−2(p−1)2

fm1

⊕m2−m1
β=1 Mp

(
F
q
fm1+β

) p2m1+β−2(p−1)2

fm1+β

Proof. We will first find all the normal subgroups of G.
Let KEG such that K∩ < x >6= {e}, then K∩ < x >=< xp

v
>, 0 ≤ v ≤ m1−1.

For K∩ < x >=< x >, it can be easily seen that K is either < x > or < x, a > or
< x, bp

j
> or < x, a, bp

j
> or < x, aibp

j
>, 1 ≤ i ≤ p− 1, 0 ≤ j ≤ m2.

Assume that K∩ < x >=< xp
v
>, 1 ≤ v ≤ m1 − 1. Now K/ < xp

v
>

is isomorphic to one of the following < x >, < a < x >>, < bp
j
< x >>,

< aibp
j
< x >>, < a < x >, bp

j
< x >>, 1 ≤ i ≤ p − 1, 0 ≤ j ≤ m2. Let

K/ < xp
v
>∼=< x >, then K =< xp

v
>. Let K/ < xp

v
>∼=< a < x >>, then

K =< xp
v
, xia >, which implies for i = pv, K =< xp

v
, a > and if gcd(i, pv) = pα,

then (xp
α
a)p = xp

α+1 ∈ K if and only if α + 1 ≥ v, i.e., α ≥ v − 1. Hence in this
case K =< xp

v
, a > or < xp

v
, xip

v−1
a >, 1 ≤ i ≤ p− 1.

Let K/ < xp
v
>∼=< bp

j
< x >>, 0 ≤ j ≤ m2. Then K =< xp

v
, xkbp

j
>. If

k = pv, then K =< xp
v
, bp

j
> and if k < pv, then K =< xp

v
, xkbp

j
>, gcd(k, pv) =

pα, 0 ≤ α ≤ m1 − 1. Consider (xp
α
bp
j
)p
m2+1−j

= xp
α+m2+1−j ∈ K if and only if

α+m2 + 1− j ≥ v, i.e., j ≤ α+m2 + 1− v. Thus in this case K =< xp
v
, xkbp

j
>,

gcd(k, pv) = pα, 0 ≤ α ≤ m1 − 1, 0 ≤ j ≤ α + m2 + 1− v. Further if j = 0, then
(xp

α
b)p

m2+1
= xp

α+m2+1 ∈ K if, and only if, α+m2+1 ≥ v, i.e., v−m2−1 ≤ α. Thus
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K =< xp
v
, b > or < xp

v
, xkb >, gcd(k, pv) = pα, max{0, v−m2−1} ≤ α ≤ m1−1.

If 1 ≤ j ≤ m2 + 1− v + α, then K =< xp
v
, bp

j
> or < xp

v
, xkbp

j
>, gcd(k, pv) = 1,

1 ≤ j ≤ m2 + 1− v.
By following the same procedure in all the above cases, we will get that the

normal subgroups K such that K ∩G 6= {e}, are as follows:
< x >, < x, a >, < x, bp

j
>, < x, aibp

j
>, < x, a, bp

j
>,

1 ≤ i ≤ p− 1, 0 ≤ j ≤ m2,

< xp
v
, a >, < xp

v
, xip

v−1
a >, 1 ≤ i ≤ p− 1, 1 ≤ v ≤ m1 − 1,

< xp
v
, b >, < xp

v
, xkb >, gcd(k, pv) = pα, max{0, v−m2 − 1} ≤ α ≤ m1 − 1,

1 ≤ v ≤ m1 − 1,

< xp
v
, bp

j
>, < xp

v
, xkbp

j
>, gcd(k, pv) = 1, 1 ≤ j ≤ m2 + 1− v,

< xp
v
, aibp

j
>, < xp

v
, xkaibp

j
>, gcd(k, pv) = pα, 0 ≤ α ≤ m1 − 1,

1 ≤ v ≤ m1 − 1 0 ≤ j ≤ m2 + 1− v + α,

< xp
v
, xip

v−1
a, bp

j
>, 0 ≤ i ≤ p− 1, 0 ≤ j ≤ m2, 1 ≤ v ≤ m1 − 1,

< xp
v
, xip

v−1
a, xkb >, 0 ≤ i ≤ p− 1, gcd(k, pv) = pα, 1 ≤ v ≤ m1 − 1

max{0, v −m2 − 1} ≤ α ≤ m1 − 1,

< xp
v
, xip

v−1
a, xkbp

j
>, 0 ≤ i ≤ p− 1, gcd(k, pv) = 1,

1 ≤ j ≤ m2 + 1− v, 1 ≤ v ≤ m1 − 1.

Observe that if K∩G =< xp
v
>, 0 ≤ v ≤ m1− 1, then G′ ⊆ K and hence G/K

is abelian. Thus

SG/K =

{
(< 1 >,G/K), if G/K is cyclic,

φ otherwise.
.

Out of these normal subgroups following have cyclic quotient with G:
< x, a >, < x, b >, < x, a, b >, < x, a, bp

j
>, 1 ≤ j ≤ m2,

< x, aibp
j
>, 1 ≤ i ≤ p− 1, 0 ≤ j ≤ m2,

< xp
v
, xip

v−1
a, b >, 0 ≤ i,≤ p− 1, 1 ≤ v ≤ m1 − 1,

< xp
v
, xip

v−1
a, xkb >, 1 ≤ v ≤ m1 − 1, 0 ≤ i ≤ p− 1,

gcd(k, pv) = pα, max{0, v −m2 − 1} ≤ α ≤ m1 − 1,

< xp
v
, xip

v−1
a, xkbp

j
>, 1 ≤ v ≤ m1 − 1, 0 ≤ i ≤ p− 1,

gcd(k, pv) = 1, 0 ≤ j ≤ m2 + 1− v.

Now, assume that K ∩ G = {e}, then K = {e} or < yp
j
>, 0 ≤ j ≤ p − 1 or

< xjyp
β
>, gcd(j, pm1) = pα, 0 ≤ α ≤ m1 − 1, 0 ≤ β ≤ m2 −m1.

If K = {e} or < yp
j
>, 1 ≤ j ≤ p− 1, then SG/K = φ.

If K = {y}, then SG/K = {< b > /K, < b, x > /K}.
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If K =< xjy >, gcd(j, pm1) = pα, 0 ≤ α ≤ m1 − 1, then SG/K = {< a, xjy >

/K, < a, x, y > /K}.
If K =< xjyp

β
>, gcd(j, pm1) = 1, 1 ≤ β ≤ m2−m1, then SG/K = {< a, xjyp

β
>

/K, < a, x, y > /K}.
Corresponding to these normal subgroups, o(AK, D) and |R(A,K , D)| have

been given in Table 1.

TABLE 1.

K (D,AK) o(AK, D) |R(AK/D)|
< x, a, b > (G,G) 1 1
< x, a > (K, G) fm2+1

pm2+1−pm2

fm2+1

< x, b > (K, G) f1
p−1
f1

< x, a, bp
j
> (K, G) fj

pj−pj−1

fj

< x, aibp
j
>, 1 ≤ i ≤ p− 1 (K, G) fj+1

pj+1−pj
fj+1

0 ≤ j ≤ m2

< xp
v
, xip

v−1
a, b >, 1 ≤ v ≤ m1 − 1 (K, G) fv

pv−pv−1)
fv

0 ≤ i ≤ p− 1

< xp
v
, xip

v−1
a, xkb >, (K, G) fv

pv−pv−1

fv

0 ≤ i ≤ p− 1,

1 ≤ v ≤ m1 − 1, gcd(k, pv) = pα,

max{0, v −m2 − 1} ≤ α ≤ m1 − 1

< xp
v
, xip

v−1
a, xkbp

j
>, (K, G) fj+v

pj+v−pj+v−1

fj+v

0 ≤ i ≤ p− 1,

1 ≤ v ≤ m1 − 1, gcd(k, pv) = 1

1 ≤ j ≤ m2 + 1− v
< y > (< b >,< b, x >) fm1

pm1−pm1−1

fm1

< xjy > (< a, xjy >, fm1

pm1−pm1−1

fm1

gcd(j, pm1) = pα, 0 ≤ α ≤ m1 − 1 < a, x, y >)

< xjyp
β
> (< a, xjyp

β
>, fm1+β

pm1+β−pm1+β−1

fm1+β

gcd(j, pm1) = 1, 1 ≤ β ≤ m2 −m1 < a, x, y >)

Thus by using this table primitive central idempotents and Wedderburn de-
composition given in Theorem 3.1 can be easily obtained. �
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Theorem 3.2. Let m1,m2 > 1. For m1 > m2, the complete algebraic structure of
semisimple group algebra Fq[G], G as defined above, is given as follows:

Primitive Central Idempotents for m1 > m2.
eC(G,G,< x, a, b >), C ∈ R(G/ < x, a, b >);
eC(G,G,< x, a >), C ∈ R(G/ < x, a >);
eC(G,G,< x, b >), C ∈ R(G/ < x, b >);
eC(G,G,< x, a, bp

j
>), C ∈ R(G/ < x, a, bp

j
>) 1 ≤ j ≤ m2;

eC(G,G,< x, aibp
j
>), C ∈ R(G/ < x, aibp

j
>), 1 ≤ i ≤ p− 1, 0 ≤ j ≤ m2;

eC(G,G,< xp
v
, xip

v−1
a, b >), C ∈ R(G/ < xp

v
, xip

v−1
a, b >),

0 ≤ i ≤ p− 1, 1 ≤ v ≤ m1 − 1;
eC(G,G,< xp

v
, xip

v−1
a, xkbp

j
>), C ∈ R(G/ < xp

v
, xip

v−1
a, xkbp

j
>),

1 ≤ j ≤ m2 + 1− v, , 0 ≤ i ≤ p− 1, 1 ≤ v ≤ m2, gcd(k, pv) = 1;
eC(G,G,< xp

v
, xip

v−1
a, xkb >), C ∈ R(G/ < xp

v
, xip

v−1
a, xkb >),

0 ≤ i ≤ p− 1, gcd(k, pv) = pα, max{0, v −m2 − 1} ≤ α ≤ v − 1;
eC(G,< b, x >,< b >), C ∈ R(< b, x > / < b >);
eC(G,< a, x, y >,< a, xjy >), C ∈ R(< a, x, y > / < a, xjy >),

gcd(j, pm1) = pα, m1 −m2 ≤ α ≤ m1 − 1.

Wedderburn Decomposition for m1 > m2.

Fq[G] ∼=Fq ⊕
(
Fqf1

) p−1
f1 ⊕

(
F
q
fm2+1

) pm2+1−pm2

fm2+1 ⊕m2
j=1

(
Fqfj

) pj−pj−1

fj

⊕m2
j=0

(
Fqfj+1

) pj(p−1)2

fj+1 ⊕m1−1
v=1

(
Fqfv

) pv+1−pv
fv

⊕m2
v=1 ⊕m2+1−v

j=1

(
Fqfj+v

) p2v+j−1(p−1)2

fj+v ⊕m2
v=1 ⊕v−1α=0

(
Fqfv

) p2v−α−1(p−1)2

fv

⊕m1−1
v=m2+1 ⊕v−1α=v−m2−1

(
Fqfv

) p2v−α−1(p−1)2

fv ⊕Mp

(
Fqfm1

) pm1−pm1−1

fm1

⊕m1−1
α=m1−m2

Mp

(
Fqfm1

) p2m1−α−2(p−1)2

fm1

Proof. By following the same procedure as in Theorem 3.1, we will get that the
normal subgroups K such that K ∩G 6= {e}, are as follows:

< x >, < x, a >, < x, bp
j
>, < x, aibp

j
>, < x, a, bp

j
>,

1 ≤ i ≤ p− 1, 0 ≤ j ≤ m2,

< xp
v
, a >, < xp

v
, xip

v−1
a >, 1 ≤ i ≤ p− 1, 1 ≤ v ≤ m1 − 1,

< xp
v
, b >, < xp

v
, xkb >, gcd(k, pv) = pα,
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max{0, v −m2 − 1} ≤ α ≤ v − 1, 1 ≤ v ≤ m1 − 1,

< xp
v
, bp

j
>, < xp

v
, xkbp

j
>, gcd(k, pv) = 1, 1 ≤ j ≤ m2 + 1− v, 1 ≤ v ≤ m2,

< xp
v
, aibj >,< xp

v
, xkaibj >, gcd(k, pv) = pα,max{0, v−m2−1} ≤ α ≤ v−1,

< xp
v
, aibp

j
>, < xp

v
, xkaibp

j
>, gcd(k, pv) = 1,

1 ≤ j ≤ m2 + 1− v, 1 ≤ v ≤ m2,

< xp
v
, xip

v−1
a, bp

j
>, 0 ≤ i ≤ p− 1, 0 ≤ j ≤ m2, 1 ≤ v ≤ m1 − 1,

< xp
v
, xip

v−1
a, xkb >, 0 ≤ i ≤ p− 1, gcd(k, pv) = pα,

max{0, v −m2 − 1} ≤ α ≤ v − 1, 1 ≤ v ≤ m1 − 1,

< xp
v
, xip

v−1
a, xkbp

j
>, 0 ≤ i ≤ p− 1, gcd(k, pv) = 1,

1 ≤ j ≤ m2 + 1− v, 1 ≤ v ≤ m2.

Out of the normal subgroups listed above, only following have cyclic quotient
with G:

< x, a >, < x, b >, < x, a, b >, < x, a, bp
j
>, 1 ≤ j ≤ m2,

< x, aibp
j
>, 1 ≤ i ≤ p− 1, 0 ≤ j ≤ m2,

< xp
v
, xip

v−1
a, b >, 0 ≤ i,≤ p− 1, 1 ≤ v ≤ m1 − 1,

< xp
v
, xip

v−1
a, xkb >, 1 ≤ v ≤ m1 − 1, 0 ≤ i ≤ p− 1, gcd(k, pv) = pα,

max{0, v −m2 − 1} ≤ α ≤ v − 1,

< xp
v
, xip

v−1
a, xkbp

j
>, 0 ≤ i ≤ p− 1, gcd(k, pv) = 1,

0 ≤ j ≤ m2 + 1− v, 1 ≤ v ≤ m1 − 1.

Now, assume that K ∩ G = {e}. In this case, if K = {e} or < yp
j
>, 1 ≤

j ≤ p − 1, then SG/K = φ; if K = {y}, then SG/K = {< b > /K, < b, x > /K};
if K =< xjy >, gcd(j, pm1) = pα, m1 − m2 ≤ α ≤ m1 − 1; then SG/K =

{< a, xjy > /K, < a, x, y > /K}.

Corresponding to these normal subgroups, o(AK, D) and |R(A,K , D)| have
been given in Table 2.

Table 2:

K (D,AK) o(AK, D) |R(AK/D)|
< x, a, b > (G,G) 1 1
< x, a > (K, G) fm2+1

pm2+1−pm2

fm2+1

< x, b > (K, G) f1
p−1
f1

< x, a, bp
j
> (K, G) fj

pj−pj−1

fj
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< x, aibp
j
>, 1 ≤ i ≤ p− 1 (K, G) fj+1

pj+1−pj
fj+1

0 ≤ j ≤ m2

< xp
v
, xip

v−1
a, b >, 1 ≤ v ≤ m1 − 1 (K, G) fv

pv−pv−1)
fv

0 ≤ i ≤ p− 1

< xp
v
, xip

v−1
a, xkb >, (K, G) fv

pv−pv−1

fv

0 ≤ i ≤ p− 1, gcd(k, pv) = pα

< xp
v
, xip

v−1
a, xkbp

j
>, (K, G) fj+v

pj+v−pj+v−1

fj+v

0 ≤ i ≤ p− 1, gcd(k, pv) = 1,

1 ≤ j ≤ m2 + 1− v,
1 ≤ v ≤ m2

< y > (< b >,< b, x >) fm1

pm1−pm1−1

fm1

< xjy >, gcd(j, pm1) = pα, (< a, xjy >, fm1

pm1−pm1−1

fm1

m1 −m2 ≤ α ≤ m1 − 1 < a, x, y >)

Thus by using this table primitive central idempotents and Wedderburn de-
composition given in Theorem 3.2 can be easily obtained. �

We have obtained the complete algebraic structure of Fq[G] for m1,m2 > 1.
In the following theorems, we have obtained the same for cases m1 ≥ 1,m2 = 1

and m1 = 1,m2 ≥ 1.

Theorem 3.3. Let G be a group defined above. For m1 ≥ 1,m2 = 1 the complete
algebraic structure of semisimple group algebra Fq[G] is given as follows:

Primitive Central Idempotents for m1 ≥ 1,m2 = 1.

eC(G,G,< x, a, b >), C ∈ R(G/ < x, a, b >);
eC(G,G,< x, a >), C ∈ R(G/ < x, a >);
eC(G,G,< x, b >), C ∈ R(G/ < x, b >);
eC(G,G,< x, a, bp >), C ∈ R(G/ < x, a, bp >);
eC(G,G,< x, aib >), C ∈ R(G/ < x, aib >), 1 ≤ i ≤ p− 1;
eC(G,G,< x, aibp >), C ∈ R(G/ < x, aibp >), 1 ≤ i ≤ p− 1;
eC(G,G,< xp, a, xibp >), C ∈ R(G/ < xp, a, xibp >), 1 ≤ i ≤ p− 1;
eC(G,G,< xp, xia, xjbp >), C ∈ R(G/ < xp, xia, xjbp >), 1 ≤ i, j ≤ p− 1;
eC(G,G,< xp

v
, xip

v−1
a, xjbp >), C ∈ R(G/ < xp

v
, xip

v−1
a, xjp

v−1
b >),

0 ≤ i, j ≤ p− 1, 1 ≤ v ≤ m1 − 1;
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eC(G,G,< xp
v
, xip

v−1
a, xjp

v−1
b >), C ∈ R(G/ < xp

v
, xip

v−1
a, xjp

v−1
b >),

0 ≤ i ≤ p− 1, , 1 ≤ j ≤ p− 1, 2 ≤ v ≤ m1 − 1;
eC(G,< b, x >,< b >), C ∈ R(< b, x > / < b >);
eC(G,< a, x, y >,< a, xip

m1−1
y >), C ∈ R(< a, x, y > / < a, xip

m1−1
y >),

1 ≤ i ≤ p− 1.

Wedderburn Decomposition for m1 ≥ 1,m2 = 1.

Fq[G] ∼=Fq ⊕
(
Fqf1

) p2−1
f1 ⊕

(
Fqf2

) p3(p−1)
f2 ⊕m1−1

v=1

(
Fqfv

) pv+2−pv+1

fv

⊕m1−1
v=2

(
Fqfv+1

) p(p−1)(pv+1−pv)
fv+1 ⊕Mp

(
Fqfm1

) pm1 (p−1)
fm1

Theorem 3.4. Let G be a group defined above. For m1 = 1,m2 ≥ 1 the complete
algebraic structure of semisimple group algebra Fq[G] is given as follows:

Primitive Central Idempotents for m1 = 1,m2 ≥ 1.

eC(G,G,< x, a, b >), C ∈ R(G/ < x, a, b >);
eC(G,G,< x, a >), C ∈ R(G/ < x, a >);
eC(G,G,< x, b >), C ∈ R(G/ < x, b >);
eC(G,G,< x, a, bp

j
>), C ∈ R(G/ < x, a, bp

j
>) 1 ≤ j ≤ m2;

eC(G,G,< x, aibp
j
>), C ∈ R(G/ < x, aibp

j
>), 1 ≤ i ≤ p− 1, 0 ≤ j ≤ m2;

eC(G,< b, x >,< b >), C ∈ R(< b, x > / < b >);
eC(G,< a, x, y >,< a, xiyp

j
>), C ∈ R(< a, x, y > / < a, xiyp

j
>),

1 ≤ i ≤ p− 1, 0 ≤ j ≤ m2 − 1.

Wedderburn Decomposition for m1 = 1,m2 ≥ 1.

Fq[G] ∼=Fq ⊕
(
Fqf1

) p−1
f1 ⊕

(
F
q
fm2+1

) pm2+1−pm2

fm2+1 ⊕m2
j=1

(
Fqfj

) pj−pj−1

fj

⊕m2
j=0

(
Fqfj+1

) pj(p−1)2

fj+1 ⊕Mp

(
Fqf1

) (p−1)
f1 ⊕m2−1

j=0 Mp

(
Fqfj+1

) pj(p−1)2

fj+1
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