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THE COMPLETE ALGEBRAIC STRUCTURE FOR SOME FINITE
METABELIAN GROUP ALGEBRAS

Shalini Gupta' and Jasbir Kaur

ABSTRACT. The objective of this paper is to find the complete algebraic struc-
ture of finite semisimple group algebra F,[G], where F, is a finite field with
q elements and G is a finite group such that G/Z(G) is isomorphic to direct
product of two cyclic groups of order p, p odd prime.

1. INTRODUCTION

Let I, be a finite field with ¢ elements and let GG be a finite group of order
coprime to g. Thus F,[G] is finite semisimple group algebra. The problem of
finding the complete algebraic structure of a semisimple group algebra F,[G] in
terms of primitive central idempotents and Wedderburn decomposition is known
as the fundamental problem in the area of group algebras. It has applications in
pure and applied areas of mathematics, mainly in coding theory. Primitive cen-
tral idempotents are required to find the minimal components of Wedderburn
decomposition of F,[G]. Thus for finding the complete algebraic structure of
[F,[G], our focus is on finding the complete set of primitive central idempotents
of F,[G].
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Let G be a group such that G/Z(G) = C, x C,, where C, is a cyclic group of
order p. Cornelissen et al. [[2] have classified these groups into nine classes. Out
of these nine classes, only five are finite metabelian groups. Gupta et al. [3}4]
have computed the complete algebraic structure of F,[G] for G lying in three of
these classes.

In this paper the complete algebraic structure of finite semisimple group al-
gebra F,[G] is given, where G is finite metabelian group lying in one of the
remaining classes, with the following presentation:

G=<abxyla® =10 =y’ =y =10 ab= xpmlfl,x,y € Z(G) >

2. NOTATIONS AND PRELIMINARIES

Let G be a finite group with gcd(q, |G|) = 1. Let M and L be subgroups of G
with M < L and L/M cyclic of order n. Let F, be the algebraic closure of F, and
¢ be a primitive nth root of unity in F,. Let C(L/M) be the set of g-cyclotomic
cosets of Irr(L/M) which contains the generators of Irr(L/M), where Irr(G) is
the set of irreducible characters of GG. Consider the action of 7' = Ng(M)NN¢ (L)
onC(L/M)byt«C =t'Ct,t €T, C € C(L/M). Let Eg(L/M) be the stabilizer
of any C' € C(L/M) and R(L/M) be the set of distinct orbits of C(L/M), under
this action. Let e (G, L, M) be the sum of distinct conjugates of (L, M), where

ec(L, M) = |LI™" ) trp, o, (x(D)I!, C € C(L/M).

leL

For £ < G, let Ax/K be the normal subgroup of G/ which is abelian of
maximal order and 7 be the set of all subgroups D/K of Ax/K such that Ax/D
is cyclic. Let 7/ be the set of all representatives of equivalence classes of ~
under the conjugacy relation. Set

Sc/x = {(D/K, Ax/K) | D/K € 7¢/x and Coreq(D) = K}
and
S = {(]C,D/IC,AK/K) “C <G, Sg/;c 7é o, (D/K, AK/]C) S Sg/lc}.

The structure of finite semisimple metabelian group algebra is given by Bakshi
et al. [1] as follows:
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Theorem 2.1. [|I, Theorem 2] Let I, be a field containing q elements and G be a
finite metabelian group such that gcd(q, |G|) = 1. Then

{ec(G, Ak, D) | (K, D/K, Ac/K) € S, C € R(Ax/D)}

is the complete set of primitive central idempotents of semisimple group algebra
F,[G].

The simple component corresponding to primitive central idempotent ec(G, Ay, D)
is Fg[Glec(G, A, D) = Mig.ag) (Fjoac.m ), the algebra of [G : Ax] x [G : Ax] ma-
trices over the field F oax.p), where o(Ax, D) = % and the number of

simple components corresponding to ec(G, Ax, D) is |R(Ax /D).

3. ALGEBRAIC STRUCTURE OF F[G]

Let GG be a group with the presentation:

1

G=<abxzyla® =1,V =y 2" =y =1,a"'brab=2?"
x,y central in G > .
It can be easily seen that

G =<a,b,zla? =1,0°

mo+1 mq—1

=1,2P" =1,a ' tab = a? ,
x, b’ central in G > .

Theorem 3.1. Let my, my > 1. For m; < msy, the complete algebraic structure of
semisimple group algebra F,[G], G as defined above, is given as follows:

Primitive Central Idempotents for m; < ms.

ec(G,G, < x,a,b>), C € R(G/ <z,a,b>);
ec(G,G, < x,a>), Ce€R(G/ <x,a>);
ec(G,G,<x,b>), CeR(G/ <z,b>);
ec(G,G, < x, a,b’"7 >), C € R(G/ <z a,b” >) 1< j < mg;
ec(G, G, < z,a' b >), C’E%(G/<x,aibpj >), 1<i<p-—1,0<j<my;
(G, G, < z” 2% " a,b>), CeR(G/ <z, 27 " ab>),
0<i<p—-1,1<v<m —1;
ec(G, G, <z, 2 a, 2" ), C e R(G/ < 2,z a, 2" >),
1<j<mo+1-—v ,0<i<p—11<v<my—1,ged(k,p’)=1;
ec(G,G, < 2" 2 a2 >), C e R(G/ < 2", 2™ a,2%b >),

€c
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0<i<p—1,ged(k,p’) =p% 0 < <my —1;

ec(G,< bz > <b>), CeR(<br>/<b>);

ec(G, < a,r,y > < a,rly>), CeR(<a,z,y>/<a,zly>),
ged(4,p™) =p*, 0 < a <my — 1;

ec(G, < a,z,y > <a,ziy?’ >), CeR(<az,y>/<a iy’ >),
ged(g,p™) =1, 1 < B <mg —my.

Wedderburn Decomposition for m; < ms.

1 pm2+1_pm2 p]_p‘jfl

F,[G] =F, & (F,,) 7 & (F Fmatt gma ( 5
q[ ] —1gq @ ( qfl) @ qu2+1 e9]:]_ qu
Pl (p—1)2 vtl_ v

P P

P2v+j_1(17*1>2 2v—a—1<p71)2

mi—1 ma+1—v Fit+v mi1—1 v—1 [
D=1 21 <quj+v) Do=1" Pa=o (qu”) ’
p™Mm1 ;pmlfl p2nL17§72(p71)2
mq m1—1 mi
@ Mp <qum1 > @OLZO Mp (quml >
)2

p2m1+ﬁ—2<p71

_ f
mo—m1 m1+8
2™ My (F s )

Proof. We will first find all the normal subgroups of G.

Let C<G such that KN < 2 ># {e},then KN <z >=< 2" >, 0< v <m;—1.
For KN < x >=< x >, it can be easily seen that K is either < x > or < z,a > or
<z b’ >or<mab’ >or<zabt >1<i<p—1,0<7j<ms,.

Assume that KN < 2 >=< 27 >, 1 < v < m; — 1. Now K/ < a7 >
is isomorphic to one of the following < = >, < a < z >>, < b’ < z >>,
<adb <x>> <a<az>W <x>>1<i<p—10<j<my Let
K/ < a2P" >2< x >, then K =< 27" >. Let K/ < 2P’ >=< a < z >>, then
K =< 27", 2'a >, which implies for i = p’, K =< 2P, a > and if ged(i, p*) = p°,
then (27" a)?P = 27" € K if and only if « + 1 > v, i.e., « > v — 1. Hence in this
case K=< 2", a>or <zt 2% 'a>1<i<p-—1.

Let K/ < a?" >=< W < 1z >>,0<j < my. Then K =< 2" z"¥ >. If
k = p®, then K =< 27", 0" > and if k < pv, then K =< 22", zFpP’ >, ged(k,p¥) =
p*, 0 < o < my — 1. Consider («7°p?" )" = 2#*""*"" ¢ K if and only if
a+me+1—7j>uv,ie., j <a+my+1—wv. Thusin this case K =< a?", 2*b?’ >,
ged(k,p’) =p*, 0<a<m;—1,0<j < a+my+1—wv. Further if j = 0, then
(2P )P = o772 ¢ Kif, and only if, a+may+1 > v, ie., v—my—1 < . Thus



THE COMPLETE ALGEBRAIC STRUCTURE FOR SOME ... 323

K =<a?" b>or<aP zkb >, ged(k,p¥) = p*, max{0,v—my—1} < a < my—1.
If1<j<mo+1—v+a,then K=< 2" W >or < 27", 20w >, ged(k,p?) =1,
1<73<my+1—n0.
By following the same procedure in all the above cases, we will get that the
normal subgroups K such that £ N G # {e}, are as follows:
<z > <za> <z b > <z db > <z ab >,
1<i<p—1,0<7<my,
<zta> <2 a2 a> 1<i<p—1,1<v<m—1,
< 2P b >, < 2P 2kb >, ged(k, p?) = p%, max{0,v —my — 1} < a <my —1,
1<v<m —1,
<2 b >, < 2P g >, ged(k,p*) =1, 1<j<my+1—v,
<zt @t >, < 2’ 2Faib? >, ged(k,p¥) =p*, 0 <o <my —1,
1<v<m —-10<3<me+1—-v+aq,
<a? g g >, 0<i<p—1,0<j<my 1<v<my—1,
<2’ 2 a, kb >, 0<i<p—1, ged(k,p®) =p*, 1 <v<my —1
max{0,v —my — 1} <a <m; — 1,
<a? z? g > 0<i<p—1, ged(k, p?) =1,
1<j<me+1—-v, 1<v<m —1.
Observe that if CNG =< 27" >, 0 < v < my — 1, then G’ C K and hence G/K
is abelian. Thus

(<1>,G/K), if G/Kiscyclic,
Sa/x = .
0] otherwise.

Out of these normal subgroups following have cyclic quotient with G:
<z,a>, <z,b> <x,0,0>, <x,a,bpj > 1< j < mao,
<z,ab > 1<i<p—1,0<j<m,,
<z 2P g b>, 0<i,<p—-1,1<v<my —1,
<2z g >, 1<ov<m —1,0<i<p-—1,

ged(k,p¥) = p, max{0,v —my — 1} < a <my — 1,
<l P g R > 1<ou<mp—1,0<i<p-—1,
ged(k,p') =1,0<j7<ms+1—w.

Now, assume that L N G = {e}, then £ = {e} or < ypj > 0<j<p—1lor
<a9y?” >, ged(j,p™) =p*, 0< a<my —1,0< B < my—my.

IfK={e}or<y” > 1<j<p-1,then S/ = ¢.

If € ={y}, then Sg/x = {<b> /K, < b,z > /K}.
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If K =< a7y >, ged(j,p™) = p*, 0 < o < my — 1, then Sg ) = {< a,27y >

/’C,<CL,I,y>/IC}-

If K =< 29y?” >, ged(,p™) = 1,1 < B < my—my, then Sg/c = {< a, iy’ >

/K, <a,z,y > /K}.

Corresponding to these normal subgroups, o(Ax, D) and |R(A,x, D)| have

been given in Table 1.

TABLE 1.
K (D, Ax) o(Ak, D) | [R(Ax/D)|
<z,a,b> (G, G) 1 1
<z,a> (K, G) Jmat pmj‘:z?;m
<ub> (K,G) f T
< x,a,bpj > (K, G) Ji pj_f}jil
<z ab > 1<i<p—1 (K,G) fin pJ;;pJ
0<7<my
<o, 2" ab>1<v<m —1 (K, G) fo g
0<i<p-—1
<z 2% a, 1bb >, (K, G) fo pv_fiv_l
0<i<p-1,
1 <v<m —1, ged(k,p*) = p%,
max{0,v —my — 1} <a <m; —1
- xpv,;pipvfla,xkbpj > (K, G) Fito %
0<i<p-1,
1<v<m —1, ged(k,p’) =1
I1<j<mg+1-vw
<y> (<b>,<bx>) Jma ’W}Tpfrl
< iy > (< a,29y >, Jma ]W}sznﬁ
ged(f,p™) =p*, 0<a<m —1| <a,x,y>)
< 2y’ > (< a,29y” >, frmi+8 %
ged(7,p™) =1, 1< <myg—my <a,r,y >)

Thus by using this table primitive central idempotents and Wedderburn de-
composition given in Theorem can be easily obtained.

g
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Theorem 3.2. Let my, my > 1. For my > ms, the complete algebraic structure of
semisimple group algebra IF,[G], G as defined above, is given as follows:

Primitive Central Idempotents for m; > ma.
ec(G,G, < x,a,b>), C € R(G/ <z, a,b>);
ec(G,G,<x,a>), CeR(G/ <z,a>);

eC(G G,<z,b>), CeR(G/ <z,b>);

ec(G,G, < x, a,bpj >), C e R(G/ <z, a,b” >) 1 <75 <my;

ec(G,G, < z,a'b” >) CeRG/ <z,dt” >), 1<i<p—1,0<j<my;

ec(G,G, < 2" 2 a,b>), CeR(G/ <z, 2% a,b>),
0<i<p-—-1,1<v<m —1

ec(G,G, < 2 ok o >), C e R(G/ < 2P 2 a, koY >),
1<j<mo+1—v ,0<i<p-—1,1<0v<mg, ged(k,p’) =1;

ec(G, G, < " 2 a, 280 >), C e R(G/ < o, 2™ a,2Fb >),
0<i<p-—1, ged(k,p’) =p* max{0,v —my — 1} <a<v-—1;

ec(G,<bjx><b>), CeR(<br>/<b>);

ec(G, < a,r,y > < a2y >), CeR(<a,z,y>/<a,zly>),
ged (g, p™) = p*, my —mg <o <my — 1.

Wedderburn Decomposition for m; > m..
p7rL2+1 7;77”2 pj 7pj*1

p—1 -
Fy[G] =F, © (Fyn) 7 @ (Fp) " @2 (Fy) 7

J(p—1)2
pl (p
( ) pUHl_v

EB] 0 <]F f]+1> fj+1 @szl]__l (quv) fv

p2v+j71(p_1)2

2v—a—1 2
@ ®m2+1 v (R Fito @ @v 1 F )%
glit a= 0( qlv

e my _pm1—1
p2v % 1(p—1)2 P P

my—1 v—1 s — fmq
EB’UZWQ-FI @azv—mg—l (qu”) ® Mp (qu"”1>
p2m1—(1—2(p71)2

mlfl fml
@azmlfmz Mp (quml)

Proof. By following the same procedure as in Theorem (3.1, we will get that the
normal subgroups K such that £ N G # {e}, are as follows:
<z > <za> <z b > <z db > <z ab >,
1<i<p—-1,0<7 < mo,
<2 a> <z P a> 1<i<p—-1,1<v<m —1,
< 2P b >, <P 2" >, ged(k,p¥) = p?,
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max{0,v —my — 1} <a<v-1,1<v<m; —1,

<2’ b >, <t 2R > ged(k,pt) =1,1<j<mo+1—v,1<v<my,

< 2P @'t >, < 2P’ 2k’ > ged(k, p?) = p®, max{0,v—my—1} < a < v—1,

<o a'W >, < o dFab?’ >, ged(k, pt) = 1,
1<j<mo+1-v,1<0v<my,

<a? g g >, 0<i<p—1,0<j<my 1<v<mg—1,

<2’ 2 a, b >, 0<i<p—1, ged(k, p¥) = p*,
max{0,v —my — 1} <a<v—-1,1<v<m; —1,

<Pz g P > 0<i<p—1, ged(k, p) =1,
1<ji<me+1—9v,1<v<ms.

Out of the normal subgroups listed above, only following have cyclic quotient
with G:
<ma>, <z,b> <z,a,b> <z a b’ > 1<j<m,,
<zab?” >, 1<i<p—1,0<j<ma,
<2z e b>, 0<i,<p—1,1<v<my—1,
<2’ 2 a, b > 1<v<my—1,0<i<p—1, ged(k,p¥) = p®,
max{0,v —my — 1} <a <v-—1,
<Pz g > 0<i<p—1, ged(k, p) =1,
0<ji<me+1—0v,1<v<m;—1
Now, assume that X NG = {e}. In this case, if K = {e} or < 3’ >, 1 <
Jj < p—1,then Sg/x = ¢; if K = {y}, then Sg/x = {<b> /K, < b,z > /K};
if K =< 27y >, ged(j,p™) = p% mi —my < a < my — 1; then Sg/c =
{<a,27y> /K, <a,z,y> /K}.

Corresponding to these normal subgroups, o(Ax, D) and |R(A,x,D)| have
been given in Table 2.

Table 2:
K (D, Ax) o(Ax, D) | |R(Ax/D)|
<x,a,b> (G,G) 1 1
<za> (K,G) o1 | P
<z b> (K,G) S P
<z ab’ > (K, G) i pj_f—]jil
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<z adbt >1<i<p-—1 (K, G) fit1 p];j:p]
0<7<me
<2z e b>1<v<m;—1 (K,G) fo pv_jf:il)
0<i:<p—-1
<2 2?2t >, (K, G) fo L
0<i<p-1,ged(k,p") =p~
<zt x>, (K, G) fito p%
0<i<p—1 ged(k,p") =1,
I1<j<myg+1-uv,
1 <v<msy
<y> (<b><bx>)| fm ’M}Tp:"ﬂ
<aly >, ged(j,p™) = p*, (<a,27y >, fma o
m;—mo <a<m;—1 < a,x,y >)

Thus by using this table primitive central idempotents and Wedderburn de-

composition given in Theorem [3.2] can be easily obtained.

g

We have obtained the complete algebraic structure of F,[G] for m;,ms > 1.
In the following theorems, we have obtained the same for cases m; > 1,my = 1

and my, = 1,m2 > 1.

Theorem 3.3. Let G be a group defined above. For m; > 1,my = 1 the complete
algebraic structure of semisimple group algebra F[G] is given as follows:

Primitive Central Idempotents for m; > 1, m, = 1.

ec(G,G, < x,a,b>), C € R(G/ <z,a,b>);
ec(G,G, < x,a>), Ce€R(G/ <x,a>);
ec(G,G,<x,b>), CeR(G/ <z,b>);
ec(G,G, < x,a,bP >), C e R(G/ < x,a,b >);

ec(G,G, < z,a'b? >), C € R(G/ <xz,a'b’ >), 1<i<p-—1;

ec(G, G, < 2P a, b >), C € R(G/ < aP,a, 2P >), 1<i<p-—1;

ec(G, G, < 2P x'a, 270 >), C € R(G/ < 2P, xla, 7P >), 1<i,7<p—1;

ec(G, G, < 2P %" q, zIbP >), C eR(G/ < 2P g, 2P >),
0<i7<p—-1, 1<v<m —1;

(
(
(
(
ec(G,G, < z,a'b>), C € R(G/ <mz,a’b>), 1<i<p-—1;
(
(
(
(
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v— v—1

ec(G, G, < o 2 a, 27" b >), C e R(G/ < o, 2 a, 2 b >),
0<i<p—-1, ,1<j<p—-1 2<v<m —1;

ec(G,<bjx><b>), CeR(<bxr>/<b>);

ec(G < a,z,y > <a,z?" y>), CeR(<a,z,y>/<az?" y>),
1<:<p—1.

Wedderburn Decomposition for m; > 1, m, = 1.
p271 p3(p—1) p1)+27p1)+1
~ S5 — -1 Pt
Fq[G] =F, & (qul) ne (]qu?) e (Fq-f’“) e
pp=1) (" T1-p?) p™1(p—1)

oy (Fp) " oMy (Fymy) ™

Theorem 3.4. Let G be a group defined above. For m; = 1, my > 1 the complete
algebraic structure of semisimple group algebra F,[G] is given as follows:

Primitive Central Idempotents for m; = 1, m, > 1.

ec(G,G, < x,a,b>), C € R(G/ <z,a,b>);

ec(G,G, < x,a>), C € R(G/ <x,a>);

ec(G,G, < x,b>), CeR(G/ <x,b>);

ec(G,G, < x,a,b” >), CeR(G/ <z,a,b” >) 1< 5 < my;

eC(G,G,<x,aibpj >), C’E%(G/<x,aib”j >), 1<i<p—1,0<j<my;

ec(G,< bz > <b>), Ce€R(<bxr>/<b>);

ec(G < a,z,y >, < a,xy? >), CeR(<a,z,y>/<azy” >),
I<i<p—-1,0<7<me— 1.

Wedderburn Decomposition for m; = 1, my > 1.

pm2+17pm2 p]ipj—l

~ 2t CTmatt gm i
F[G) =F, & (F,r,) & @ (qum.z“) R < (Jqu]) ’

, -1) ,
D72, <quj+1> g M, (]qul) 71 @T:Qo_l M, (quj+1> .
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