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ALGORITHM FOR ENCODING N-ARY BLOCK CODES BY USING THE
HYPER FUNCTION

Samy M. Mostafa, Mokhtar A. Abd-Elnaby, Bayumy A. B. Youssef, and Hussein Aly Jad!

ABSTRACT. Block codes are one of the indispensable families of error-correcting
codes that are in control of encoding data in blocks. The encoding system com-
pleted by joining redundancy segments supplies to place errors produced in
the communication flows. Multiple endeavors have been fulfilled to combine
digital communication technology with logical algebras within algorithms al-
low converting algebras into block codes to be broadcasted through various
communication channels. In this paper, we introduce an algorithm depends
on forming a unique-identified hyper KU-algebra (X) of n-ary block code (G),
and encoding this code in the form of n-ary block code(Gx) by using hyper
KU-function.

1. INTRODUCTION

F.Marty [4] presented hyperstructures theory (multialgebras) in 1934. Abun-
dant applications of hyperstructures theory have been manipulated in various
sciences (theoretical and applied). S. M. Mostafa et al. suggested the approach
of hyperstructures to KU- algebras and presented a hyper KU-algebra concept
as an overview of a KU-algebra. Additionally, they investigated other associated
properties [11]]. Hashemi et al. investigated the connections between hyper
equality algebras and hyper K (BE, MV)-algebras [5].Borzooei et al. applied
hyperstructures theory to hoop-algebras and introduced the concept of (quasi)
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hyper hoop-algebra which is considered a generalization of hoop-algebra. They
also presented the concept of (weak) filters on hyper hoop-algebras [|6]. Xin
et al. showed a hyper BL-algebras that is the generalization of BL-algebras.
they contributed some properties of hyper BL-algebras and related examples.
Besides, they suggested weak deductive systems, weak filters, and hyper BL-
algebras [13]]. S. M. Mostafa et al. introduced the notions of soft PU-algebras, A
- soft new-ideals, («, A) - soft new-ideals and discuss various operations of these
concepts [|12].

Coding theory encompasses the discovery of numerous coding schemes to
grow errors number that can be corrected within the process of data transmis-
sion. The unique part of the processing performed to information to be trans-
ferred through a channel is error control coding. Coding theory concerns with
investigating error-control codes which allow increasing the trustworthiness of
data transmission through noisy communication channels. The process inaugu-
rates with information source and the encoding process transforms the source
into a sequence of alphabets denoted by a message [8]. Any structure present
in code production during the implementation of these processes will be greatly
beneficial. During producing a message by any source of data, it can be illus-
trated as a stream of symbols did,,...... from a fixed set G which is signified by
the source alphabet [[10]. In the following, we high spot on some applications
of algebraic structures in coding theory. Cristina Flaut investigated the associa-
tions between binary block-codes and Hilbert algebras. Moreover, she suggested
extra properties linked to Hilbert algebras [3]]. Atamewoue tsafack surdive et al.
declared the concept of hyper BCK-function with some properties related and
produced binary codes by the hyper BCK- function through an algorithm allows
constructing a hyper BCK-algebra from binary block code [2]. Samy m.mostafa
et al. presented the concept of KU-function with relevant properties and formed
binary code from KU- function [9]. Arsham Borumand Saeid et al. presented
an algorithm to generate BCK-algebra from n-ary block code [1]. In this paper,
we present an algorithm to create a unique- identified hyperstructure (hyper
KU-algebras X) for every n-ary block code G and encode this code in n-ary block
code (Gyx) by using the hyper KU-function.
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2. PRELIMINARIES

In this section, we present some of the earliest results related to hyper KU-
algebras and applications of logical algebraic structures in coding theory that
will be used in our work.

Definition 2.1. [[11] Let X be a non-empty set supplied with " o
operation on X such that o : X x X — P *(X) and a constant " 0". X is called a hyper
KU-algebra, If (X, o, 0) fulfills the next axioms: ¥V x, ¥, z € X,

(HKU1) (yoz) o (xo0z)< (xo0y),

(HKU2) x o0 0=0,

(HKU3) 6 0 x=x,

(HKU4) if x < y and y < x imply x=Y.

as a hyper

X < y is illustrated with 6 € y o x , and A< B is well-defined with Va € A, 3
b € Bs.t.

a < bV A, B C X. The operation < is called the hyper order in X . Besides,
we are sometimes indicate x o y instead x o {y}, {x} oy, or {x} o {y}.

Proposition 2.1. [[11] Let (X, o, 0) is a hyper KU-algebra, then we have the fol-
lowing axioms: Y x, y, 2 € X, and for any non-empty subsets A,B C H,

(1) ACB —+AKB,

2)000=0,

(3) 0 K x,

4) z < g,

(5) x o0z <K 3,

(6)Acl =0,

(7) 00 A=A,

(8) (0o0b)ox=x

P)x<K<y=yoz<Kxozg,

(10) zo0 (yox)=yo (z0ox),

(1) 0 <K A=0€A,

(12)ye(cox) =y <X

Definition 2.2. [7] A mapping A~: A — X is named with a KU-function on A.

Definition 2.3. [|7] A cut function of A~, for q € X is defined as a mapping A;~: A
—{0,1} such thatVx € A, A~ (x) =1 A~ (x) xq =0.
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Here, we show some results about generating KU-algebra from a given binary
block code.

Theorem 2.1. [7] Suppose a matrix M, is a lower triangular with m; = 1, Vi €
{1,2,...,n}, and Ixy....in ; ik,...,in € { 0,1 } is in V. Then, Through the following
notations

(DOxx=xxxx=0, VxeX,

C)xxy=0ify <x xyeX,

3 xxy =y, otherwise,

we have a set A with n elements, KU-algebra X, and KU-function f : A — X such
that f fixes V.

Theorem 2.2. [7)] Suppose V is a binary block code with number of codewords
n of length m, n # m, or a block-code with n codewords of length n such that
the codeword 1xi,...,Xin; Xio-..,Xin € {0,1} is not in V, or a block-code with n
codewords of length n such that the matrix M, is not lower triangular. Through
the previous notations, we have a number q > max {m,n}, a set A with m elements
and a KU-function f: A— Cg such that the acquired block code V ¢, holds the block
code V with 1s as a first digit in its codewords.

3. RESULTS

This section introduces the algorithm of encoding n-ary block codes by using
hyper KU-function.

3.1. First Stage: Generating a hyper KU-algebra of the n-ary block code. .
We generate a matrix Q € q.(j,) as hyper KU-algebra from a given n-ary block
code.

(1) Consider the finite set J ' ,= {1,2,...,n-1}.By descending ordered after
lexicographic order the n-ary codewords G = {d;,d,,...,ds} of length p,
p > n-2, Let di=dj1,diz,. . . ,dip, di € J ', j € {1,2,...,p}, with d;j ascend-
ing ordered such that digix < k, i € {1,2,...,s},k € {1,2,...,min {n-1,p},
, djj = 1 in the rest.
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(2) we build a matrix Q = (Vuw) uve012...,013 Q€ QG (J) ;t=s+p +
1, Q is the associated matrix with the n-ary code G = { d;,d,,...,ds}.
Therefore, we suppose that t = s + p + 1 and we define the following:

(

(Dvwo = 0,70y = v;u,v € {0,1,2,...,t — 1},
(2)vay = 0ifu > v,
3.1 (3)fors>u>1,s>v>1u<v, weconsider vy, = 1,
(4)fors >u>1,t—1>v > s, we consider
Yov = dis+j;s+J <1,
\(5)fors < u, we consider vy, = lifu < v.

(3) If we suppose Q € q.(J,) is the associated matrix to the n-ary block
code G={d;,d,,...,d;} defined onJ ", and J; = {0,1,2,...,t-1} is a non-
empty set, by using the previous notations (3.1]), we defined on J; the
multiplication operationio j = ;.

Theorem 3.1. (J,, o, 0) is a hyper KU-algebra with J, = {0,1,2,...,t-1} by using
the previous notations (3.1).

Proof. Conditions (HKU2), (HKU3) and (HKU4) from the definition of hyper
KU-algebra above are satisfied. Next, we prove the first condition (HKU1):

Goklo(iok)x (ioj), Vi, jke{0,1,2,...,t-1}.

1t case: j =0,k #0. (0Ook)o(iok) < (io0),since0ok ={0},io0 =
{i}, then we have the following condition {0} o (i o k) < {i} that is required to
be proved.

For i = 0, it is clear.

For k = 0, we get the following {0} o (i 0 0) < i = {i} o {0} <« {i}, then we
get {0} < {i}.

Fork #0,i > t-s, k < {1,2,...,p}, we have w; . < {i}, so that {0} o (i o k)
< {i}.

Fork # 0,1 > t-s, k > p+1, we have {0} o (i o k) <« {i}, ifi o k = 1, since {0}
0l<ptl<«n-1<«<{i},thenwehave {0}o(iok) ={0}ol < {i} = {1}«
{i}, if i o k = 0, we have {0} o 0 = {0} < {i}.

Fori <t-s,k <p+1, since wehaveiok =1, then {0} o (iok) = {0} o 1
= {1} < {i}.
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Fori <t-s,k>p + 1, since we haveiok =0, then {0} o (iok) = {0} 00
= {0} < {i}.

2™ case: k = 0, j # 0. The following condition {0} o (i o k) < {i} is satisfied
since we have {i o k} < {i}.

3 case: k # 0, j # 0. Now, we prove the following (HK1) (jok) o o k) <«
Goj,

Fori = 0, it is clear.

Supposei# 0, fori>t-s,j,k<t-s,j<k wehaven-1>iok>jok. so,
we have (jok) o (iok) ={1},andioj =1, itimplies that(jok) o (iok) =1
< (ioj) = 1. So, the relation is proved.

Fori>t-s,j,k <t-s,k <j. wehave (jok)o (iok) = 0. it implies that (j o
k) o iok) = {0} <« (io]j) = 1. So, the relation is proved.

Fori>t-s,j,k>t-s,j<k wehavejok =1&iok = 1. it implies that (j
ok)o(iok)=101={0} < (io]j). Also, We have,jok=0,iok=1andio]j
= 1. It implies that(jok) o iock) =001 = {1} <ioj= 1. or, you have jo k
=0& ok =0.Itimpliesthat (jok) o (iok) =000 = {0} < ioj. the relation
is proved.

Fori>t-s,j,k>t-s,k<jwehavejok =1&iok = 1. it implies that (j
ok)o(iok)=101={0} < (io]j). Also, Wehavejok=0&iok=1andi
oj=0. It implies that(jok) o iok) =001 = {1} <ioj= 0. or, you have j
ok=0&iok = 0. Itimplies that(jok) o iok) =000 = {0} < io]j. so,the
relation is proved.

Fori>t-s, k <t-s <j, ifiok =0, then the relation is proved. Also, ifi o
k=1,then jok)o(iok) =(ok)ol =01« (ioj).itimplies § o 1=0 for
B> 1sincek <j,then jok)o(iok)=0< (ioj). fori>ts,j<t-s <k we
have i o k = 1.if j o k = 1, then the relation is proved, and If j o k = O,we have
Gok)o(iok)=001={l}<ioj,sinceioj>1.

Fori<t-s,j,k<t-s,j<k,wehavejok =1&iok = 1. itimplies that (j
ok)o(iok)=101={0}<ioj.

Fori <t-s,j,k <t-s, k <j, we have the following:

Gok)o(iok)=101={0} <ioj=0.

Or, i o k = 0. each of them implies that the relation is proved.

Fori < ts,jk <ts,j<k wehavejok =0sincej<kandioj=1,i0k
= 0. By substituting in the relation (jok) o iok) =000 ={0} < (io0j) =1
implies {0} < 1.
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Fori <t-s,k <t-s<j,Wehave jok)o(iok)=101={0} < (ioj) = 1.if
i oj = 0, then the relation is proved.

Fori < t-s, j, k > t-s, j < k,we have i o k = 0, so that the relation is proved.

Fori <t-s,j, k > t-s,j >k, wehavejok=1,iok=0andioj=0, then we
have (jok) o (iok) =100 = {0} < (ioj) = 0. The relation is proved. O

3.2. Second Stage: Encoded n-ary block codes by using hyper KU-function.

Now, we illustrate constructing n-ary block code with codewords of length p
for every hyper KU-function.

Suppose that we have the following: Finite hyper KU-algebra (X,0,) with
number of elements (n), finite non-empty set (J) and J,={0,1,2,...,n-1} as a
finite set, where X={to,t1,....,th.1}, J={ag,a1,....,as1}, s <n. Themap g: J -+ X
is a hyper KU-function and the generalized cut function of gis g : J — Jy, tj €
X;g, (@) =ketogl@ =t, Vi, keX, a €J,1,j, ke {0,1,2,...,n-1}. Since
the objective is generating n-ary block code with codewords of length p for every
hyper KU-function g : J — X. Therefore, we suppose V t € X, the generalized
cut function g;: J — J,. For every generalized cut function, we construct the
following codeword d,, with digits belong to the set J, as the following : d; =
dody...,dsq,di=j,jetie g (@) =j;tog(a) =t

3.3. Elucidations.

(1) (X, o, 0) is a hyper KU-algebra since we acquired a hyper KU-algebra (
Ji , 0, 0) with J; = {0,1,2,...,t-1} over Theorem [3.1] and we consider X
={ap =0,a; = 1,....,a.1}, with the relation aj o a; = ax & ioj = k, for
i,j, ke {0,1,2,...,t-1}.

(2) (J, o, 0) is a unique identified hyper KU-algebras since it obtained over
Theorem 3.1} by using Q, that was a unique identified by G={d;,da,. . . ,ds}.

(3) Letg: J, — X, g) = a;, Jg = {0,1,2,...,q-1}, i € J;. we grant n-ary
block code (Gyx) that generated by hyper KU-function and encodes n-ary
block code G = {d;,d,,...,d} inside.

(4) Consider G is n-ary block code. From Theorem and elucidations
(1),(2) and (3), we can get a hyper KU-algebras X, such that n-ary block
code that generated by hyper KU-function(Gx) encodes G inside.

(5) Consider G is a block code with s codewords of length p. By using the
preceding elucidations, consider X is the associated hyper KU-algebra
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and Gx = {do,ds,...,d;} is the associated n-ary block code generated by
hyper KU-function that encodes the code G ={d;,d,,. ..,ds} inside.

(6) Let dy={x1,X2,...,Xq}, dy={y1,¥2,...¥q} € Gx. We define an order relation
<.on Gy as follow dy <. dy & y; <x;,Vie{1,2,...,q}.

(7) On X we define the following:

(fy} ifz=0,

roy=
(2)Z  otherwise.

where it gets a hyper KU-algebra structure.

3.4. Pseudo - Code algorithm for generating associated matrix Q (hyper
KU-algebra) of n-ary code G and encoded matrix Gy of G by using hyper
KU-function.

[ T S

Imput: array G = {dy.....ds}
. Initialization:
.Set 5 « len(G) .p—len(d). t(~) s + p + 1. O« 2D matrix of size (t X t).

- Q[t][t]=0

. 2% the creation of associated matrix O

RNV

10. forj=i+1—->p+1ilde

11. oGy =1

12. fori=p+1—->tde

13. forj=i+1—tdo

14. oQfjGy =1

15. converr input array af codes to c+— 2D matrix of size (s X p)
16. fori=1—p+ ldo

17. forj=s+1->tde

18. Q [i] [G] =cfi-1] [(i+3)-p]
19. 25 applvy Hyper KU-fimction

20, fori =range[x] = range[v] do
21 forj=1—=tdo

22, o157 =6, [i[]

23. Cuiput: Encoded Matrix G,,

range « J[xy]. G, + (t X range)

fori — tdo
Q9] =t

Qfija] =0
fori=1—-p+1de
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4. EXAMPLES

Example 1. Generate a hyper KU-algebra from the following n-ary block code and
encode this code by using the hyper KU-function: G={ 4555, 3345, 2334, 2223},
n=6p=4s=4t=9,t=s+p+1,Js =410, 1, 2, 3, 4, 5}.

First, we form the matrix Q of the n-ary block code G as follow:

4 8

(@]
—
o
(@
(@)
~3

oS O O O O H W
O O O O = =

O O O O o o o o
O O O O o o o o
O O O DO NN W
O O O = N W W Ot
O O = =N W R Ot

— = =W e Ot Ot

O O O O O o O =

e}

0 0

Second, f X={ap=0,a;=1,a,=2,a3 =3, a4 =4, a5 =5, a5 =6,a, =7,
ag = 8}, we have the corresponding hyper KU-algebra (X, o, 0) as follows, X equals
to

fla;|as|az|aq|as|ag|ay|ag

fla;|as|az|ag|as|ag|ay|ag
a; |0 60 |a;|a;|a;|ag|as|as|as
a, |0 60 |0 |a;|a;|az|as|ay|as
az | 0|60 |0 |0 |a;j|laz|as|az|ay
as |01 60|60 |60 |60 |ay|las|ay|as
a | 616|060 |60 |60 |a;|la;|a;
ag |00 |00 |60 |00 |a;|la
a1 0|60 |606]1606|606]66]|6]|60]|a
ag || 0|00 06]66]|6]|6]F¢6

Because of X = { ay, a;, ay, as, a4, as, as, ay, ag }, let J = {as, aq, a, ag}, the
function g:J—X given by
as ag a7y ag
5 6 7 8

We have the following codewords belong to the block code: In case of t = 0, we have
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do = 5678, t = a;, we have d,; = 4555, t = a,, we have d,, = 3345, t = az, we
have d,3 = 2334, t = a4, we have dy = 2223, t = a5, we have d,;5 = 0111, t =
as, we have d,g = 0011, t = a,, we have d,> = 0001, and t = ag, we have d,g =
0000. then, we have the following n-ary block code Gy = {5678,4555,3345,2334,
2223, 0111,0011,0001,0000%, as shown in Figure |1} such that n-ary block code

Gx encodes the given n-ary block code G.

4555

L]
5678
[ ]

0111

0011

0001

0000

3345
®

2334
L]

2223

FIGURE 1. Graph of Gy

Example 2. Generate a hyper KU-algebra from the following n-ary block code and
encode this code by using the hyper KU-function: G={ 2445, 2344, 1233, 1122},
n=6p=4s=4t=9,t=s+p+1,Js =10, 1, 2, 3, 4, 5}.

First, we form the matrix Q of the n-ary block code G as follow:

Q
Il
cCoocoocoo o oo

o O O O O o o o

O O O O O O O N

O O O O O O K W

O O O O O~ ok

O O O O = DN DN Ot

O OO~ N W RO

O O = =N W o R

O = = =N W R Ot
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Second, If X={ap=0,a; =1,a,=2,a3=3,a4=4,a5s =5,as =6, a, =7, ag
= 8}, we have the corresponding hyper KU-algebra (X, o, 0) as follows in the next
table X.

Ola;|as|az|aq|as|ag|ay|ag

fla;|as|az|ag|as|as|a,|ag
a; |0 0 |a;|a;|a;|ax|as|ay|as
a, |0 60 |0 |a;|a;|ax|as|ays|ay
az |00 |0 |0 |a;j|la;|as|az|as
as (0160|6006 |a;|a;|ax|as
a | 616|010 |60 |60 |a;|la;|a;
ag | 0|60 |00 60|60 |a;|a;
a1 0|60 |606]606|66]66]|6]|60]|a
ag || 0|00 06]606]|6]|6]F¢6

Because OfX = {aOJ ai, az, as, 44, As, de, A7, dg }; let J = {a5J Qe, az, a8}; the
function g:J—X given by
as Qae Qa7 ag
5 6 7 8

2445 2344 1233
° . .
5678 1122
L]

o111 *
0011 ®
0001

0000

FIGURE 2. Graph of Gy
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We have the following codewords belong to the block code : In case of t = 0, we
have dy = 5678, t = a;, we have d,; = 2445, t = a,, we have d,s = 2344, t = a3,
we have d,3 = 1233, t = a4, we have dy = 1122, t=as, we have d,;5s = 0111, t =
as, we have d,g = 0011, t = a,, we have d,; = 0001, and t = ag, we have d,g =
0000. then, we have the following n-ary block code Gy = {5678,2445,2344,1233,
1122, 0111,0011,0001,0000}, as shown in Figure 2] such that n-ary block code
Gxencodes the given n-ary block code G.
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