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CHARACTERIZATION OF THE SET OF INVOLUTORY ELEMENTS OF
(Zn,⊕n,�n)

C. Prameela Rani1 and M. Siva Parvathi

ABSTRACT. For a positive integer n, Zn = {0, 1, 2, . . . n− 1} is a ring of integers
modulo n. Let Iv denotes the set of all involuntary elements in Zn. In this
paper, characterization of Iv depending on the positive integer n is discussed
and the results are presented.

1. INTRODUCTION

Let Zn = {0, 1, 2, . . . n−1} where n is a positive integer, be a set of equivalence
class modulo n, the (Zn,⊕n) be an abelian group of order n, where ⊕n denotes
the addition modulo n. Let Iv denotes the set of all involuntary elements in Zn. It
is easy to see that Iv is a symmetric subset of the group(Zn,⊕n) and the (Iv,�n)
is a multiplicative subset of the semigroup (Z∗

n,�n), where Z∗
n = Zn − {0}, and

�n denotes multiplication modulo n. In this study we have followed Apostol [1]
for Number theory terminology. Venkata Anusha et al. [2] defined involutory
Cayley graph on the ring of integers modulo n and some basic properties are
studied. Motivated by this, in this paper, for various values of n, we have char-
acterized the set of involutory elements of Zn.
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2. INVOLUTORY SET OF (Zn,⊕n,�n)

Definition 2.1. Let ( Zn,⊕n,�n ) be a ring of integers modulo n. An element
m ∈ Zn such that m2 ≡ 1( mod n) is considered as an involutory element in Zn.
Then the set of involutory elements is denoted by Iv and therefore Iv = {m ∈ Zn :

m2 ≡ 1( mod n) }.

Lemma 2.1. If (Zn,⊕n,�n) is a ring of integers modulo n. Then the set Iv of
Involutory elements of (Zn,⊕n,�n) is symmetric.

Proof. Let Zn = {0, 1, 2, . . . , n − 1} be a ring of integers modulo n with respect
to ⊕n,�n. Suppose m ∈ Iv ⇒ m2 ≡ 1( mod n) ⇒ m2 − 1 is divisible by n, that
means m2 − 1 = nx, for some integer x.

Consider (n−m)2−1 = n2+m2−2mn−1 = n2−2mn+nx = n(n−2m+x) = n

(some integer). Therefore (n − m)2 − 1 is divisible by n hence (n − m) ∈ Iv.

Therefore Iv is symmetric. �

3. CHARACTERIZATION OF INVOLUTORY SET Iv OF (Zn,⊕n,�n)

In this section, the number of elements in the involutory set of the ring
(Zn,⊕n,�n) of integers modulo n is categorized for different values of n.

Theorem 3.1. If n = 2α, where α ≥ 3 and Iv is the set of involutory elements of
ring of integers modulo n, then |Iv| = 4.

Proof. Let Zn be the ring of integers modulo n and n = 2α, α ≥ 3. Then Zn =
{1, 2, 3, 22, . . . 23, . . . 2α−1, . . . 2α − 1 }. It is clear that 12 ≡ 1( mod n), it implies
1 ∈ Iv and n − 1 = 2α − 1 ∈ Iv. If m = 2α−1 − 1, then (m − 1)(m + 1) =

(2α−1−2)(2α−1) = 2α(2α−2−1), is divisible by n. It implies m2 ≡ 1( mod n) and
m = 2α−1 − 1 ∈ Iv. If m = 2α−1 + 1, then (m − 1)(m + 1) = (2α−1)(2α−1 + 2) =

2α(2α−2+1), is divisible by n. It implies m2 ≡ 1( mod n) and m = 2α−1+1 ∈ Iv.
For any other factor 2β, where β < α−1, neither 2β−1 nor 2β+1 is the involutary
element of Zn.

Therefore Iv = {1, 2α−1 − 1, 2α−1 + 1, n− 1} and hence |Iv| = 4. �

Theorem 3.2. If n = pα, where p is a prime and p 6= 2, α ≥ 1 and Iv is the set of
involutory elements of ring of integers modulo n then |Iv| = 2.
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Proof. Consider the set (Zn,⊕n,�n) the ring of integers modulo n. Let n = pα,

where p is a prime and p 6= 2, α ≥ 1. ThenZn = {0, 1, 2, . . . p, . . . p2, . . . pα − 1}.
Let Iv be the set of involutory elements of (Zn,⊕n,�n). Since 12 ≡ 1( mod n),

so that 1 ∈ Iv and also by symmetric property of involutory set of Zn, n − 1 =

pα − 1 ∈ Iv. Any other element m ∈ Zn is not an involutory element. For
m = p − 1, (m − 1)(m + 1) = p(p − 2) = p2 − 2p, it is not divisible by pα, so
m2 6≡ 1( mod n) and for m = p+ 1, (m− 1)(m+ 1) = p(p+ 2) = p2 + 2p, which
is not divisible by pα, so m2 6≡ 1( mod n).

Similarly for any other factor pβ, β < α, neither pβ − 1 nor pβ + 1 lies in Iv.
Therefore the set Iv contains only two elements 1 and n− 1. Hence |Iv| = 2. �

Theorem 3.3. If n = 2αpα1 where p is a prime and α ≥ 1 and Iv is the set of
involutory elements of ring of integers modulo n then

|Iv| =


2, ifα = 1,

4, ifα = 2,

8, ifα ≥ 3.

Proof. Consider the set (Zn,⊕n,�n), the ring of integers modulo n. Let Iv be the
set of involutory elements of (Zn,⊕n,�n).

Let n = 2αpα1 , p is a prime and α1 ≥ 1. Then there are three possible cases
arise.

Case 1: Suppose α = 1. Then n = 2pα1 , p is a prime, α1 ≥ 1 and the ring Zn=
{0, 1, 2, . . . p, . . . 2pα1−1 }. It is clear that 1 and n−1 are the involutory elements
of Zn, since 12 ≡ 1( mod n), 1 ∈ Iv and n − 1 = 2pα1 − 1 ∈ Iv. Also any other
factor pβ, β < α1, neither pβ − 1 nor pβ + 1 lies in Iv. Therefore |Iv| = 2.

Case 2: Suppose α = 2. Then n = 22pα1, p is a prime, α1 ≥ 1 and the
ring Zn = {0, 1, 2, . . . p, . . . 22pα1 − 1}. Clearly 1 and n − 1 are the involutory
elements of Zn, since 12 ≡ 1( mod n), 1 ∈ Iv and n − 1=22pα1 − 1 ∈ Iv. Also
for m = 2pα1 − 1, (m− 1)(m+ 1) = (pα1 − 2)2pα1 = 22pα1(pα1 − 1), it is divisible
by n. That means m2 − 1 is divisible by n. It implies m ∈ Iv. And for m =

2pα1 + 1, (m − 1)(m + 1) = 2pα1(2pα1 + 2) = 22pα1(pα1 + 1), it is divisible by n.
It implies m2 − 1 is divisible by n. Therefore m ∈ Iv. Then the set of involutory
elements Iv = {1, 2pα1 − 1, 2pα1 + 1, 22pα1 − 1} and therefore |Iv| = 4.

Case 3: Suppose α = 3. Then n = 23pα1 , p is a prime,α1 ≥ 1 and the ring Zn =

{0, 1, 2, . . . , 2pα1 , . . . 22pα1 , . . . .23pα1−1}. It is clear that 1, n−1 are the involutory
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elements of Zn, since 12 ≡ 1( mod n), 1 ∈ Iv and n− 1 = 23pα1 − 1 ∈ Iv.
If m = 2pα1−1, then (m−1)(m+1) = (2pα1−2)2pα1 = 4pα1(pα1−1) = 4pα1(2x),

for some positive integer x. Since pα1 − 1 is even. It implies (m − 1)(m + 1) =

23pα1(x). It is divisible by n. Therefore 2pα1−1 ∈ Iv and n−m = 23pα1−2pα1+1 ∈
Iv.

If m = 2pα1+1, then (m−1)(m+1) = (2pα1)(2pα1+2) = 4pα1(pα1+1)4pα1(2x),

for some positive integer x, since pα1 + 1 is even. It implies (m − 1)(m + 1) =

23pα1(x), it is divisible by n. Therefore 2pα1+1 ∈ Iv and n−m = 23pα1−2pα1−1 ∈
Iv.

If m = 22pα1 − 1, then (m − 1)(m + 1) = (22pα1 − 2)22pα1 = 23pα1(pα1 − 1), it
is divisible by n. Therefore 22pα1 − 1 ∈ Iv.

If m = 22pα1 +1, then (m−1)(m+1) = (22pα1)(22pα1 +2) = 23pα1(pα1 +1), it is
divisible by n. Therefore 22pα1 + 1 ∈ Iv. Hence the set of involutory elements of
Zn, Iv={1, 2pα1−1, 2pα1 +1, 22pα1 +1, 23pα1−2pα1−1, 23pα1−2pα1 +1, 23pα1−1}
and therefore |Iv| = 8.

Case 4: Suppose α > 3. Then n = 2αpα1 , p is a prime, α1 ≥ 1 and the ring
Zn = {0, 1, 2, . . . , 2αpα1 − 1}. It is clear that 1, n− 1 are the involutory elements
of Zn, since 12 ≡ 1( mod n), 1 ∈ Iv and n−1 = 2αpα1−1 ∈ Iv. Then the number
of distinct partitions of {2α−1, 2, pα1} is 3 and in each partition, there exist two
involutory elements. Hence the total number of involutory elements is 8. �

Theorem 3.4. If n = pα1
1 · pα2

2 · pα3
3 · · · · · p

αk
k where each pi is a prime number

and α1, α2, . . . , αk ≥ 1 and Iv is the set of involutory elements of ring of integers
modulo n, then |Iv| = 2k.

Proof. Consider the set (Zn,⊕n,�n) the ring of integers modulo n. Let Iv be
the set of involutory elements of Zn. Let n = pα1

1 .p
α2
2 .p

α3
3 . . . .pαkk where each

pi is a prime number and α1, α2 . . . , αk ≥ 1. Consider any two random par-
titions on distinct prime powers of n, let P1 = {pα1

1 , p
α2
2 , . . . , p

αi
i } and P2 =

{pαi+1

i+1 , p
αi+2

i+2 , . . . p
αk
k } and P1 ∩ P2 = φ. Then there exist two positive integers

x and y such that |(pα1
1 .p

α2
2 · · · · · p

αi
i )x − (p

αi+1

i+1 · p
αi+2

i+2 . . . . .p
αk
k )y| = 2, where

1 ≤ x ≤ p
αi+1

i+1 .p
αi+2

i+2 . . . . .p
αk
k and 1 ≤ y ≤ pα1

1 .p
α2
2 . . . . .p

αi
i .

If m =
(p
α1
1 ·pα22 ·····pαii )x−(p

αi+1
i+1 ·p

αi+2
i+2 ·····pαkk )y

2
then
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(m− 1)(m+ 1) = (pα1
1 · pα2

2 · · · · · p
αi
i )x · (pαi+1

i+1 · p
αi+2

i+2 · · · · · p
αk
k )y

= (pα1
1 · pα2

2 · pα3
3 · · · · · p

αk
k )xy.

It is divisible by n. Therefore m2 ≡ 1( mod n) andm ∈ Iv andn − m ∈ Iv.

From each partition, we get two involutory elements and the number of distinct
random partition of these k prime powers of n is(
k
1

)
+
(
k
2

)
+
(
k
3

)
+ · · ·+

(
k
k−1

)
2

=

(
k
0

)
+
(
k
1

)
+
(
k
2

)
+ · · ·+

(
k
k

)
−
(
k
0

)
−
(
k
k

)
2

=
2k − 2

2
.

From all the possible partitions, there exists 2
(2k − 2

2

)
= 2k − 2 involutory

elements of Zn. Since for any n, 1 and n− 1 ∈ Iv. Therefore the total number of
elements in Iv is 2k − 2 + 2 = 2k. �

Theorem 3.5. If n = 2α · pα1
1 · pα2

2 · . . . p
αk
k where pi is a prime and αi ≥ 1, ∀i and

Iv is the set of involutory elements of ring of integers modulo n then

|Iv| =


2k, if α = 1,

2k+1, if α = 2,

2k+2, if α ≥ 3.

Proof. Consider the ring of integers modulo n and n = 2α.pα1
1 · pα2

2 · . . . p
αk
k where

each pi is a prime and αi ≥ 1,∀i Then there are three possible cases arise.
Case 1: Suppose α = 1. Then n = 2α.pα1

1 .p
α2
2 . . . . p

αk
k . Consider two partitions

as {2} and {pα1
1 .p

α2
2 . . . . p

αk
k } on the prime powers of n. Since each pi is odd,

neither (pα1
1 .p

α2
2 . . . . p

αk
k ) − 2 nor (pα1

1 .p
α2
2 . . . . p

αk
k ) + 2 is divisible by 2. With this

reason, no involutory elements exists. So we consider 2pαii for any i, as a sin-
gle number. Now we have (2pαii .p

α1
1 .p

α2
2 , . . . , p

αi−1
i−1 .p

αi+1
i+1 , . . . , p

αk
k ) are k distinct

factors of n. By the Theorem 3.4, the number of elements in Iv is 2k.
Case 2: Suppose α = 2. Then n = 22 · pα1

1 · pα2
2 · · · · · p

αk
k . Now we have

22 · pαii p
α1
1 · pα2

2 · · · · · p
αk
k are k + 1 distinct factors of n. By the Theorem 3.4, the

number of elements in Iv is 2k+1.

Case 3: Suppose α ≥ 3. Then n = 2α.pα1
1 .p

α2
2 . . . . p

αk
k . Now the k + 2 numbers,

2α−1, 2.pα1
1 , p

α2
2 . . . . p

αk
k are distinct factors of n. By the Theorem 3.4, |Iv| = 2k+2.

�
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