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THE COEFFICIENTS OF THE SKEW DISTANCE CHARACTERISTIC
POLYNOMIAL OF A DIRECTED PATH WITH DEGENERATE ORIENTATION

M. Dhanasekaran! and A. Wilson Baskar

ABSTRACT. A directed graph G? is a finite simple undirected graph G with
an orientation ¢, which assigns to each edge a direction so that G® becomes
a directed graph. G is called the underlying graph of G¢ and we denote by
SD(G?), the Skew-Distance matrix of G?. The eigen values A;, \a, ..., \, of
the SD(G?) are said to be the skew distance eigen values or the SD-Eigen
values of G®. The Skew Distance Energy, Esp(G?) = Y1, |\; — A|, where

A = [AfAebetAn] In this paper, the coefficients of the skew distance char-
acteristic polynomial of a directed path P, with degenerate orientation ¥ is

obtained from the skew distance matrix SD(P)Y).

1. INTRODUCTION

Let G be a finite simple connected graph with n vertices and m edges. Let G¢
be a graph with an orientation ¢, which assigns to each edge of G a direction so
that G® becomes a directed graph. The skew adjacency matrix of the directed
graph G? is the n x n matrix, S(G?) = (S,;), where S;; = 1 = —S;; if v; — v, is
an arc of G?, otherwise S,; = S;; = 0.

Let dfj be the distance between the vertices v; and v; in G?. The Skew Distance
Matrix (SD-matrix) of G¢, SD(G?) = (Sd;;) is real skew symmetric matrix,
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where
¢ Y 1) b
& ifdl < df,
Sdi; = —d?i if df} > d?i
0 if no path between v; and v,
and Sdz] = —Sdﬂ

Suppose there is only one path from v; to v; or v; to v;, then Sd;; = df; or
_ ¢
In this paper we find the coefficients of the skew distance characteristic poly-
nomial of a directed path with degenerate orientation W.

2. THE COEFFICIENTS OF THE SKEW DISTANCE CHARACTERISTIC POLYNOMIAL OF
THE PATH F,, WITH DEGENERATE ORIENTATION

Definition 2.1. [1|] Let G(V, E) be a bipartite graph with bi-partition (X,Y). An
orientation is said to be canonical if it orients all the edges from one partition set
to the other. It is immaterial if it is from X to Y or from Y to X.From this point
onwards, o stands for the canonical orientation with respect to a bipartite graph G
with a fixed bi-partition (X,Y).

Theorem 2.1. [1] Let P,° be the path on n vertices with the canonical orientation
o andlet P[SD(P,%); x| = Coz" + c12™ 4+ Cox™ 2+ -+ Cya™ ' +- - -+ C,, be the
characteristic polynomial of SD(P,?). Then (i) Cy = 1, (i) C, =0, (iii) C; =0,V

n—1
7

Definition 2.2. [|I] Let G be a finite simple connected graph with n vertices and m

odd i, (iv) C,, = 1V even n > 2, and (v) Cy; = the coefficient of z"~*' =

edges. An orientation is said to be a reachable orientation in P, if all the edges
in P, are in one direction. An orientation is said to be a reachable orientation in G
if any two vertices in G has at least one path with reachable orientation. Reachable
orientation is denoted by R.

Theorem 2.2. [1] Let P® be the path on n-vertices with the reachable orientation
R. Then its skew distance characteristic polynomial is
2 2
—1
n (n )xn—Q

Ry, )
P[SD(P,");z] = 2™ + B

Vn > 2.
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Definition 2.3. [1] An orientation in P, is said to be degenerate if it is neither
reachable nor canonical in P, and is denoted by V.

Notation 2.1. [1] U, ,, represents the degenerate orientation on the path P in
which the first segment n, edges of P has one direction and the second segment ns
edges of P has an opposite direction to the direction of the edges in the first segment
of P.

Notation 2.2. [1]]

. Upin . .
(i) P, """ represents the path on n = (n;+1)-+ny vertices with the degenerate
orientation W, ,,.
(i) PY»—1 = PR,

U111, 1(ntimes) __ po
(i) P, =Pl

Theorem 2.3. [1] Let P,;IJ "1'"2 be a path on n-vertices with the degenerate orien-
tation W in which the i"(i = 1,2) segment of P, has n;(i = 1,2) edges and all the
edges in the i'" segment are in one direction. Then

P[SD(Py""2); 2]

_ gt [+ 1% (m +2) 4 Talna+ D?(n2 +2) ] igny
12 12
[n%(n% —1)n3(n3-1) N n3(n? — 1) ny(ny +1)(2ny + 1)
12 12 12 6
ny(n3 — 1) ni(ny +1)(2ny + 1)]xn1+n2—3
12 ’

foralln = (ny+1)+ny > 4.
Corollary 2.1. []1]

P[SD(P)™"); 2] = & P[SD(Py""™"); ]

n—1
—1)(2ny — 1
e m =) e plsD(R! )i
+ny%a" P[SD(PY ),

where n = (ny + 1) + no.
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Theorem 2.4. [|1] Let P\IInl "2k be the path onm = (ny + 1) +ng + -+ + ny
vertices with degenerate orientation ¥, ,, . . Then
‘Iln N2% TN n M1,MY ey n
PISD(P, ™" ™ ); o] = P[SD(P, n1+1§+n2i )5 @
‘I}n Ny yunny n 1
=zP[SD(P, m}H)QWj T ;]
nk(nk — 1)(2nk - 1) D n1,M9,..., ng_1
+ 6 b 2P[SD( (n1+1)2+n2-]|€- g 1) x]
n 1 MY,MY e,y ng._ 1
+nk xh P[SD( n1+1)+n2j— 1+nk 1— 1) x],
forall n > 4.
Corollary 2.2. [[1] If ny = ng = --- = ng = 1, then P[SD( (n1i1§+n2i n )i T =
PISD( k—i—l) .

Theorem 2.5. Let C, be the coefficient of z"~" in P[SD(PY); z] = Coz"+Ciz" '+
Cox™ 2+ .. + Ca™ " + -+ C,, V¥ is a degenerate orientation in P,. Then for
r>1landk > 2,

3 WUining,..., n \I’n nog,..., n
Co in P[SD(P, v )5 @] = Corin PISD(P,, V0 0 ) 2]

nkQ(nkQ — 1)

\I/n MY ,eny n
12 021" 2 in P[SD( (n1—1‘,-1)2+n2—]l€- 1+nk 1) :U]
nk(nk+1(2nk+ )) N1,MY,.ney np._1—1
6 CQr 2 in P[SD< (n1<1‘r1)2+’n2‘]:’ 1+nk 1— 1) x]’

wheren = (ng + 1) +ng + -+ + ny.

Proof. Let P[SD(P, plrnzek ),

i ety )i @] Deapathonn = (g +1) +ng + - +mny

vertices with degenerate orientation VU, ,,, ... Then,
Cy in P[SD(P, plmre ); ]
2r (n1+1) +n2+ +7’Lk ’
pUnina.
= the coefficient of 2"~ in P[SD(P, "\ 13/t +nk) z]

(
= the coefficient of "> "' in P[SD(P, rangemt 2]

(n1+1)+no+-+nk—1

the coefficient of """+~ 2

. Uny g, M (k—1) .
mn P[SD(P(n1+1)+n2+"'j‘n(k—l)>’ .CU:|

\I}n n n 1
2 - —np—2r+1 2,
+ n;, the coefficient of 2™ > in P[SD( (n11+1)+n2+(k fn(k e Vs ], [
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2r—2 : \I/n Ry ng—2
= the coefficient of "~ in P[SD(P,"\ 31, "t Mk 2); ]

+ [1 +27 4+ 4 (g — 2) ] Cor— in P[SD( n1+1)+n2+ in(k 1)) x}

\I/nl ng
(k—1)
+n(k 1) CQT 2 in P[SD< (n1+1)+no+- +n<k n— 1) }

2 2 Ynyng, oM (k—-1) .
+ [1 +27 4 <nk - 1> ] C2T 2 in P[SD< (n1+1)+n2+- j—n(k 1>) }

"7'1 ng,: n(k 1)~ 1
+nj, Cyry in P[SD< (n1+1)+Fnz+4ng_1)— i ]
Continuing in this way, we get
Cyy in P[SD(PL"72 ™ ) g
2r (n1+1)+n2+ A+,

= the coefficient of 2"~ in P[SD( (\Z?ﬁf k)i ]

= the coefficient of z" >~ in P[SD( (n?ir;;rn;ﬁk fn(k 1)>' ]
H[PH @24 (1P 224+ (= 1)7)] Cor

in P[SD(P, por ey ); ]

n1+1)+n2+ N (k—1)
. Uoin n 1
+ (12 + 22 + -+ nk> Cor 5 in P[SD(P(m}H)QJrnzfrk J1r)n(k 1~ 1) l‘]
Unyng, - nge_y) .
=Cy, In P[SD( (n1+1)+n2+ g 1)) :r]

+ ni(nz ) C in P[SD( Ynyng, DM (k—1) ) ]
12 2r—2 (n1+1)+n2+ Angp_1) xr

6

\I/nl no, n(k:—l)_l

Cy—2 in P[SD( n1+1)+n2+~~+n(k71)—1>; IE}

Hence the proof. O

‘11”1 n2, Nk

Theorem 2.6. Let P [SD(Py 57t )i o] = Co ™+ Cy ™ + Gy an ™2 4
-+ C,, where n. = (ny + 1) + ng + - - - + ny. Then
ni(ni+1)2(n;+2 k nnfl nn112n11
(1)02 Zzl (+1)2(+):Zi1 +Zzl = -

= Zl§i<j<k Sdfy
.. n2(n2—1) n?(n?—1 —1) n;(n;+1)(2n;+1)
(i) Cy = Zl§i<]§k 3 12 + Z 7] 1 6

ni(n;+1)(2n;+1) n; (n +1)(2n +1)
+Z 1<i<j<k ( ()S( ) nj(n; 5 J ;
9<j—i<k—1

(ii)) Co(41y = 0 and hence Cy; = 0 for all i > k + 1.
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Proof. (i) We use induction on the number of segments in P,. When the number
of segments in P, = 2. Let n; and ny be the length of the first and second
segments of P, and P,i Y, Thenng +1+ny =n. As

‘I/nl ng ny,ng
|:S‘D( n1+1+n2). ] =T P |:S‘D( n1+1+n21 1) Ii|
— (21, —
+n2(n2 )( Na
6
+ny 2™t P [SD(P,;DI"rl); x] :

U gm-2 p[sD(PY); o

and C, = the coefficient of 2”2 in P[SD( iﬂﬁnz)- z]. By Theorem [2.5|

Cy in PISD(P2,); a = Gy in PISD(PL); 4]

n3(n3 — 1)
12
ng(ng + 1)(2712 —|— )

Co in P [SD( Pum); x]

Cy in P[SD( e N x}

2 2
ni(n; + 1)%(n; + 2) n2(n? —1)  ni(n; +1)(2n; + 1)
C2=) 12 =2 12 6

i=1 =1

Therefore the result (i) is true for the number of segments in P, = 2.

Assume that the result (i) is true for the number of segments in P, = k—1, i.e,
_ . . 2(0. o\ o
Cy =01 W Then prove that the result (i) is true for the number

=1
of segments in P, = k, i.e, to prove Cy = Ef:l _ni(ni+11)22(m+2)‘

Let P,:Dlyjjl’fm "+, be the degenerate oriented path on ny +1+ny+---+n =n
vertices. Letn;(i = 1,2, --- , k) be the length of the i** segment of the above path.
Then, by Theorem

pYmnzn
CQ C'2 in P[SD( n1+11+2n2+ k+1nk 1) JJ]
202
ni(n ‘I’n ng,n
+M Co in P[SD( n1-i}1+2n2+ k+1nk 1)' l’]

12
ng(ng + 1)(2nk +1)

ni,n ,n 1
C Zn P[SD( nl-‘rll-‘rzng-f— k-ljrlk 1—1) CB]

_i nl—l—l (n; +2) _i n?(n? —1) +ni(ni+1)(2ni+1)
= = 12 6
Thus, the result (i) is true for the number of segments in P, = k, which com-

pletes the induction and hence the proof (i).
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(iii) We use induction on the number of segments in P,. When the number of
segments in P, = 1, all the edges are in one direction. Then by Theorem 2.2 [1]],

PISD(PY™ )sa] = PISD(P 1)) = a4 Bt g, Therefore,
Cy = the coefficient of 2" * in P[SD(P);z] =0
i.e, Cy141) = 0 and hence by Theorem 2.5, Cs = Cs = --- = 0.

Therefore Cy; = 0 forall ¢ > k + 1.
(2.1) Therefore the result (iii) is true for the number of segments in P, = 1.

. Yoy :
When the number of segments in P, = 2, let P, "!{"?,  be the degenerate oriented
path on n vertices with two segments.
Then by Theorem

Cy211) = Cp = the coefficient of 2"~ % in P[SD( mi‘;l’fnz)- z] = 0 (as in 2.1))).

Therefore the result (iii) is true for the number of segments in P, = 2. Assume
that the result (iii) is true for the number of segments in P, = r, i.e, Cy(41) = 0
and Cy; =0 forall: > r+1. Then prove that the result (iii) is true for the num-
ber of segments in P, = r+1, i.e, to prove Cy(,19) = 0 and Cy; = O foralli > r+
2, Co((r+1)+1) = Cara = the coefficient of z"~**4) in P[SD(P, Py Sy .
By Theorem (2.5} Cy(,12) in P[SD(P, i"i;’f ot iy, )i @] = 0, and hence Cy; =
0 foralli > r+ 2, (since by induction hypothesis).

This completes the induction and hence the proof.

Proof of (ii)
C, = the coefficient of " * in P[SD(Pf B N

n3(n3 —

1
5 ) ¢y in P[SD(P)"); 2]

— Cyin P[SD(P, ") 7] +

Ll £ D@D o prgp(pYa: .

6
Therefore,
o — n3(n? —1) n3(n3—1) N n3(n? —1) ny(ny +1)(2ny + 1)
4 12 12 12 6
na(n2 —1) ny(ny +1)(2ny + 1)
12 '

Hence the claim.
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To prove the result (ii) of Theorem we use induction on the number of
. . \I/n no,n
segments in P,. When the number of segments in P, = 3, let P, """ =

\Ijnl sn2,n3
Pn1+1+n2+n3 be,

\I,n n n
04 ln P[SD( nl-l—ll-l—QnQ?il—ng) x]

—Cyin P[SD(PY"2, ) x] + % Cyin P[SD(P,}{"2,,); 2]

nalts O L) ¢, in PLSD(RY L))

6
n?(nl — 1) nj(n3—1) nin3—1) nj(ni—1) nini—1) ni(ni—1)
12 12 12 12 12 12
ni(n? —1) N n3(n3 — 1)\ nz(ns+1)(2ns + 1)
12 12 6
na(nz —1) ni(n3—1)\ ni(ng+1)(2n; +1)
12 12 6
WA= 1) | w0 = 1)) nalns +1)(2ns + 1)
12 12 6
nl(nl + 1)(2%1 —I— 1) TL3(TL3 —I— 1)(2713 + ].)
6 6
Therefore,

n2(n? —1) 2(n? —1) nd(n? —1) ny(n; + 1)(2n; +1)

Ci= >, 12 jlj2 +Z 12 6

1<i<j<3 i,5=1
i#]
ni(ny +1)(2ny + 1) nz(nz +1)(2ng + 1)
6 6 '

Therefore, the result (ii) is true for the number of segments in P, = 3. Assume
that the result (ii) is true for the number of segments in P, =r, i.e,

n(n? —1) nj(n; —1) ~ n?(n? —1) nj(n; +1)(2n; + 1)

Ci= 2, 12 12 +; 12 6

1<i<j<r ;
i#]

(n; +1)(2n; + 1) nj(n; +1)(2n,; + 1).

n;
Y ; g
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Then prove that the result (ii) is true for the number of segments in P, = r+1.
Now,

Cy = the coefficient of 2"~* in P[SD( mrfﬁl’fnz' )]

lIln mn
== 04 1n P[S‘D( n1+11+2n2+ +nr) x]

n n
r+1( T+1 )C 1]‘1 P[SD( T:I?_LﬁlranJ,-"r-&-nr).x]

12
ny 1(nr 1+1)(2nr 1+ ) ‘lln Ny, g —

e G * Cyin P[SD(P, " i e, —1)i 7]
Ly mlw o) mes o) s i = 1)yl £ DGy D)
L 12 12 pa 12 6

1<i<j<r+1 i,j=1

i#£j

+ Z 6 6 ’

1<i<j<r+l
2< 53— <r

Therefore the result (ii) is true when the number of segments in P, = r+1, which

completes the induction and hence the proof. O
Theorem 2.7. Let P[SD(F) "% " +m) z] = Coa" + Cra" ' 4.+ Cra™ " +

.+ C,, wheren = (n; + 1) +ns + ...+ n,.. Then

67— 23— Z 12 12 12

1<i<j<k<t

A 12 12 6
i#jFk=1
1<i<j<k<t
n ni(ni +1)(2n; + 1) nj(n; — 1)2(nj — 2)ng(ng + 1)(2ng + 1)
Z 6 12 6
1<i<j<k<t

1,7,k consecutive integers

_.I_
6 12 6
i£k#£j=1
2<(k-1)<(t-1)
ni(n; +1)(2n; + 1) nj(n; + 1)(2n; + 1) ng(ng + 1)(2ny, + 1)
LD 7
o 6 6 6
1<i<j<k<t

2<(j—1), k—j<(t-3)
forallt > 5.
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Proof. To prove the theorem, we use induction on the number of segments in P,,.
Taking the number of segments in P, = 5, and using Theorem and Theorem
[2.6] we arrive at the required result. O

Theorem 2.8. Let P[SD(P," 3w, );a] = Coa" + Cham ' 44 Coa™ 7 +

-+ C,, where (n1+1)+n2+ +n,=nand 1<t <n-—2. Then,

7/)n1 ng,-
Cy in P[SD(P, (n1+1)+n2+ +m) x|
= A D IO G 4 et
1<i<j<k<t 12 12 12
+ Zt nz(nl+1)(2nz+l) (n —1) o nZ(n2—1)
iAj A th=1 12 12
4 Z 1<i<t2 ni(ni+1)(2ni+1) nigy1(nig1—1)%(nig1-2)
A 6 12
1<g, k<t
A Fi 2 A A
nit+2(nita+1)(2nipo+1) P (n _1) .. nj(ng—1)
6 12 12
+ 3 i<ici—2 & (ni+1)(2ni+1) niga(nigatl)(nizot1) F(3-1)  n2(n2-1)
==t 6 6 12 12
.7" o »k#2+1
+4 20 1<i<t—3 ni(ni+1)(2ni+1) 12 (01— 1) nia(nize—1)%(nira—2)
==t 6 12 12
1<g, k<t
oo kA4 i+1,04+2,i4-3
nits(nigys+1l)(2nips+1) n3(n3-1) . np(ng-1)
6 12 12
+ Z L<i<t_3 n;(ni+1)(2n;+1) nip1(nig1—1)2(n11-2) nipo(nipo—1)(2ni42—1)
S 6 12 6
iFi+1#£#j#k
nits(nipst1)(2nis+1) 5051 ni(ni-1)
6 12 12
+ Z i n;(ni+1)(2n;+1) nit3(niy3+1)(2n;43+1) (n -1) o ni(ni—l)
11<—]?—t22t 6 6 12 12

J,k=i+1 (or) i+2

ni(ni+1)(2n;+1) ”12+1(”12+1_1) 7%2+2(”12+2_1) ni+3(nit3—1)2(niy3—2)

+ < > i<i<i—a
1§_j7: k<t 6 12 12 12
Nita(nipa+1)(2n;4a+1) 1 (” *1) . ni(ni—l)
6 12 12

2 2
ni (ni+1)(2ni+1) i1 (071 —1) niyo(nige—1)(nige—2
Z I<i<tt i(ni ()5( it1) Mty 112+1 i+2(Nit2 12) (nit2—2)
1<g, k<t
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2,2
nit3(nips—1)(2niss—1) nipa(nipat1)(nipa+1) 75050 ni(ng-1)
6 6 12 12
n;(ni+1)(2n;+1) n; nit1—1)2(nsp1—2) ng niy2—1)(2n;42—1
+ Z 1§i§t74 z( 7 é( 7 ) 7,+1( i+1 12) ( i+1 ) z+2( 142 6)( 142 )
Nit3(Mit3—1)(2ni43—1) Niya(nipa+1)(2nipa+1) 75075 . ng(ng—1)
6 6 12 12
20,2
) ni(ni+1)(2ni+1) niya(nipa+1)(2niga+1) 5 (n5—1) nZ(nZ—1)
+20 1sise 6 6 12 T 12 +o

Jyeeek takes any
two values of
i+1,i4+2,i+3

+ Z ni(ni+1)(2ni+1) 13 (07— nds(nd,_5—1)
1<i<t—(r—1) 6 12 12

Ritr—2(nitr—2—1)2(Ritr—2—2) nigr—1(Rigr—1+1)(2niyr—_1+1)
12 6

+ Z ni(ni+1)2n+1) P2 (0P D i s(nigr—3—1)2(Riyr_3—2)
1<i<t—(r—1) 6 12 12

Nitr—2(Mitr—2=1)(2ni4r—2=1) Nigr—1(Ritr—1+1)(2nitr—_1+1) 4o
6 6

+ 3 ni(ni+1)(2ni+1) nip1(nig1—1)2(nig1—2) nipa(nie—1)(2ni2—1)
1<i<t—(r—1) 6 12 6

Nitr—2(Nitr—2=1)(2ni4r—2=1) Nigr—1(Ritr—1+1)(2nitr—1+1)
6 6

+ Z ni(ni+D(2ni+1)  Rigr—1(Rigr—1+1D) (2Rigr—1+1)
1<i<t—(r—1) 6 6
P T Y
12 12

where j, k takes any r - 3 values from i+ 1,--- ;i +7r — 2

+ < Similar terms involving three "Gt s (1 < j < 1),

n;(n;+1)(2n;+1) j (nj+1)(2nj+1) ng(ng+1)(2ng+1)
6

namely 5 , , G ,

suchthat1<i<j<k<tand2<j—ik—j<t—3,

and the remaining (r - 3) elements from 1)

. ni(n;—1)2(n;—2
D (1§Z§t>, J(Jl)Q(J )

(2<j<t—2)and MU=REUERE < p <t —1) 0+
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ni(m+1)(2n¢+1) ’

+ < Terms involving (r - 1) : s(1 < i < t)and one element from

29 <j<t—1)or BN < k<)

ni(n;+1)(2n;+1 n;(n;+1)(2n;+1) n(ne+1)(2n,+1
+ 5 lcicjer<t i(ni é( it L ni(ny el ( g( )

each summation contains product of r terms.
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