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HOMODERIVATIONS OF o—PRIME I' -RINGS
SH.K. SAID HUSAIN! AND K.K. DEY

ABSTRACT. Let M be a sigma-prime Gamma-ring with an additive mapping o :
M — M is called an involution on M. Let h be a homoderivation on M where
h is also an additive mapping h : M — M. In this paper, the commutativity
properties of M admitting a homoderivation satisfying ho = oh are proven.

1. INTRODUCTION

In this paper, M represents as a I'—ring with center of Z(M) and for any a € M,
if 2a = 0 implies a = 0 then M is called 2-torsion free [10]. The commutator
and anticommutator of M are defined as for any z,y € M and « € I such that
[, y]la = ray — yax and (z,y), = ray + yax, respectively. An additive mapping
o is said to be an involution on M if 0 : M — M satisfies these two conditions:
o(zay) = o(y)ac(z) and o(o(x)) = x [10]; and such M will be called as a 0 —
I'—ring. The set S,(M) = {x € M|o(z) = +x} is called the set of symmetric and
skew symmetric elements of M and suppose I C M such that ¢(/) = [ then an
ideal I of M is said to be a o—ideal [5].

Definition 1.1. Let M be a o — I'—ring. M is called a o—prime if xT'MTy = 0 =
xI'MTo(y) (or aIT'MT'y = 0 = o(x)[MT'y) implies v =0 or y =0, for all z,y € M.
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In general, from Definition 1.1, we conclude that every prime o — I'—ring is
o—prime but the converse is not true. However, if M is a o—prime I'—ring such
that for all z € M and 2I’MT'z = 0, then «I'"'MT'2I'c(z) = 0.Since M is o—prime, it
implies that x = 0 or zI'MT'o(z) = 0. Now, if zI'MT'o(z) = 0, then xI'MTz =0 =
2I'MTo(x) implies x = 0, by M is o—prime. Therefore, every o —prime I'—ring is
a semiprime ['—ring [6-8].

Works on homoderivations have been done by Melaibari et. al [2], Al-Kenani et.
al [1] and Boua [3] in the cases of prime rings, 3-prime near-rings and x—prime
rings, respectively. They used the concept of homoderivation on ring which was
introduced by El Sofy Aly [4]. In this paper, we extend the work to commutativity
of sigma-prime Gamma-ring.

Definition 1.2. Let M be a o—prime I'—ring and h be an additive mapping h :
M — M. Forall z,y € M and « € T, then h is called a homoderivation on M if
h(zay) = h(z)ah(y) + h(z)ay + zah(y).

As example, let h(z) = g(z) — x for all x € M where ¢ is an endomorphism on
M. A mapping f : M — M is centralizing on S where S C M, if [z, f(2)], € Z(M)
forallz € Sand a € T". If f(S) C S and for each = € S, there exists a positive
integer n(x) > 1 such that f*@)(z) = 0, then f is called zero-power valued on S.

2. SIGMA-PRIME GAMMA-RING

This section begin with the following lemma.

Lemma 2.1. Let M be a c—prime I'—ring and I be a nongzero o—ideal of M. For all
z,y € M, if 2I'[Ty = 0 = z'ITo(y) (or 2I'IT'y = 0 = o(z)['ITy), then x = 0 or
y = 0.

Proof. Let a,b € M. Suppose a # 0, there exists some x € [ and a € I' such
that aax # 0. Indeed, otherwise al'MT'z = 0 and al'MTo(xz) = 0 for all z € I,
therefore « = 0. Since «I'I/TMTb = 0 and al'ITMT'o(b) = 0, then al'2I'MTb =
al’zT’MTo(b) = 0 is obtained. In view of the o—primeness of M this yields b =
0. O

Now the following lemmas need to be proven to launch in achieving our main
results in the next section.
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Lemma 2.2. Let M be a c—prime I'—ring and I be a nonzero oc—ideal of M. Let h
be a nongero homoderivation on M such that ho = oh. For all x € I and o € T, if
[z, M],LITh(z) = 0, then M is commutative.

Proof For all x € I and «, 3,7 € T we have [z, M|,5Ivh(x) = 0. Assume that
t = x—o(x) € I, for any z € I and follows by the above expression, we get
[t,m]aBIvh(t) = 0 for all m € M. Since o(t) = o(z — o(z)) = o(z) — z = —t, we
find

o([t,m]a)BIvh(t) = o(tam — mat)BIyh(t) = (o(m)ao(t) — o(t)ac(m))BIvh(t)

= (—o(m)ao(t) + tac(m))BIyh(t) = [t,0(m)]SIvh(t) = 0.
Therefore, [t, m|,BIvh(t) = 0 = o([t,m],)BIvh(t). According to Lemma 2.1, we
have [z, M], = 0 or h(t) = 0. Thus, for each x € I and « € T, we get either
[z, M) = [o(x), m], or h(z) = h(o(x)).
In case [z, m], = [0(x), m],. For allm € M and «, 5,7 € I', we observe that
o([z,m]a)BIvh(z) = o(xam — max)BIvh(zx)
= (o(m)ao(z) — o(x)ac(m))slvh(z) = [o(m), o(z)]aSIvh(z)
= lo(m), zafIvh(z) = =[x, 0(m)]aflvh(z) = 0.
Thus, [z, m].fIvh(x) = 0 = o([z,m],)BIvh(z) and by Lemma 2.1, we obtain
h(z) = 0 or [z,m], = 0. While in case h(z) = h(o(z)), since h commutes
with ¢ and h(z) = o(h(x)). For all m € M and a,8,7 € TI', we find that
0 = [z,m]oBIvh(x) = [, m]aBIvo(h(z)). Thus, by Lemma 2.1 we get h(x) = 0 or
[z, m], = 0.

Both cases above show that for each = € I, either h(x) = 0 or x € Z(M). The
sets of x € [ in these two cases are additive subgroups of I whose union is I.
Known that a group cannot be the union of two of its proper subgroups, therefore
we obtain either h(I) = 0or I C (M).

Consider the case h(/) = 0. Then for all x € I, we have h(z) = 0 and it
implies that 0 = h(xam) = h(xz)ah(m) + h(x)am + zah(m) = zah(m), for all
m € M and a € I'. It follows by IT'h(m) = 0 implies ITMTh(m) = 0 =
o(I)I'MTh(m). By o—primeness of M, h = 0 which is a contradiction. Now,
consider the case I C Z(M). Let m,n € M, z € [ and o, € I', then we ob-
tain manfr = maxfn = nampPx and [m,n],Bx = 0. Thus, [m,n|,['/ = 0 and
[m,n] )T MTI =0 = [m,n|,]'MT'o(I). By c—primeness of M, [m,n], = 0. Hence,
M is commutative. O
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Lemma 2.3. Let M be a c—prime I'—ring and I be a nonzero oc—ideal of M. Let h
be a nongzero homoderivation on M such that ho = oh. Forall x € [ and a € T, if h
is a zero-power valued on I and [h(z), x|, = 0, then M is commutative.

Proof. Given that [h(x),z], =0, forall z € I and a € I". Now for all z,y € I and
a € T, by linearizing the given expression, we get [h(z),y|. + [h(y), z], = 0. Take
p € I' and replaces y = yfx, gives [h(x),ySz|o + [h(yBx), x], = 0 and it can be
extended as [h(x),y|afz + [R(y), z]aBh(z) + [h(y), z]o Bz + [y, z]aSh(x) = 0. Thus
we have [h(y) + y, z]oSh(z) = 0. Since h is a zero-power valued on I, we can
replace y = y — h(y) + h2(y) + - - + (—1)CD-DREO-D(y) 0 get [z, ylaSh(x) = 0.

Now, for arbitrary m € M and take v € I' and by replacing y = m~yy, we find
0 = [z, myylaBh(z) = [x,m]|oyyBh(x), which can imply [z, m|,yySh(z) = 0, for all
x € I and o, 3, € T. It is prove that by Lemma 2.2, M is commutative. O

Lemma 2.4. Let M be a o—prime I'—ring and let I be a nonzero oc—ideal of M. If
x € M and x centralizes I, then x € Z(M).

Proof. Let x € M. For all w € I and o € T such that [z,u], = 0. Then, for
arbitrary m € M and § € I', we obtain 0 = [z,mfu], = [z, m],Su which can
implies [z, M|,['l = 0. Therefore, we get [z, M|,MI'I =0 = [z, M|,MTa(I).
Since M is a—prime, then [z, M|, = 0. Thus x € Z(M). O

3. THE COMMUTATIVITY OF M ADMITTING CENTRALIZING HOMODERIVATIONS

Motivated by the work in [1], the concept of homoderivations on o—prime
['—rings are presented in the following theorems.

Theorem 3.1. Let M be a 2 torsion-free o—prime I'—ring and I be a nongero
o—ideal of M. Suppose that h is a nonzero homoderivation on M such that ho = oh.
If h is centralizing and a zero-power valued on I, then M is commutative.

Proof. Given for all z € I and o € I', we have [i(x),z], € Z(M). Now, for all
z,y € I, a € T and by linearizing the given expression above, we find [h(z), y|o +
[h(y),z]o € Z(M). Take § € I' and replaces y = zfz to obtain [h(z),z[x], +
[h(zfz),x], € Z(M). By extending this expression, we get

wB[h(x), x]a + [M(z), z]afz + h(x)B[A(x), ]a + [2(2), 2]aBh(2)

+ [h(z), z]o B + xB[h(x), x]0 € Z(M).
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The above expression can be simplified as (4x + 2h(z))B[h(z), z]o € Z(M). Thus,
it becomes (2z + h(z))p[h(x), x], € Z(M), since M is 2 torsion-free. Therefore, for
arbitrary m € M, we have

[(QZE + h(x))ﬁ[h<x)7$]w m]a = [2'17 + h(ZE), m]aﬁ[h(x)wx]a = 0.
In particular, for all x € I and o, 5 € I, we find
[233 + h(ZL’), x]aﬁ[h(x)7$]a = [h(:)?), I]aﬁ[h(x)7x]a = 0.

Since every o—prime I'—ring is semiprime and since the center of semiprime
I'—ring contains a no nonzero nilpotent elements [9]. Then for all x € [ and
a € I', we obtain that [h(z), ], = 0. Hence by Lemma 2.3, M is commutative. [J

Theorem 3.2. Let M be a 2 torsion-free o—prime I'—ring and I be a nongero
o—ideal of M. Suppose that h is a nonzero homoderivation on M such that ho = oh.
If h is a zero-power valued on I and a € S,(M) such that [afh(z),z], = 0 for all
x € land o, € I'. Then a = 0 or M is commutative.

Proof. Given for all z € I and «, § € T", we have
(3.1) laBh(z), z]o = 0.

Now, for all z,y € I and «, 3 € T, we get [aBh(zx),y|o + [aBh(y),z], = 0. Take
~ € I' and replaces y = y~x, we obtain

[aBh(x), yyala + [aBh(y)vh(z), 2]a + [aBh(y)ye, 2o + [aByyh(z), 2lo = 0,

which is equivalent to
yvlaBh(x), z]a + [afh(z), ylaye + aBh(y)y[h(z), o + [aBh(y), 2lavh(z)

+[aBh(y), Tlavr + aByy[h(z), 2] + aBly, T]avh(z) + [a, 2]aByyh(z) = 0
or
aBh(y)v[h(z), z]o + [aBh(y), z]avh(z) + aByy[h(x), 7]a
+ aBly, zlavh(z) + [a, 2]aByyh(z) = 0.

The last expression above can be written as

aB(h(y) +y)v[h(z), z]a + [a, 2]aB(h(y) + y)vh(z) + aBlh(y) + y, ]avh(z) = 0.



88 SH.K. SAID HUSAIN AND K.K. DEY

Since h is a zero-power valued on I, for all z,y € [ and o, 3,7 € T', we have
afyy[h(z), z]a+[a, z]oByyh(z)+aBly, z]oyh(z) = 0. Now, take A € I'. By replacing
y = aA\y we obtain

aBayy[h(z), ¥]o + [a, ¥]aBaryyh(z) + aBaly, z]ovh(x) + afla, z]aAyyh(z) = 0.
Thus, we get [a, z],Ba yyh(z) = 0, which implies
(3.2) la, z|,Bal' ITh(z) = 0.

Clear that for z € I N S,(M) we have o(z) = x. Therefore, since h commutes with
o it implies that o(h(z)) = h(o(z)) = h(z). Then we find

la, z],Bal' ITh(z) = 0 = [a, x],fal ITo(h(x))

and by Lemma 2.1, it follows that [a, z],5a = 0.

Now consider y € I. Since (y + o(y)) € I NS,(M), we have [a,y + o(y)].fa =0
or h(y + o(y)) = 0. We need to consider two cases:

Case 1: Let [a,y + o(y)]oBa = 0. Since (y — o(y)) € I N S, (M), we have either
hy —o(y)) = 0or [a,y — o(y)]afa = 0. If h(y — o(y)) = 0, then by a similar
approach from above, we get [a,y],8a = 0 or h(y) = 0. If [a,y — o(y)]fa = 0,
then [a,y — o (y)]aBa+[a,y + o(y)]afa = 0 which can be reduced to 2[a, y],[a = 0.
Since M is 2-torsion free, we obtain [a, y],/5a = 0.

Case 2: Let h(y +o(y)) = 0. Then h(y) = —h(o(y)) = —o(h(y)). Thus, by (3.2),
gives 0 = [a, y|oBal'ITh(y) = [a, y]ofal' IT'o(h(y)) and by Lemma 2.1, it shows that
[a,y]afa =0 or h(y) = 0.

Clearly, both cases show that for each y € I then [a,y|,5a = 0 or h(y) = 0.
Similar approach as in the proving of Lemma 2.2, we have either [a, I],5a = 0 or
h(I) = 0. Now we consider two cases again.

First case: Let h(/) = 0, then h(x) = O for all + € [. For arbitrary m € M
and p € T, we obtain 0 = A(muzx) = h(m)uph(x) + h(m)px + mph(x) = h(m)pz.
Therefore, we have A(m)['/ = 0 and h(m)I'MT'I =0 = h(m)I'MT'o(I) that implies
h = 0, since c—primeness of M. This is contradictory.

Second case: Let [a, [],$a = 0. Then we have [a,z],5a = 0 for all z € I and
a, € T'. Now, take i € I" and by replacing = = zuy yields [a, x],puyBa = 0. Thus,
la,z)opulfa = 0. As a € S,(M), then 0 = [a, x] T Ifa = [a,x] L' Ifc(a) for all x € I
and «, § € I'. By Lemma 2.1, a centralizes / or a« = 0 and by Lemma 2.4, a € Z(M)
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ora=0.1f0+# ae Z(M), then by (3.1) we find
0 = [aph(z), 2)a = aplh(z), 2la + 0. 2laph(x) = aplh(z), 2.

Since a € Z(M), al'MT'|h(x),z], = 0 and a € S,(M) then for all z € I and
a € T', we obtain that 0 = al'MT'[h(z), z], = 0(a)T MT[h(x),x],. As a # 0, then
o—primeness of M implies [h(z),z], = 0 for all z € I and « € I'. It follows from
Lemma 2.3 that M is commutative. O

The following theorems investigate the identities on homoderivations.

Theorem 3.3. Let M be a o—prime I'—ring and I be a nongero o—ideal of M.
Suppose that h is a nonzero homoderivation on M such that ho = oh. For all

z,y € I and o € T, if h satisfies either h([z,yl,) = 0 or h((z,y),) = O then M is
commutative.

Proof. We start with the first condition. For all z,y € I and o € TI', we have
h(|z,y]s) = 0. Take 5 € I" and by replacing y = yfz, we get

0 = h([z,yBz]a) = h([z,ylaBz) = h([z,y]a) Bh(x) + h([z, yla) Bz + [2, y]aBh(2),
which implies
(3.3) [z, ylaBh(z) = 0.

Now for arbitrary m € M and v € T, replaces y = m-yy, the expression [z, myy|,[5h(z) =
[z, m]oyyBh(x) = 0 is obtained.

Next in second condition. For all z,y € [ and « € I', we have h({x,y),) = 0.
Again, take § € I" and replaces y = ySx, gives

0= h({z,yBz)a) = h((z,y)afz) = h({z,y)a) Bh(z) + h({z, y)o) Bz + (2,y)afh(x).
Thus (x,y).Sh(z) = 0 which is equivalent to
(3.4) zayBh(z) = —yaxfh(z).

For arbitrary m € M and € T', we replace y = m~yy in zaySh(x) = —yaxfBh(x) to
obtain zam~yyph(z) = —mryyaxSh(z) which can implies zamyyfh(x) =
maxyyBh(x). Therefore [z, m],yyBSh(z) = 0.

From the both conditions, we can conclude that for all x € I, « € T" and by
Lemma 2.2, the expression [z, M],I'IT'h(z) = 0 implies M is commutative. O
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Theorem 3.4. Let M be a 2 torsion-free o—prime I'—ring and [ be a nonzero
o—ideal of M. Suppose that h is a nonzero homoderivation on M such that ho = ch.
Forall x,y € I and « € T, if h satisfies these two conditions either h([x,yl.) = [z, Y]a
or h({z,y)a) = (z,Y)as then M is commutative.

Proof.

Condition 1: Given for all z,y € I, @ € I' and h([z,y]o) = [7,y]a- By tak-
ing § € I' and replaces y = yfx gives h([x,yl.fz) = [z,y|.fz. Then we have
Mz, yla) Bh(z)+h([z, yla) Bz+[z, ylaSh(z) = [2,y]o Sz which implies 2[z, y|o Sh(z) =
0. Since M is 2 torsion-free, we get (3.3). By a similar approach as the proving in
Theorem 3.3 for first condition, we have [z, m|,yySh(z) = 0.

Condition 2: Given for all z,y € I, a € T" and h(x,y),) = (x,y)o. Again,
take 0 € I' and replaces y = yfz, gives h((z,y).fx) = (z,y)ofx. Then we get
h({x, y)a) BI(x)+h((2, y)a) B+ (2, y)afh(z) = (2, y)or which implies 2(z, y) o Sh(z) =
0. Since M is 2 torsion-free, the expression (x, y),8h(z) = 0 is equivalent to (3.4).
By a similar approach as the proving in Theorem 3.3 for second condition, we can
show that [z, m],yyBh(x) = 0.

From the conditions above, clearly that for all z € I, a € I" and by Lemma 2.2,
the expression [z, M],I'IT'h(z) = 0 implies M is commutative. O

4. CONCLUSION

From Theorems 3.1 and 3.2, we prove that sigma-prime Gamma-ring is com-
mutative if a homoderivation is centralizing and a zero-power valued on sigma-
ideal. While Theorems 3.3 and 3.4 show that the commutativity of sigma-prime
Gamma-ring admitting a homoderivation satisfies some conditions of commutator
dan anticommutator of sigma-prime Gamma-ring.
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