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ESTABLISH OF THE JENSEN TYPE (T';, I';)-FUNCTIONAL INEQUALITIES
BASED ON JENSEN TYPE FUNCTIONAL EQUATION WITH 3k-VARIABLES IN
COMPLEX BANACH SPACE

Ly Van An

ABSTRACT. In this paper, I work on expanding the Jensen (T'y,I's)-function in-
equalities by relying on the general Jensen functional equation with 3k-variables
on the complex Banach space. That’s the main result in this.

1. INTRODUCTION

Let X and Y be a normed spaces on the same field K, and f : X — Y be a map-
ping. We use the notations ||-||x , |||l are the norms on X and on Y respectively.
In this paper, In this paper, I study the relationship between Jensen-type functional
equations and Jensen-type (I';, I';)-function inequalities when (X, ||-||x ) is a com-
plex normed vector spaces and (Y,|-||y ) is a complex normed vector Banach
spaces.

In fact, when X is a complex normed vector spaces and and Y is a complex
Banach space we solve and prove the Hyers-Ulam stability of following relation-
ship between Jensen-type (I';, I'y)-function inequalities and Jensen-type functional

2020 Mathematics Subject Classification. 39B22, 39B82, 46S10.
Key words and phrases. Generalized Jensen type (I'y, I';)-functional inequality, Generalized Jensen
type functional equations, Hyers-Ulam-Rassias stability, complex Banach space, complex normed
vector spaces.
Submitted: 14.12.2024; Accepted: 30.12.2024; Published: 23.01.2024.

1



2 Ly Van An

equations:
k k k k k k
f(Z (5171) +Zyi +Zzz> +f<z93i+zyi - Zzz)
=1 =1 =1 =1 =1 =1
k k
—2Zf<xi> - 2Zf(yz-)
i=1 i=1 v

(1.1)

and
PR MRS SHERPIES WA O
(1.2)

({0 ) S -2
w(f(z@y zzz) Zf(%) gf@f)*é}f(%))y

based on following Jensen type functional equations with 3k-variable

k k k k k k
f(Zl"mLZyH-ZZi) +f<2$i+zyi - Z%)
=1 =1 =1 =1 =1 =1
k k
a3 =23 f(w) 23 f(w) =0
=1 k=1

and
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k k k k k k
f(Zxﬁ—Z% +ZZZ'> - f(ZﬂCz - Zyi - Z%)
i=1 i=1 i=1 i=1 i=1 i=1
k k
a9 2> f(n) -2 (=) =0
i=1 k=1

Note: With k is a positive integer and 'y, 'y are the fixed complex numbers for
nf < Lnf < b
The study of the functional equation stability originated from a question of S.M.

Ulam [1]], concerning the stability of group homomorphisms. Let <G, *) be a group

and let <G/ ,0, d> be a metric group with metric d(-, > Geven ¢ > 0, does there
exist a § > 0 such that if / : G — G’ satisfies

d(f(x*@,f(x) of(y)> <

for all 2,y € G then there is a homomorphism 4 : G — G’ with

d<f(x>,h(x)) -

for all x € G ?, if the answer, is affirmative, we would say that equation of homo-
morphism A (x*y) =h (y) oh (y) is stable. The concept of stability for a functional
equation arises when we replace functional equation by an inequality which acts
as a perturbation of the equation. Thus the stability question of functional equa-
tions is that how do the solutions of the inequality differ from those of the given
function equation? Hyers [2]] gave a first affirmative answers the question of Ulam
as follows.

Let E; be a normed space, E, a Banach space and suppose that the mapping
f : By — E, satisfies inequality

(= +4) ~(2) - 1) =

forall z,y € [E; where ¢ > 0 is a constan. Then the limit T’ <x> = lim,, 0o 27" f (2”x>
exists for each x € F; and T is the unique additive mapping

Hf(x) —T(:v)H <e Ve k.
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Also if for each x the functional t — f <xt> from R to E, is continuous on R. If
f continuous at a single point of E;, then T is continuous everywhere in E; Next
Th. M. Rassias [3]] provided a generalization of Hyers’ Theorem as a special case.
Suppose E and E’ is normed space with E’ a complete normed space, f : E — E’
is a mapping such that for each fixed = € E the mapping ¢t — f (xt) is continuous
on R. Assume that there exist ¢ > 0 and p € [0, 1] such that

F(mr) =1 (x) =) <<

Then there exists a unique linear L : E — [E' satisfies

HORE®

The case of the existence of a unique additive mapping had been obtained by

" o

’x p),V:c,yEE.

€
p
< . 217;;”35” ,x € E.

Aoki [4], as it is recently noticed by Lech Maligranda. However, Aoki [4] had
claimed the existence of a unique linear mapping, that is not true because he did
not allow the mapping f to satisfy some continuity assumption. Th. M. Rassis [5]],
who independently introduced the unbounded difference was the first to prove
that there exists a unique linear mapping 7" satisfying

HORI®

In 1990, Th. M. Rassias [6]] during the 27th International Symposium on Func-

<

€
< T=Srllell.a € E.

tional Equation asked the question whether such a theorem can also be proved for
p=>1

In 1991, Z. Gajda [7] following the same approach as in Th. M. Rassias [8]],
gave an affirmative solution to this question for p > 1.

It was proved by Gajda [8], as well as by Th. M. Rassias and P. Semrl [8] that
one can not prove a Th. M. Rassias type theorem when p = 1.

In 1994, P. Gavruta [9] provided a further generalization of Th. M. Rassias

theorem in which he replaced the bounded e( P4 Hy

’:1: p) by a general control
function ¢ (x, y> for the existence of a unique linear mapping.
In the article, based on the idea of World Mathematics [1]- [46], I have built in

general the Jensen-type functional inequality relationship with The multivariable
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Jensen equation on a complex Banach space is intended to improve the classical
Jensen equation form with a limited number of variables, and its only solution is
also a general additive function.

Recently, the author has formulated general inequalities on spaces such as Ba-
nach spaces and non-Archimedean Banach spaces see [[10] [[11].

k
(1.5) > Z v +Zf %)

fla
j=1 j=1 Y
< 2kf< j= 137]+Zg 1%"‘23 1'2])
2k v
and
k k k
(1.6) Dorla)+ > fly) + > f(=)
j=1 j=1 =1 Y
k
< f(ij+Zyj+ZZJ> ;
j=1
finally
k k
(1.7) S @)+ fly +2]<:Zf %)
j=1 Jj=1 Jj=1 Y
SE Yy &
§2]€f< 7=1 ]2k ]1]+sz ’
Jj=1 Y
in Banach space, And
(o)« $5o(4)
j=1 j=1 Y
< kf<23 A +Zj:1ff”> )= [
n- v

in non-Archimedean Banach spaces.

So that we solve and proved the Hyers-Ulam type stability for functional equa-
tion (1.1) and (1.2) ie the functional equations with 3k-variables. Under suitable
assumptions on spaces X and Y, we will prove that the mappings satisfying the
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functional equations (1.1) or (1.2). Thus, the results in this paper are generaliza-
tion of those in [10]] [11]. for functional equations with 3k-variables.

The paper is organized as follows. In section preliminaries we remind some
basic notations in [[12] such as Solutions of the inequalities

Section 3: Stability of the Jensen type (I';, I';)-functional inequalities (1.1) asso-
ciated for functional equation of (1.3).

Section 4: Stability of the Jensen type (I';, I's)-functional inequalities (1.2) asso-
ciated for functional equation of (1.4).

2. PRELIMINARIES
2.1. Solutions of the inequalities. The functional equation

flz+y) = flz) + f(y)

is called the Cauchuy equation. In particular, every solution of the Cauchuy equa-
tion is said to be an additive mapping. The functional equations
r+y

P = 51 () + 55)

is called the Jensen equations. In particular, every solution of the Jensen equation

is said to be a Jensen additive mapping.

3. STABILITY (I'},I'5)-FUNCTIONAL INEQUALITIES (1.1) RELATIVE TO FUNCTIONAL
EQUATION (1.3)

3.1. Condition for existence of solution of (1.1). In this section, assume that X
is a complex normed vector spaces, Y is a complex Banach space and I';,I'; are
the fixed complex numbers for |I';| < 1,|T's| < 1. Under this setting, we can show
that the mappings satisfying (1.1) is additive.

Lemma 3.1. Suppose that f : X — Y be a mapping and it satisfies the functional
inequality

=1 =1 =1

Hf(é (xi)+§;yi+§;zi> +f<2k:xi+zk:yi—zk:zi>
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3.1) +

For all z;,y;,z; € X,i=1— k then f is additive.

Proof. We replacing (z1, ..., Ty Yy - - s Yks 215 - - - z) by(0,..., 0,0,..., 0,0,..., 0)
in (3.1), we have

e o o e

Thus f (O) =
Next, by replacing (z1, ..., Ty Yy - - Yks 215 - - - 5 ;) by (0, ..., 0,0,..., 0,2,..., 0)

O o =) o)

\
So

It follows that f is an odd mapping.

Next, by replacing (xl, ey Thy Yl v vos Yy 21y « v os zk) by(a:l, oy Ty Yty 5 Yk, O,
.., 0) in (3:1)), we have
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n(f(iﬂfﬁi%) Zf(l’z) if( ))

=1 Y
k k
(3.2) ( <Z$1+2y1> Zf<$z>—2f(yz)>
i=1 =1 Y
k n k k
- (1"1 + Ty )Hf(le—l-Z%) —Zf(ﬂfz) _Zf<yz)
i—1 i=1 i=1 i=1 Y
and so
k n K
(L) ) 2t
for all z;,y;,2z; € X forall i = 1 — k. Hence f is additive as we expected. O

Corollary 3.1. Suppose that f : X — Y be a mapping satisfying

<Z$+Zy+2z>+f<zx+zy 2 )
_2;f<mi)—2gf<yi> ) F1<f<;$i+;%+gzi>
_if<x>_if<y)—if(z)> - B(f(ﬁ;xﬁziyi

(3.3) _21?) ) z;f<m> ) zf;f@) : if(2)> HY

forall x;,y;,z € X foralli =1 — k. ,then f is additive.

3.2. Constructing a solution for the function inequality 1.1. In this section, we
will build a solution for 1.1. assume that X is a complex normed vector spaces, Y
is a complex Banach space.

Notice that here: With k is a positive integer and 'y, 'y are the fixed complex
numbers for |I'y| < 1,|T,| < 1.
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Theorem 3.1. Suppose that f : X — Y be a mapping. Let a function ¢ : X3% —
[0,00), go( ,0, .,0) = 0 such that

0,0
k n n k n n
Hf(zﬂfri‘zyi+zzi) ‘l'f(zﬂfri‘zyi—zzi)
=1 =1 =1 =1 =1 =1

_zgf(xi)_zgf@i) E r(f<z+zy+z>
4 _gf@i)_gf(%)_gf(%)) K r<f(z+zy

St r0)

i=1 i=1 i=1

Y
—i—go(xl,...,xk,yl,...,yk,zl,...,zk)

and
_ =1
gp(ml,...,xk,yl,...,yk,zl,...,zk> ::Z 5
=1 |2k

(3.5) gp((Qk:)jxl, ce (Qk)jxk, (Qk:)jyl, e (Qk)jyk, (Qk)jzl, e (Qk)jzk) < 00
for all x;,y;,z; € X for all i = 1 — k. Then there exisists a unique additive mapping

H:X—=Y

9) H ()~ #(e)

forall x € X.

S6(:16,...,x,a:,...,m,0,0,...,O)
Y

Proof. We replacing (z1,..., %5 Y1, .-, Yk, 215 -, 2) by(0,...,0,0,...,0,0,...,0)

in (3.4), we have
E=1) ()], <o

Thus f(()) = 0. Next, by replacing (z1,..., %k, ¥1,.- -, Yk> 21,-..,2) DY(z,..., 1,
z,...,2,0,...,0) in (34), we have

(2)%—1( ~ I, I,

3/<:—1’—
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2 f(2k:a:) —4l<:f(x) <, f<2/m:> Y f(x) + f<2k;x> _ 2k;f(x>

Y Y Y
(3.7) —i—gp(x,...,x,x,...,x,O,...,O)
for all z € X. Thus

f(2kz) . .
|f<x> — = < ﬁ‘Q_ ‘Fl‘ s gp(m,...,x,x...,x,O,...,O)

(3.8) §gp(m,...,x,x...,x,0,0,...,O)
for all x € X. Hence one may have the following formula for positive integer m, 1
with m > [,
o0 [t <2,1>w<<%>”vc> Y
(3.10) t:ll ‘2 ( o1, (2k) 22, ., (2K) 20p, 0. . ,0)

for all z € X It follows from (3.8) that the sequence {%} is Cauchy se-

quence. Since Y is complete, we conclude that {f (gg x)} is convergent. So one

may define the mapping H : X — Y by

3.11 H li f((2k>n$)
G-AD )=y
By taking m = 0 and letting [ — oo in (3.9), we get

k k k k k k
=1 =1 =1 =1 =1 =1
k k
_ 221{(:@) _ 221{(%)
=1 1=1 Y

Vo € X.
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for all z € X. One can see that that H satisfies the inequality (3.1) and so it is
additive by Lemma 3.1. Now, we show the uniqueness of H : X — Y be another
additive mapping satisfying (3.2) then one has

)1, = )~ (7]
<Jer - ot
+ Wf«%)lm) —ﬁT((%)%) )

(3.12) gz%@((%)”x ..... (2k)"z, (2K)"z, .. ., (2k)"x,0...,0)

‘Qk

which tends to zero as n — oo for all z € X. So we can couclude that H (x) =T(z)
for all x € X. O

Corollary 3.2. Let r < 1 and # be nonnegative real number, and suppose that f :
X — Y be a mapping such that

k n n k n n k
Hf<2$z+zyz+zzz> +f<zxi+zyi_zzi> —22f<$i>
i=1 i=1 i=1 i=1 i=1 i=1 i=1

k

—22_:1"(%) Ys F1<f 2x+éy+éz)—i]‘<x>
(3.13)
306 -26)| (B - 2e)

—fjf(xi)—fjf(yiwfjf(zi)) 7

+9<
Y

b )
X X

—i——i—HZEkH +
X

++Hka +
X X

21
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for all x;,y;,z; € X for all i = 1 — k. Then there exists a unique additive mapping

' 16)-u)|

2k0

2% — (2l<:> ’

Theorem 3.2. Suppose that f : X — Y be a mapping. Let a function ¢ : X3k —
[O, oo) for gp(O, 0,... ,O) = 0 such that

_zig'“;f(xg_zif(%) (f<z+zy+z>
z<> OR i <z>)

<

forall z € X.

<

+gp(ml,...,xk,yl,...,yk,zl,...,zk>

=1 Y
and
&(mla"'axkaylw"7yk’7217--->zk>
> J T Tk Y1 Yk 21 2k
(3.15) ::Z‘%‘ (p( . S | S | R ) < o0
= (2k)7 (2k)77 (2k)7 (2k)77 (2k)7 (2k)7
for all xv1,..., 2, Y1, ., Yk, 21,.-.,2c € X. Then there exisists a unique additive
mapping
H:X—>Y
[T T x
Hf x Y_SD<2k’ 72k72k7 72]{70’0’ 70>
forall x € X.

The proof is similar to Theorem 3.3.



14 Ly Van An

Corollary 3.3. Let r < 1 and 6 be nonnegative real number, and suppose that f :
X — Y be a mapping such that

k n n k n n
f(ziﬂz +Z%+ZZ¢) +f(z$i +Zyi - Z%)
=1 =1 =1 =1 =1 =1
k k k n n
=1 =1 =1 =1 =1

<

y

and for all xz;,y;,z; € X for all i = 1 — k. Then there exisists a unique additive

) MHJC

<2k;)r ~1

ottt
X X

+Hy1 X—i—...-f-

mapping H : X —-Y

T

X

r(e) ()|

forall z € X.

4. STABILITY OF THE JENSEN TYPE (I'y, I';)-FUNCTIONAL INEQUALITIES (1.2)
ASSOCIATED FOR FUNCTIONAL EQUATION (1.3).

4.1. Condition for existence of solution of (1.2). In this section, assume that X
is a complex normed vector spaces, Y is a complex Banach space and I';, I’y are
the fixed complex numbers for |I';| < 1,|T'z| < 3. Under this setting, we can show
that the mappings satisfying (1.2) is additive.

Lemma 4.1. Suppose that f : X — Y be a mapping and satisfying the functional
inequality
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(g ez s) (- T-xs)
5er() %)

[ (S 52 - S - £
4.1) —ilf(yi) +i1f(2i)>

Then f is additive.

Y

Y

Proof. We replacing (z1, ..., Ty U, - - Yky 215 - - - z) by(0,..., 0,0,..., 0,0,..., 0)
in (4.1), we have
k=1))[7 ()], <o
Y

(144~

Thus f(()) = 0. Next, by replacing (1, ..., T, Y1, - - Yb» 215 - - » 2) DY(0, ..., 0,

0,...,0,2..,0) in @I), we have
<o) ()

),

So, f(—z) = —f(2) and it follows that f is an odd mapping.
Next, by replacing (xl, ey Thy YLy o vy Yhy 21y - - o zk) by(O, o 0, Y1, e Y 21,
..., z) in @I), we have

I' Iy

Qk—l‘—

.

k

Y

(4.2)

<

(s a) () -3

Y
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k

(S0 55) o)+ 5562)

i=1 =1

Y
for all y;, z;, € X for all i = 1 — k Thus

(2-Ir)

(3 3e) 2t 20

1=

k

(3] 2t 2

=1

Y

(4.3) < I’y

Y
for all y;, z; € X for all i = 1 — k Thus, Next, by replacing ($1, e Thy Yy« - s Yk
21y e zk) by(O, o Oy Yty ooy Yky — 215 - o —zk) in (4.1), we have

-l (5 £e) -0+ 206
(4.4) < |y f(éy+§;z> —gf(w)—gf(;:i)

for all y;, 2, € X for alli = 1 — k From and we get

- rl)

I'y

Y

Y

k

(S0 e) 2036

=1 Y
k k k k
(4.5) S‘B‘Q f(Zyz‘JrZZi) —Zf<yz‘>—2f<2’i>
i=1 i=1 i=1 i=1 Y
forall y;,z; € X foralli=1— k. So, f : X — Y is additive. O

S

Corollary 4.1. Suppose that f : X — Y be a odd mapping and satisfying the
functional inequality

=1

ONIOE WG

Y
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F1<f<iixi+iiyi+iizi> —ilf(:cﬁyi) —if@))

=1

Y

(4.6)
k

(13 S 2] X)) + ()

+

i=1

forall xy,xs,...,x3; € X. Hence f : X — Y is additive

Y

17

4.2. Constructing a solution for the function inequality (1.2). In this section,
we will build a solution for (1.2). assume that X is a complex normed vector
spaces, Y is a complex Banach space Notice that here: With £ is a positive integer

and I';, T'; are the fixed complex numbers for |I';| < 3, |Ts| < 3.

Theorem 4.1. Suppose that f : X — Y be a odd mapping. Let a function ¢ : X3k —

[0, oo) with <p<0, 0,... ,0> = 0 such that
Hf(i% +iyi +izz> - f(i% — iyi — izz)
i=1 i=1 i=1 i=1 i=1 i=1
- 2if(yi) - 2if(zi>
i=1 i=1 v
k n n k k
Iy (f(zifz +Z%+ZZ¢> - Zf(% +yi> - Zf(%))
i=1 i=1 i=1 i=1

i=1

<

Y
k

4.7) +g f(z)>

=1
and

_|_

+90<x17'"7xk’7y17"'7yk7'zla"'7zk>
Y

_ <1 . ,
gp(ml, TR YLy e Yy By e ,zk> = Z jgp((Zk)]xl, ooy (k) 2y,

=1 |2k

(4.8) (2k)jy1,...,(Qk)jyk,(2k)jz1,...,(2k)jzk> < o0
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forall zy,xs, ..., x3 € G. Then there exisists a unique additive mapping H : X —Y
(4.9) ‘f(x)—H(m) §@(x,...,:E,O,...,O,a:,...,m)

Y
forall x € X.

Proof. We replacing (z1,..., %5 Y1, .-, Yk, 215 -, 2) by(0,...,0,0,...,0,0,...,0)
in (4.7), we have
k=1))[7()], <o
Y

(144 -

Thus f(O) = 0. Next, by replacing (z1, ..., Tk, Y1, - - - Yk> 21, ---» 2) by (0, ..., 0,
0,...,0,2..,0) in @7), we have
La(s(=) +£(=2)

() + (=)

f(=2) = =1(2).

It follows that f is an odd mapping. Next, by replacing ($1, o Thy Yls « - o Yk 215
N zk) by(x, conx,0,...,0,2, ..., a:) in (4.7), we have

Hf(%x) _ 2k;f(x> f<2k;x> _ 2kf<x> )

(4.10) —i—gO(x,...,a:,O,...,O,x,...,x)

for all x € X. Thus

I Iy

21@—1‘—

<]

Y
So,

<

Iy

Y

‘f<x>f<§:z> Si- L gp(x,...,x,O,...,O,x,...,m)
Y =T
4.11) ggo(x,...,x,O,...,O,x,...,x)

forall z € X,

Iy

< 3, ——1 < 2. Hence, one may have the following formula for
1-|r

positive integer m, 1 with m > [,

(- (@)

Y



ESTABLISH OF THE JENSEN TYPE (T';, I';) -FUNCTIONAL INEQUALITIES 19

( ..... (2k)'2,0,...,0,(2k)Yz, ..., (%)%)

(4.12) mz:

‘ 9

for all x € X It follows from (4.12) that the sequence {%} is Cauchy se-

quence. Since Y is complete, we conclude that {f (gg:x)} is convergent. So one
may define the mapping H : X — Y by H(z) = lim, ﬂg:gzz),Vx € X. By
taking m = 0 and letting [ — oo in (4.12]), we get (4.9). It follows form (4.8) that

k k k k k k
H(Z% + Zyz + Z%) - H(sz - Zxkz-ﬁ-i - ZCIT%H)
i=1 i=1 i=1 i=1 i=1 i=1
k

WO WIE Y
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for all x € X. One can see that that H satisfies the inequalitty (4.1)) and so it is
additive by Lemma 4.1. Now, we show the uniqueness of H. Let H : X — Y be
another additive mapping satisfying (4.7) then one has

(=) =1(=)],
_ Wﬂ((%)%) - WT((%)%)

() -y (6
o 09) - ()

1
< Q—R@((Qk)”x ..... (2k)"2,0,0,...,0, (2k)"z, ..., (2k)%>
‘Qk

which tends to zero as n — oo for all z € X. So we can couclude that H <x>

T(x) for all x € X.

Y

IN

Y

+

Y

(4.13)

(I

Corollary 4.2. Let r < 1 and 6 be nonnegative real number, and suppose that f :
X — Y be a mapping such that
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HOoRE0 3R 3 RN D3RS w88 38
~23 () 220 1(5)

Y
k

rl(f<ilxi+ily,-+iizi> —izlf(l‘i—Fyi) —if@))

k

r<f<z+zy—z> -3 s(x) _éf(yi)
+ilf(zi>> Y+0<

[+ [l
X X

<

Y

4.14) +

X

«
I )
X X

and for all x;,y;,2; € X, forall i = 1 — k. Then there exisists a unique additive

(o) n()

X1

U1 21

mapping H : X —-Y

o
v 2k <2k:> X

forall z € X.

Theorem 4.2. Suppose that f : X — Y be a mapping. If there a function ¢ : X3k —
[0, oo) with go((), 0,..., 0) = 0 such that

“f(imz‘Fiyz‘i‘izz) —f<il’i—iyi—izi>
(4.15) —2ijf(yi)—22kjf(zi)
i=1 i=1 Y
Fl(f(i%—i‘iyri-izz’) _if<$i+yi> _if<zi>>

<

Y
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Y
and
~ x T
gp((ml ..... Thy YLy - v s Yky 215 -+ zk.> = Z ’2/@’ ((ZI;)J ..... (2;)]
j:
hn Yk 21 2k
@10 G @Ry Ry ’(2ky> =

for all z;,y;, z € X. Then there exisists a unique additive mapping H : X —»Y

() -n(:)|

X e i i
< — —_— .., —
S0<2/~c o O O g ’2k>

forall x € X.
The proof is similar to Theorem 4.3.

Corollary 4.3. Let r < 1 and 0 be nonnegative real number, and suppose that f :
X — Y be a mapping such that

(e Eo ) (5 5 £

=1

( (ZerZerZz) —;f<xi+yi> —z;f<z>>
Pl 5
+9<

T

+ .o+
X

r

+
X

X

Tk
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and for all x;,y;,z € X, for all i = 1 — k. Then there exists a unique additive
mapping H : X —-Y

2k)" 10 r
() -n(z)| < e
v <2k:> 1

X

forall x € X.

5. CONCLUSION

In this paper, I build the correlation of functional equations and (I'y, I's)-functional
inequalities as an inseparable link on spaces in general, then I show their solutions.
It is an ideal of Modern Mathematics.
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