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ESTABLISH OF THE JENSEN TYPE (Γ1,Γ2)-FUNCTIONAL INEQUALITIES
BASED ON JENSEN TYPE FUNCTIONAL EQUATION WITH 3k-VARIABLES IN

COMPLEX BANACH SPACE

Ly Van An

ABSTRACT. In this paper, I work on expanding the Jensen (Γ1,Γ2)-function in-
equalities by relying on the general Jensen functional equation with 3k-variables
on the complex Banach space. That’s the main result in this.

1. INTRODUCTION

Let X and Y be a normed spaces on the same field K, and f : X → Y be a map-
ping. We use the notations ∥·∥X , ∥·∥Y are the norms on X and on Y respectively.
In this paper, In this paper, I study the relationship between Jensen-type functional
equations and Jensen-type (Γ1,Γ2)-function inequalities when

(
X, ∥·∥X

)
is a com-

plex normed vector spaces and
(
Y, ∥·∥Y

)
is a complex normed vector Banach

spaces.
In fact, when X is a complex normed vector spaces and and Y is a complex

Banach space we solve and prove the Hyers-Ulam stability of following relation-
ship between Jensen-type (Γ1,Γ2)-function inequalities and Jensen-type functional
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equations:∥∥∥∥∥f
(

k∑
i=1

(
xi
)
+

k∑
i=1

yi +
k∑

i=1

zi

)
+ f

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)

−2
k∑

i=1

f
(
xi

)
− 2

k∑
i=1

f
(
yi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

(1.1)

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

and ∥∥∥∥∥f
(

k∑
i=1

(
xi
)
+

k∑
i=1

yi +
k∑

i=1

zi

)
− f

(
k∑

i=1

xi −
k∑

i=1

yi −
k∑

i=1

zi

)

−2
k∑

i=1

f
(
yi

)
− 2

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi + yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

(1.2)

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

based on following Jensen type functional equations with 3k-variable

f

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
+ f

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)

−2
k∑

i=1

f
(
xi

)
− 2

k∑
k=1

f
(
yi

)
= 0(1.3)

and
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f

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
− f

(
k∑

i=1

xi −
k∑

i=1

yi −
k∑

i=1

zi

)

−2
k∑

i=1

f
(
yi

)
− 2

k∑
k=1

f
(
zi

)
= 0(1.4)

Note: With k is a positive integer and Γ1,Γ2 are the fixed complex numbers for∣∣Γ1

∣∣ ≤ 1
2
,
∣∣Γ2

∣∣ ≤ 1
2
.

The study of the functional equation stability originated from a question of S.M.
Ulam [1], concerning the stability of group homomorphisms. Let

(
G, ∗

)
be a group

and let
(
G′, ◦, d

)
be a metric group with metric d

(
·, ·
)

. Geven ϵ > 0, does there
exist a δ > 0 such that if f : G → G′ satisfies

d

(
f
(
x ∗ y

)
, f
(
x
)
◦ f
(
y
))

< δ

for all x, y ∈ G then there is a homomorphism h : G → G′ with

d

(
f
(
x
)
, h
(
x
))

< ϵ

for all x ∈ G ?, if the answer, is affirmative, we would say that equation of homo-
morphism h

(
x∗y

)
= h

(
y
)
◦h
(
y
)

is stable. The concept of stability for a functional
equation arises when we replace functional equation by an inequality which acts
as a perturbation of the equation. Thus the stability question of functional equa-
tions is that how do the solutions of the inequality differ from those of the given
function equation? Hyers [2] gave a first affirmative answers the question of Ulam
as follows.

Let E1 be a normed space, E2 a Banach space and suppose that the mapping
f : E1 → E2 satisfies inequality∥∥∥f(x+ y

)
− f

(
x
)
− f

(
y
)∥∥∥ ≤ ϵ,

for all x, y ∈ E1 where ϵ ≥ 0 is a constan. Then the limit T
(
x
)
= limn→∞ 2−nf

(
2nx
)

exists for each x ∈ E1 and T is the unique additive mapping∥∥∥f(x)− T
(
x
)∥∥∥ ≤ ϵ,∀x ∈ E1.
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Also if for each x the functional t → f
(
xt
)

from R to E2 is continuous on R. If
f continuous at a single point of E1, then T is continuous everywhere in E1 Next
Th. M. Rassias [3] provided a generalization of Hyers’ Theorem as a special case.
Suppose E and E′ is normed space with E′ a complete normed space, f : E → E′

is a mapping such that for each fixed x ∈ E the mapping t→ f
(
xt
)

is continuous
on R. Assume that there exist ϵ > 0 and p ∈ [0, 1] such that∥∥∥∥∥f(x+ y

)
− f

(
x
)
− f

(
y
)∥∥∥∥∥ ≤ ϵ

(∥∥∥x∥∥∥p + ∥∥∥y∥∥∥p),∀x, y ∈ E.

Then there exists a unique linear L : E → E′ satisfies∥∥∥∥∥f(x)− L
(
x
)∥∥∥∥∥ ≤ ϵ

1− 21−p
∥x∥p, x ∈ E.

The case of the existence of a unique additive mapping had been obtained by
Aoki [4], as it is recently noticed by Lech Maligranda. However, Aoki [4] had
claimed the existence of a unique linear mapping, that is not true because he did
not allow the mapping f to satisfy some continuity assumption. Th. M. Rassis [5],
who independently introduced the unbounded difference was the first to prove
that there exists a unique linear mapping T satisfying∥∥∥∥∥f(x)− T

(
x
)∥∥∥∥∥ ≤ ϵ

1− 21−p
∥x∥p, x ∈ E.

In 1990, Th. M. Rassias [6] during the 27th International Symposium on Func-
tional Equation asked the question whether such a theorem can also be proved for
p ≥ 1.

In 1991, Z. Gajda [7] following the same approach as in Th. M. Rassias [8],
gave an affirmative solution to this question for p > 1.

It was proved by Gajda [8], as well as by Th. M. Rassias and P. Semrl [8] that
one can not prove a Th. M. Rassias type theorem when p = 1.

In 1994, P. Găvruta [9] provided a further generalization of Th. M. Rassias
theorem in which he replaced the bounded ϵ

(∥∥∥x∥∥∥p + ∥∥∥y∥∥∥p) by a general control

function ψ
(
x, y
)

for the existence of a unique linear mapping.
In the article, based on the idea of World Mathematics [1]- [46], I have built in

general the Jensen-type functional inequality relationship with The multivariable
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Jensen equation on a complex Banach space is intended to improve the classical
Jensen equation form with a limited number of variables, and its only solution is
also a general additive function.

Recently, the author has formulated general inequalities on spaces such as Ba-
nach spaces and non-Archimedean Banach spaces see [10] [11].∥∥∥∥∥

k∑
j=1

f
(
xj
)
+

k∑
j=1

f
(
yj
)
+

k∑
j=1

f
(
zj
)∥∥∥∥∥

Y

(1.5)

≤

∥∥∥∥∥2kf
(∑k

j=1 xj +
∑k

j=1 yj +
∑k

j=1 zj

2k

)∥∥∥∥∥
Y

,

and ∥∥∥∥∥
k∑

j=1

f
(
xj
)
+

k∑
j=1

f
(
yj
)
+

k∑
j=1

f
(
zj
)∥∥∥∥∥

Y

(1.6)

≤

∥∥∥∥∥f
(

k∑
j=1

xj +
k∑

j=1

yj +
k∑

j=1

zj

)∥∥∥∥∥
Y

,

finally ∥∥∥∥∥
k∑

j=1

f
(
xj
)
+

k∑
j=1

f
(
yj
)
+ 2k

k∑
j=1

f
(
zj
)∥∥∥∥∥

Y

(1.7)

≤

∥∥∥∥∥2kf
(∑k

j=1 xj +
∑k

j=1 yj

2k
+

k∑
j=1

zj

)∥∥∥∥∥
Y

,

in Banach space, And∥∥∥∥∥
n∑

j=1

f
(
xj

)
+

n∑
j=1

f
(xn+j

n

)∥∥∥∥∥
Y

(1.8)

≤

∥∥∥∥∥kf
(∑n

j=1 xj

k
+

∑n
j=1 xn+j

n · k

)∥∥∥∥∥
Y

,
∣∣∣n∣∣∣ > ∣∣∣k∣∣∣.

in non-Archimedean Banach spaces.
So that we solve and proved the Hyers-Ulam type stability for functional equa-

tion (1.1) and (1.2) ie the functional equations with 3k-variables. Under suitable
assumptions on spaces X and Y, we will prove that the mappings satisfying the
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functional equations (1.1) or (1.2). Thus, the results in this paper are generaliza-
tion of those in [10] [11]. for functional equations with 3k-variables.

The paper is organized as follows. In section preliminaries we remind some
basic notations in [12] such as Solutions of the inequalities

Section 3: Stability of the Jensen type (Γ1,Γ2)-functional inequalities (1.1) asso-
ciated for functional equation of (1.3).

Section 4: Stability of the Jensen type (Γ1,Γ2)-functional inequalities (1.2) asso-
ciated for functional equation of (1.4).

2. PRELIMINARIES

2.1. Solutions of the inequalities. The functional equation

f
(
x+ y

)
= f

(
x
)
+ f
(
y
)

is called the Cauchuy equation. In particular, every solution of the Cauchuy equa-
tion is said to be an additive mapping. The functional equations

f
(x+ y

2

)
=

1

2
f
(
x
)
+

1

2
f
(
y
)

is called the Jensen equations. In particular, every solution of the Jensen equation
is said to be a Jensen additive mapping.

3. STABILITY (Γ1,Γ2)-FUNCTIONAL INEQUALITIES (1.1) RELATIVE TO FUNCTIONAL

EQUATION (1.3)

3.1. Condition for existence of solution of (1.1). In this section, assume that X
is a complex normed vector spaces, Y is a complex Banach space and Γ1,Γ2 are
the fixed complex numbers for

∣∣Γ1

∣∣ ≤ 1
2
,
∣∣Γ2

∣∣ ≤ 1
2
. Under this setting, we can show

that the mappings satisfying (1.1) is additive.

Lemma 3.1. Suppose that f : X → Y be a mapping and it satisfies the functional
inequality ∥∥∥∥∥f

(
k∑

i=1

(
xi
)
+

k∑
i=1

yi +
k∑

i=1

zi

)
+ f

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)
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− 2
k∑

i=1

f
(
xi

)
− 2

k∑
i=1

f
(
yi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
(3.1)

−
k∑

i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

For all xi, yi, zj ∈ X, i = 1 → k then f is additive.

Proof. We replacing
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
by
(
0, . . . , 0, 0, . . . , 0, 0, . . . , 0

)
in (3.1), we have(

2
∣∣∣2k − 1

∣∣∣− ∣∣∣Γ1

∣∣∣∣∣∣3k − 1
∣∣∣− ∣∣∣Γ2

∣∣∣∣∣∣k − 1
∣∣∣)∥∥∥f(0)∥∥∥

Y
≤ 0,

Thus f
(
0
)
= 0.

Next, by replacing
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
by
(
0, . . . , 0, 0, . . . , 0, z, . . . , 0

)
in (3.1), we have∥∥∥f(z)+ f

(
− z
)∥∥∥ ≤

∥∥∥Γ2

(
f
(
z
)
+ f
(
− z
))∥∥∥

Y

So
f
(
− z
)
= −f

(
z
)

It follows that f is an odd mapping.
Next, by replacing

(
x1, . . ., xk, y1, . . ., yk, z1, . . ., zk

)
by
(
x1, . . ., xk, y1, . . ., yk, 0,

. . ., 0
)

in (3.1), we have∥∥∥∥∥2f
(

n∑
i=1

xi +
k∑

i=1

yi

)
− 2

k∑
i=1

f
(
xi

)
− 2

k∑
i=1

f
(
yi

)∥∥∥∥∥
Y
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≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
k∑

i=1

yi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
k∑

i=1

yi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

))∥∥∥∥∥
Y

(3.2)

=

(∣∣∣Γ1

∣∣∣+ ∣∣∣Γ2

∣∣∣)∥∥∥∥∥f
(

k∑
i=1

xi +
n∑

i=1

yi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)∥∥∥∥∥
Y

and so

f

(
k∑

i=1

xi +
n∑

i=1

yi

)
=

k∑
i=1

f
(
xi

)
+

k∑
i=1

f
(
yi

)
for all xi, yi, zi ∈ X for all i = 1 → k. Hence f is additive as we expected. □

Corollary 3.1. Suppose that f : X → Y be a mapping satisfying∥∥∥∥∥f
(

k∑
i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
+ f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)

−2
k∑

i=1

f
(
xi

)
− 2

k∑
i=1

f
(
yi

)∥∥∥∥∥
Y

=

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)

−
k∑

i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥+
∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
n∑

i=1

yi

−
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

(3.3)

for all xi, yi, zi ∈ X for all i = 1 → k. ,then f is additive.

3.2. Constructing a solution for the function inequality 1.1. In this section, we
will build a solution for 1.1. assume that X is a complex normed vector spaces, Y
is a complex Banach space.

Notice that here: With k is a positive integer and Γ1,Γ2 are the fixed complex
numbers for

∣∣Γ1

∣∣ ≤ 1
2
,
∣∣Γ2

∣∣ ≤ 1
2
.
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Theorem 3.1. Suppose that f : X → Y be a mapping. Let a function φ : X3k →[
0,∞

)
, φ
(
0, 0, . . . , 0

)
= 0 such that∥∥∥∥∥f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
+ f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)

−2
k∑

i=1

f
(
xi

)
− 2

k∑
i=1

f
(
yi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)

−
k∑

i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
n∑

i=1

yi(3.4)

−
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
− sumk

i=1f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+φ
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
and

φ̃
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
:=

∞∑
j=1

1∣∣∣2k∣∣∣j
φ
(
(2k)jx1, . . . , (2k)

jxk, (2k)
jy1, . . . , (2k)

jyk, (2k)
jz1, . . . , (2k)

jzk
)
<∞(3.5)

for all xi, yi, zi ∈ X for all i = 1 → k. Then there exisists a unique additive mapping

H : X → Y∥∥∥∥∥f(x)−H
(
x
)∥∥∥∥∥

Y

≤ φ̃
(
x, . . . , x, x, . . . , x, 0, 0, . . . , 0

)
(3.6)

for all x ∈ X.

Proof. We replacing
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
by
(
0, . . . , 0, 0, . . . , 0, 0, . . . , 0

)
in (3.4), we have(

2
∣∣∣2k − 1

∣∣∣− ∣∣∣Γ1

∣∣∣∣∣∣3k − 1
∣∣∣− ∣∣∣Γ2

∣∣∣∣∣∣k − 1
∣∣∣)∥∥∥f(0)∥∥∥

Y
≤ 0,

Thus f
(
0
)

= 0. Next, by replacing
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
by
(
x, . . . , x,

x, . . . , x, 0, . . . , 0
)

in (3.4), we have
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∥∥∥∥∥2f(2kx)− 4kf
(
x
)∥∥∥∥∥

Y

≤
∣∣∣Γ1

∣∣∣∥∥∥∥∥f(2kx)− 2kf
(
x
)∥∥∥∥∥

Y

+
∣∣∣Γ2

∣∣∣∥∥∥∥∥f(2kx)− 2kf
(
x
)∥∥∥∥∥

Y

+ φ
(
x, . . . , x, x, . . . , x, 0, . . . , 0

)
(3.7)

for all x ∈ X. Thus∥∥∥∥∥f(x)− f
(
2kx

)
2k

∥∥∥∥∥
Y

≤ 1

2k
· 1

2−
∣∣∣Γ1

∣∣∣− ∣∣∣Γ2

∣∣∣φ
(
x, . . . , x, x . . . , x, 0, . . . , 0

)
≤ φ

(
x, . . . , x, x . . . , x, 0, 0, . . . , 0

)
(3.8)

for all x ∈ X. Hence one may have the following formula for positive integer m, l
with m > l, ∥∥∥∥∥ 1(

2k
)l f((2k)lx)− 1(

2k
)mf((2k)mx)

∥∥∥∥∥
Y

(3.9)

≤
m−1∑
j=l

1∣∣∣2k∣∣∣jφ
(
(2k)jx1, (2k)

jx2, . . . , (2k)
jx2k, 0 . . . , 0

)
(3.10)

for all x ∈ X It follows from (3.8) that the sequence
{

f((2k)nx)
(2k)n

}
is Cauchy se-

quence. Since Y is complete, we conclude that
{

f((2k)nx)
(2k)n

}
is convergent. So one

may define the mapping H : X → Y by

H(x) = lim
n→∞

f
(
(2k)nx

)
(2k)n

,∀x ∈ X.(3.11)

By taking m = 0 and letting l → ∞ in (3.9), we get (3.6)∥∥∥∥∥H
(

k∑
i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
+H

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)

− 2
k∑

i=1

H
(
xi

)
− 2

k∑
i=1

H
(
yi

)∥∥∥∥∥
Y
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= lim
n→∞

(
2k
)n∥∥∥∥∥f

(
1(

2k
)n k∑

i=1

xi +
1(

2k
)n k∑

i=1

yi +
1(

2k
)n k∑

i=1

zi

)

+ f

(
1(

2k
)n k∑

i=1

xi +
1(

2k
)n k∑

i=1

yi −
1(

2k
)n k∑

i=1

zi

)
− 2

k∑
i=1

f

(
xi(
2k
)n
)

− 2
k∑

i=1

f

(
yi(
2k
)n
)∥∥∥∥∥

Y

≤

∥∥∥∥∥Γ1

(
f

(
1(

2k
)n k∑

i=1

xi +
1(

2k
)n k∑

i=1

yi +
1(

2k
)n k∑

i=1

zi

)
−

k∑
i=1

f

(
xi(
2k
)n
)

−
k∑

i=1

f

(
yi(
2k
)n
)

−
k∑

i=1

f

(
zi(
2k
)n
))∥∥∥∥∥

Y

+

∥∥∥∥∥Γ2

(
f

(
1(

2k
)n k∑

i=1

xi +
1(

2k
)n k∑

i=1

yi −
1(

2k
)n k∑

i=1

zi

)
−

k∑
i=1

f
( xi(

2k
)n)

−
k∑

i=1

f

(
yi(
2k
)n
)

+
k∑

i=1

f

(
zi(
2k
)n)

)∥∥∥∥∥
Y

+
(
2k
)n
φ

(
x1(
2k
)n , . . . , xk(

2k
)n , y1(

2k
)n , . . . , yk(

2k
)n z1(

2k
)n , . . . , zk(

2k
)n
)

=

∥∥∥∥∥Γ1

(
H

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
+H

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)

−
k∑

i=1

H
(
xi

)
−

k∑
i=1

H
(
yi

)
−

k∑
i=1

H
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
H

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
+H

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)

−
k∑

i=1

H
(
xi

)
−

k∑
i=1

H
(
yi

)
+

k∑
i=1

H
(
zi

))∥∥∥∥∥
Y
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for all x ∈ X. One can see that that H satisfies the inequality (3.1) and so it is
additive by Lemma 3.1. Now, we show the uniqueness of H : X → Y be another
additive mapping satisfying (3.2) then one has∥∥∥H(x)− T

(
x
)∥∥∥

Y
=

∥∥∥∥∥ 1(
2k
)nH((2k)nx)− 1(

2k
)nT((2k)nx)

∥∥∥∥∥
Y

≤

∥∥∥∥∥ 1(
2k
)lH((2k)nx)− 1(

2k
)nf((2k)nx)

∥∥∥∥∥
Y

+

∥∥∥∥∥ 1(
2k
)nf((2k)lx)− 1(

2k
)nT((2k)nx)

∥∥∥∥∥
Y

≤ 2
1∣∣∣2k∣∣∣n φ̃

(
(2k)nx, . . . , (2k)nx, (2k)nx, . . . , (2k)nx, 0 . . . , 0

)
(3.12)

which tends to zero as n→ ∞ for all x ∈ X. So we can couclude thatH
(
x
)
= T

(
x
)

for all x ∈ X. □

Corollary 3.2. Let r < 1 and θ be nonnegative real number, and suppose that f :

X → Y be a mapping such that∥∥∥∥∥f
(

k∑
i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
+ f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)
− 2

k∑
i=1

f
(
xi

)
− 2

k∑
i=1

f
(
yi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)

−
k∑

i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)(3.13)

−
k∑

i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+ θ

(∥∥∥x1∥∥∥r
X

+ . . .+
∥∥∥xk∥∥∥r

X
+
∥∥∥y1∥∥∥r

X
+ . . .+

∥∥∥yk∥∥∥r
X
+
∥∥∥z1∥∥∥r

X
+ . . .+

∥∥∥zk∥∥∥r
X

)
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for all xi, yi, zi ∈ X for all i = 1 → k. Then there exists a unique additive mapping
H : X → Y ∥∥∥∥∥f(x)−H

(
x
)∥∥∥∥∥

Y

≤ 2kθ

2k −
(
2k
)r∥∥∥x∥∥∥r

X

for all x ∈ X.

Theorem 3.2. Suppose that f : X → Y be a mapping. Let a function φ : X3k →[
0,∞

)
for φ

(
0, 0, . . . , 0

)
= 0 such that∥∥∥∥∥f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
+ f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)

− 2
k∑

i=1

f
(
xi

)
− 2

k∑
i=1

f
(
yi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)

−
k∑

i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

(3.14)

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+ φ
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
and

φ̃
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
:=

∞∑
j=1

∣∣∣2k∣∣∣jφ( x1
(2k)j

, . . . ,
xk

(2k)j
,
y1

(2k)j
, . . . ,

yk
(2k)j

,
z1

(2k)j
, . . . ,

zk
(2k)j

)
<∞(3.15)

for all x1, . . . , xk, y1, . . . , yk, z1, . . . , zk ∈ X. Then there exisists a unique additive
mapping

H : X → Y∥∥∥∥∥f(x)−H
(
x
)∥∥∥∥∥

Y

≤ φ̃
( x
2k
, . . . ,

x

2k
,
x

2k
, . . . ,

x

2k
, 0, 0, . . . , 0

)
for all x ∈ X.

The proof is similar to Theorem 3.3.
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Corollary 3.3. Let r < 1 and θ be nonnegative real number, and suppose that f :

X → Y be a mapping such that∥∥∥∥∥f
(

k∑
i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
+ f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)

− 2
k∑

i=1

f
(
xi

)
− 2

k∑
i=1

f
(
yi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)

−
k∑

i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

(3.16)

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+ θ

(∥∥∥x1∥∥∥r
X
+ . . .+

∥∥∥xk∥∥∥r
X

+
∥∥∥y1∥∥∥r

X
+ . . .+

∥∥∥yk∥∥∥r
X
+
∥∥∥z1∥∥∥r

X
+ . . .+

∥∥∥zk∥∥∥r
X

)
and for all xi, yi, zi ∈ X for all i = 1 → k. Then there exisists a unique additive
mapping H : X → Y ∥∥∥∥∥f(x)−H

(
x
)∥∥∥∥∥

Y

≤

(
2k
)r+1

θ(
2k
)r

− 1

∥∥∥x∥∥∥r
X

for all x ∈ X.

4. STABILITY OF THE JENSEN TYPE (Γ1,Γ2)-FUNCTIONAL INEQUALITIES (1.2)
ASSOCIATED FOR FUNCTIONAL EQUATION (1.3).

4.1. Condition for existence of solution of (1.2). In this section, assume that X
is a complex normed vector spaces, Y is a complex Banach space and Γ1,Γ2 are
the fixed complex numbers for

∣∣Γ1

∣∣ ≤ 1
2
,
∣∣Γ2

∣∣ ≤ 1
2
. Under this setting, we can show

that the mappings satisfying (1.2) is additive.

Lemma 4.1. Suppose that f : X → Y be a mapping and satisfying the functional
inequality
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∥∥∥∥∥f
(

k∑
i=1

(
xi
)
+

k∑
i=1

yi +
k∑

i=1

zi

)
− f

(
k∑

i=1

xi −
k∑

i=1

yi −
k∑

i=1

zi

)

− 2
k∑

i=1

f
(
yi

)
− 2

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi + yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

(4.1)

Then f is additive.

Proof. We replacing
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
by
(
0, . . . , 0, 0, . . . , 0, 0, . . . , 0

)
in (4.1), we have(∣∣∣4k∣∣∣− ∣∣∣Γ1

∣∣∣∣∣∣2k − 1
∣∣∣− ∣∣∣Γ2

∣∣∣∣∣∣k − 1
∣∣∣)∥∥∥f(0)∥∥∥

Y
≤ 0,

Thus f
(
0
)
= 0. Next, by replacing

(
x1, . . ., xk, y1, . . ., yk, z1, . . ., zk

)
by
(
0, . . ., 0,

0, . . ., 0, z, . . ., 0
)

in (4.1), we have∥∥∥f(z)+ f
(
− z
)∥∥∥

Y
≤
∥∥∥Γ2

(
f
(
z
)
+ f
(
− z
))∥∥∥

Y

So, f(−z) = −f(z) and it follows that f is an odd mapping.
Next, by replacing

(
x1, . . ., xk, y1, . . ., yk, z1, . . ., zk

)
by
(
0, . . ., 0, y1, . . ., yk, z1,

. . ., zk
)

in (4.1), we have∥∥∥∥∥f
(

k∑
i=1

yi +
k∑

i=1

zi

)
− f

(
−

k∑
i=1

yi −
k∑

i=1

zi

)
− 2

k∑
i=1

f
(
yi

)
− 2

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

(4.2)
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+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

yi −
k∑

i=1

zi

)
+

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

for all yi, zi ∈ X for all i = 1 → k Thus(
2−

∣∣∣Γ1

∣∣∣∣∣∣)∥∥∥∥∥f
(

k∑
i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

≤
∣∣∣Γ2

∣∣∣∥∥∥∥∥f
(

k∑
i=1

yi −
k∑

i=1

zi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

(4.3)

for all yi, zi ∈ X for all i = 1 → k Thus, Next, by replacing
(
x1, . . ., xk, y1, . . ., yk,

z1, . . ., zk
)

by
(
0, . . ., 0, y1, . . ., yk, −z1, . . ., −zk

)
in (4.1), we have(

2−
∣∣∣Γ1

∣∣∣∣∣∣)∥∥∥∥∥f
(

k∑
i=1

yi −
k∑

i=1

zi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

≤
∣∣∣Γ2

∣∣∣∥∥∥∥∥f
(

k∑
i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

(4.4)

for all yi, zi ∈ X for all i = 1 → k From and we get(
2−

∣∣∣Γ1

∣∣∣∣∣∣)2∥∥∥∥∥f
(

k∑
i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

≤
∣∣∣Γ2

∣∣∣2∥∥∥∥∥f
(

k∑
i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
yi

)
−

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

(4.5)

for all yi, zi ∈ X for all i = 1 → k. So, f : X → Y is additive. □

s

Corollary 4.1. Suppose that f : X → Y be a odd mapping and satisfying the
functional inequality∥∥∥∥∥f

(
k∑

i=1

(
xi
)
+

k∑
i=1

yi +
k∑

i=1

zi

)
− f

(
k∑

i=1

xi −
k∑

i=1

yi −
k∑

i=1

zi

)

− 2
k∑

i=1

f
(
yi

)
− 2

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y
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=

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi + yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi −
k∑

i=1

yi −
k∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
+

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

(4.6)

for all x1, x2, . . . , x3k ∈ X. Hence f : X → Y is additive

4.2. Constructing a solution for the function inequality (1.2). In this section,
we will build a solution for (1.2). assume that X is a complex normed vector
spaces, Y is a complex Banach space Notice that here: With k is a positive integer
and Γ1,Γ2 are the fixed complex numbers for

∣∣Γ1

∣∣ ≤ 1
2
,
∣∣Γ2

∣∣ ≤ 1
2
.

Theorem 4.1. Suppose that f : X → Y be a odd mapping. Let a function φ : X3k →[
0,∞

)
with φ

(
0, 0, . . . , 0

)
= 0 such that∥∥∥∥∥f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
− f

(
k∑

i=1

xi −
n∑

i=1

yi −
n∑

i=1

zi

)

− 2
k∑

i=1

f
(
yi

)
− 2

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi + yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+ φ
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
(4.7)

and

φ̃

(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
:=

∞∑
j=1

1∣∣∣2k∣∣∣jφ
(
(2k)jx1, . . . , (2k)

jxk,

(2k)jy1, . . . , (2k)
jyk, (2k)

jz1, . . . , (2k)
jzk

)
<∞(4.8)
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for all x1, x2, . . . , x3k ∈ G. Then there exisists a unique additive mapping H : X → Y∥∥∥∥∥f(x)−H
(
x
)∥∥∥∥∥

Y

≤ φ̃
(
x, . . . , x, 0, . . . , 0, x, . . . , x

)
(4.9)

for all x ∈ X.

Proof. We replacing
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
by
(
0, . . . , 0, 0, . . . , 0, 0, . . . , 0

)
in (4.7), we have(∣∣∣4k∣∣∣− ∣∣∣Γ1

∣∣∣∣∣∣2k − 1
∣∣∣− ∣∣∣Γ2

∣∣∣∣∣∣k − 1
∣∣∣)∥∥∥f(0)∥∥∥

Y
≤ 0,

Thus f
(
0
)
= 0. Next, by replacing

(
x1, . . ., xk, y1, . . ., yk, z1, . . ., zk

)
by
(
0, . . ., 0,

0, . . ., 0, z, . . ., 0
)

in (4.7), we have∥∥∥f(z)+ f
(
− z
)∥∥∥

Y
≤
∥∥∥Γ2

(
f
(
z
)
+ f
(
− z
))∥∥∥

Y
.

So,

f(−z) = −f(z).

It follows that f is an odd mapping. Next, by replacing
(
x1, . . ., xk, y1, . . ., yk, z1,

. . ., zk
)

by
(
x, . . ., x, 0, . . ., 0, x, . . ., x

)
in (4.7), we have∥∥∥∥∥f(2kx)− 2kf

(
x
)∥∥∥∥∥

Y

≤
∣∣∣Γ1

∣∣∣∥∥∥∥∥f(2kx)− 2kf
(
x
)∥∥∥∥∥

Y

+ φ
(
x, . . . , x, 0, . . . , 0, x, . . . , x

)
(4.10)

for all x ∈ X. Thus∥∥∥∥∥f(x)− f
(
2kx

)
2k

∥∥∥∥∥
Y

≤ 1

2k
· 1

1−
∣∣∣Γ1

∣∣∣φ
(
x, . . . , x, 0, . . . , 0, x, . . . , x

)
≤ φ

(
x, . . . , x, 0, . . . , 0, x, . . . , x

)
(4.11)

for all x ∈ X,
∣∣∣Γ1

∣∣∣ < 1
2
, 1

1−
∣∣Γ1

∣∣ < 2. Hence, one may have the following formula for

positive integer m, l with m > l,∥∥∥∥∥ 1(
2k
)l f((2k)lx)− 1(

2k
)mf((2k)mx)

∥∥∥∥∥
Y
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≤
m−1∑
j=l

1∣∣∣2k∣∣∣jφ
(
(2k)jx, . . . , (2k)jx, 0, . . . , 0, (2k)jx, . . . , (2k)jx

)
(4.12)

for all x ∈ X It follows from (4.12) that the sequence
{

f((2k)nx)
(2k)n

}
is Cauchy se-

quence. Since Y is complete, we conclude that
{

f((2k)nx)
(2k)n

}
is convergent. So one

may define the mapping H : X → Y by H(x) = limn→∞
f((2k)nx)

(2k)n
,∀x ∈ X. By

taking m = 0 and letting l → ∞ in (4.12), we get (4.9). It follows form (4.8) that

g

∥∥∥∥∥H
(

k∑
i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
−H

(
k∑

i=1

xi −
k∑

i=1

xk+i −
k∑

i=1

x2k+i

)

− 2
k∑

i=1

H
(
yi

)
− 2

k∑
i=1

H
(
zi

)∥∥∥∥∥
Y

= lim
n→∞

(
2k
)n∥∥∥∥∥f

(
1(

2k
)n k∑

i=1

xi +
1(

2k
)n k∑

i=1

yi +
1(

2k
)n k∑

i=1

zi

)

− f

(
1(

2k
)n k∑

i=1

xi −
1(

2k
)n k∑

i=1

yi −
1(

2k
)n k∑

i=1

zi

)
− 2

k∑
i=1

f

(
yi(
2k
)n
)

− 2
k∑

i=1

f

(
zi(
2k
)n
)∥∥∥∥∥

Y

≤ lim
n→∞

(
2k
)n∥∥∥∥∥Γ1

(
f

(
1(

2k
)n k∑

i=1

xi +
1(

2k
)n k∑

i=1

yi +
1(

2k
)n k∑

i=1

zi

)
−

−
k∑

i=1

f

(
xi + yi(
2k
)n
)

−
k∑

i=1

f

(
zi(
2k
)n
))∥∥∥∥∥

Y

+ lim
n→∞

(
2k
)n∥∥∥∥∥Γ2

(
f

(
1(

2k
)n k∑

i=1

xi −
1(

2k
)n k∑

i=1

yi −
1(

2k
)n k∑

i=1

zi

)

−
k∑

i=1

f

(
xi(
2k
)n
)

+
k∑

i=1

f

(
yi(
2k
)n
)

+
k∑

i=1

f

(
zi(
2k
)n)

)∥∥∥∥∥
Y
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+ lim
n→∞

(
2k
)n
φ

(
x1(
2k
)n , x2(

2k
)n , . . . , x3k(

2k
)n
)

=

∥∥∥∥∥Γ1

(
H

(
k∑

i=1

xi +
k∑

i=1

yi +
k∑

i=1

zi

)
−

k∑
i=1

H
(
xi + yi

)
−

k∑
i=1

H
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
H

(
k∑

i=1

xi +
k∑

i=1

yi −
k∑

i=1

zi

)
−

k∑
i=1

H
(
xi

)
−

k∑
i=1

H
(
yi

)
+

k∑
i=1

H
(
zi

))∥∥∥∥∥
Y

for all x ∈ X. One can see that that H satisfies the inequalitty (4.1) and so it is
additive by Lemma 4.1. Now, we show the uniqueness of H. Let H : X → Y be
another additive mapping satisfying (4.7) then one has∥∥∥H(x)− T

(
x
)∥∥∥

Y

=

∥∥∥∥∥ 1(
2k
)nH((2k)nx)− 1(

2k
)nT((2k)nx)

∥∥∥∥∥
Y

≤

∥∥∥∥∥ 1(
2k
)lH((2k)nx)− 1(

2k
)nf((2k)nx)

∥∥∥∥∥
Y

+

∥∥∥∥∥ 1(
2k
)nf((2k)lx)− 1(

2k
)nT((2k)nx)

∥∥∥∥∥
Y

≤ 2
1∣∣∣2k∣∣∣n φ̃

(
(2k)nx, . . . , (2k)nx, 0, 0, . . . , 0, (2k)nx, . . . , (2k)nx

)
(4.13)

which tends to zero as n → ∞ for all x ∈ X. So we can couclude that H
(
x
)
=

T
(
x
)

for all x ∈ X. □

Corollary 4.2. Let r < 1 and θ be nonnegative real number, and suppose that f :

X → Y be a mapping such that
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∥∥∥∥∥f
(

k∑
i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
− f

(
k∑

i=1

xi −
n∑

i=1

yi −
n∑

i=1

zi

)

− 2
k∑

i=1

f
(
yi

)
− 2

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi + yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
(4.14)

+
k∑

i=1

f
(
zi

))∥∥∥∥∥
Y

+ θ

(∥∥∥x1∥∥∥r
X
+ . . .+

∥∥∥xk∥∥∥r
X

+
∥∥∥y1∥∥∥r

X
+ . . .+

∥∥∥yk∥∥∥r
X
,
∥∥∥z1∥∥∥r

X
+ . . .+

∥∥∥zk∥∥∥r
X

)
and for all xi, yi, zi ∈ X, for all i = 1 → k. Then there exisists a unique additive
mapping H : X → Y ∥∥∥∥∥f(x)−H

(
x
)∥∥∥∥∥

Y

≤ 2kθ

2k −
(
2k
)r∥∥∥x∥∥∥r

X

for all x ∈ X.

Theorem 4.2. Suppose that f : X → Y be a mapping. If there a function φ : X3k →[
0,∞

)
with φ

(
0, 0, . . . , 0

)
= 0 such that∥∥∥∥∥f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
− f

(
k∑

i=1

xi −
n∑

i=1

yi −
n∑

i=1

zi

)

− 2
k∑

i=1

f
(
yi

)
− 2

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

(4.15)

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi + yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y
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+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+ φ
(
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
and

φ̃
(
(x1, . . . , xk, y1, . . . , yk, z1, . . . , zk

)
:=

∞∑
j=1

∣∣∣2k∣∣∣jφ( x1
(2k)j

, . . . ,
xk

(2k)j
,

y1
(2k)j

, . . . ,
yk

(2k)j
,
z1

(2k)j
, . . . ,

zk
(2k)j

)
<∞(4.16)

for all xi, yi, zi ∈ X. Then there exisists a unique additive mapping H : X → Y∥∥∥∥∥f(x)−H
(
x
)∥∥∥∥∥

Y

≤ φ̃
( x
2k
, . . . ,

x

2k
, 0, . . . , 0,

x

2k
, . . . ,

x

2k

)
for all x ∈ X.

The proof is similar to Theorem 4.3.

Corollary 4.3. Let r < 1 and θ be nonnegative real number, and suppose that f :

X → Y be a mapping such that∥∥∥∥∥f
(

k∑
i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
− f

(
k∑

i=1

xi −
n∑

i=1

yi −
n∑

i=1

zi

)

− 2
k∑

i=1

f
(
yi

)
− 2

k∑
i=1

f
(
zi

)∥∥∥∥∥
Y

≤

∥∥∥∥∥Γ1

(
f

(
k∑

i=1

xi +
n∑

i=1

yi +
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi + yi

)
−

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+

∥∥∥∥∥Γ2

(
f

(
k∑

i=1

xi +
n∑

i=1

yi −
n∑

i=1

zi

)
−

k∑
i=1

f
(
xi

)
−

k∑
i=1

f
(
yi

)
+

k∑
i=1

f
(
zi

))∥∥∥∥∥
Y

+ θ

(∥∥∥x1∥∥∥r
X
+ . . .+

∥∥∥xk∥∥∥r
X
+
∥∥∥y1∥∥∥r

X
+ . . .+

∥∥∥yk∥∥∥r
X
,
∥∥∥z1∥∥∥r

X
+ . . .+

∥∥∥zk∥∥∥r
X

)
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and for all xi, yi, zi ∈ X, for all i = 1 → k. Then there exists a unique additive
mapping H : X → Y ∥∥∥∥∥f(x)−H

(
x
)∥∥∥∥∥

Y

≤ (2k)r+1θ(
2k
)r

− 1

∥∥∥x∥∥∥r
X

for all x ∈ X.

5. CONCLUSION

In this paper, I build the correlation of functional equations and (Γ1,Γ2)-functional
inequalities as an inseparable link on spaces in general, then I show their solutions.
It is an ideal of Modern Mathematics.
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